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Abstract— A bijection f: (X, τ) → (Y, σ) is called wea kl y generalized regular α- homeomorphism if f and f

-1
are wgrα-

continuous.  Also we introduce the new class of maps, namely wgrαc-homeomorphisms which form a subclass of 

wgrα-homeomorphisms.  This class of maps is closed under composition of maps.  We prove that the set of all 

wgrαc-homeomorphisms forms a group under the operation composition of maps. 
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I. INTRODUCTION 
Generalized closed mappings were introduced and studied by Malghan [11]. Generalized open maps, rg-closed maps, 

wg-closed maps and wg-open maps, w-open maps and w-closed maps, g∗-open maps and g∗-closed maps, pre-semi- open maps, 

almost open maps, α-open maps and gpr-closed maps have been introduced and studied by Sundaram [21], Arockiarani [2], 

Nagaveni [14], Sheik Jhon [17], Pushpalatha [16], Crossely  and Hildebrand  [6], Singal  and Singal [19], Mashhour [13] and 

Gnanambal [7] respectively.   We give the definitions of some of them which are used in our present study. In this paper, we 

introduce the concept of wgrα-homeomorphism and study the relationship between homeomorphisms, w-homeomorphisms, g-

homeomorphisms, rgα-homeomorphisms and rwg-homeomorphisms. Also we introduce new class of maps wgrαc-

homeomorphisms which form a subclass of wgrα-homeomorphisms.  This class of maps is closed under composition of maps.  

We prove that the set of all homeomorphisms wgrαc-forms a group under the operation composition of maps. 

II. Preliminaries: 

Let us recall the following definition which we shall require later. 

Definition 2.1: A subset A of a space (X, τ) is called 

(i) regular open [21] if A= int(cl(A)) and regular closed if A= cl(int(A)).  

(ii) pre-open [14] if A ⊂ int(cl(A)) and pre-closed if cl(int(A)) ⊂ A. 

(iii) semi-open [10] if A ⊂ cl(int(A)) and semiclosed if int(cl(A)) ⊂ A.  

(iv) α-open [17] if A ⊂ int(cl(int(A))) and α-closed if       cl(int(cl(A))) ⊂ A. 

(v) semi-pre-open [2, 7] if A ⊂ cl(int(cl(A))) and a semi-preclosed if int(cl(int(A))) ⊂ A. 

(vi) regular α-open [22] if there is a regular open set U such that U ⊂ A ⊂ αcl(U). 
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(vii) regular semi open [5]if there is a regular open set U such that U ⊂ A ⊂ cl(U). 

Definition 2.2: A subset A of a space (X, τ) is called 

(i) generalized closed set (briefly, g-closed) [11] if    cl(A) ⊂ U whenever A ⊂ U and U is open in X. 

(ii) generalized α-closed set (briefly, gα-closed) [12] if αcl(A) ⊂ U whenever A ⊂ U and U is α-open in X. 

(iii) α-generalized closed set (briefly, αg-closed) [13] if αcl(A) ⊂ U whenever A ⊂ U and U is open in X. 

(iv)  regular generalized closed set (briefly, rg-closed) [18] if cl(A) ⊂ U whenever A ⊂ U and U is regular open in X. 

(v) generalized pre -regular closed set (briefly, gpr-closed) [19] if pcl(A) ⊂ U whenever A ⊂ U and   U is regular open in 

X. 

(vi) weakly generalized closed set (briefly, ωg-closed) [15,16] if clint(A) ⊂ U whenever A ⊂ U and U is open in X. 

(vii)  weakly closed sets (briefly, ω-closed) [1,3] if cl(A) ⊂ U whenever A ⊂ U and U is semi open in X. 

(viii) semi weakly generalized closed set (briefly, sωg-closed) [16] if cl(int(A)) ⊂ U whenever A ⊂ U and U is semi- open 

in X. 

(ix) regular weakly generalized closed set (briefly, rωg-closed ) [16] if cl(int(A)) ⊂ U whenever A ⊂ U and U is regular open 

in X. 

(x) regular generalized α-closed set (briefly, rgα-closed) [22] if αcl(A) ⊂ U whenever A ⊂ U and U is regular α- open in X. 

(xi) semi-generalized closed (briefly, sg-closed) [4,6,8] if scl(A) ⊂ U whenever A ⊂ U and U is semi open         in X. 

(xii) regular ω-closed (briefly, rω-closed) [3] if cl(A) ⊂ U whenever A ⊂ U and U is regular semi open in X. 

(xiii) mildly generalized closed sets (briefly, mildly g-closed) [19] if cl(int(A)) ⊂ U, whenever A ⊂ U and U is g-open in X. 

Definitions 2.3:  A map f :(X, τ) → (Y, σ) is said  to be 

(i) continuous [9] if f-1(V) is closed in X, for every closed set V in Y. 

(ii) ω-continuous [16] if f-1(V) is ω-closed in X, for every closed set V in Y.  

(iii) α-continuous [3] if f-1(V) is α-closed in X, for every closed set V in Y. 

(iv) gα-continuous [12] if f-1(V) is gα-closed in X, for every closed set V in Y.  

(v) rgα-continuous [22] if f-1(V) is rgα-closed in X, for every closed set V in Y.  

(vi) sωg-continuous [3] if f-1(V) is sωg-closed in X, for every closed set V in Y.  

(vii) rωg-continuous [3] if f-1(V) is rωg-closed in X, for every closed set V in Y. 

(viii) ωgrα-continuous [27] if f-1(V) is ωgrα -closed in X, for every closed set V in Y. 

 

Definitions 2.4:  A map f :(X, τ) → (Y, σ) is said  to be 

(i) irresolute [6] if f-1(V) is semiopen in X, for every semiopen set V in Y. 

(ii) ω- irresolute [17] if f-1(V) is ω-closed in X, for every ω-closed set V in Y.  

(iii) rgα- irresolute [23] if f-1(V) is rgα-closed in X, for every rgα-closed set V in Y.  

(iv) ωgrα - irresolute [26] if f-1(V) is ωgrα - closed in X, for every ωgrα - closed set V in Y.  
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r Definition 2.5: A subset A of a space (X, τ) is called wgrα-closed if cl(int(A)) ⊂ U whenever A ⊂ U and U is regular α-open in 

(X, τ). 

Definition 2.6: A subset A of a topological space X is wgrα-open iff U ⊂ int(cl(A)),whenever U is regular α-open and      U ⊂ 

A. 

Definition 2.7:    A bijective function f: (X, τ) → (Y, σ) is called 

(i) generalized homeomorphism (g-homeomorphism) [10] if both f and f-1are g-continuous, 

(ii) w-homeomorphism [17] if both f and f-1are w-continuous. 

(iii) w*-homeomorphism [17] if both f and f-1  are w- irresolute, 

(iv) gc-homeomorphism [10] if both f and f-1are gc-irresolute, 

(v) rwg-homeomorphism [14] if both f and f-1are rwg-continuous, 

(vi) rgα-homeomorphism [14] if both f and f-1are rgα –continuous. 

III.  wgrα-homeomorphisms in  Topological Spaces: 

We introduce the following definition 

Definition 3.1: A bijection f: (X, τ) → (Y, σ) is called weakly generalised regular α-homeomorphism (briefly, wgrα-

homeomorphism) if f and f −1 are wgrα-continuous. 

Example 3.1:  Consider X = Y  = {a,  b, c,  d} with topologies τ = {X, φ, {a} ,{b} ,{a, b} ,{a, b, c}} and σ = {Y,  φ,  {a} ,  {b} ,  

{a,  b}}.  Let f: (X, τ) → (Y, σ) be the identity map. Then f is bijective, wgrα-continuous and f−1 is wgrα-continuous. Therefore 

f is wgrα-homeomorphism. 

Theorem 3.1: Every homeomorphism is a wgrα-homeomorphism, but not conversely. 

Proof: Let f: (X, τ) → (Y, σ) be a homeomorphism. Then f and f−1 are continuous and f is bijection. As every continuous 

function is wgrα-continuous, we have f and f−1 are rgα-continuous.Therefore f is wgrα-homeomorphism. 

The converse of the above Theorem need not be true, as seen from the following example.                            

Example 3.2:  Consider X = Y = {a, b, c, d} with topologies  τ = {X, φ, {a}, {b}, {a, b}, {a, b, c}} and σ = {Y, φ, {a}, {b}, {a, 

b}}. Define a map f : (X,  τ ) → (Y, σ) be the identity  map.  Then  f is wgrα-homeomorphism  but it is not homeomorphism, 

since the inverse image of open set           {a,  b, c} in X is {a,  b, c} which is not open set in Y. 

Theorem 3.2: Every w-homeomorphism is a  wgrα-homeomorphism but not conversely. 

Proof: Let f: (X, τ) → (Y, σ) be a w-homeomorphism.   Then f and f −1 are w-continuous and f is bijection.  As every w-

continuous function is wgrα-continuous, we have f and f −1 are wgrα-continuous.  Therefore f is wgrα-homeomorphism. 

The converse of the above Theorem is not true in general as seen from the following example.                            
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Example 3.3:  Consider X = Y = {a, b, c, d} with topologies  τ = {X, φ, {a}, {b}, {a, b}, {a, b, c}} and σ = {Y, φ, {a}, {b}, {a, 

b}}. Let f: (X, τ) → (Y, σ) be the identity map. Then this function is wgrα-homeomorphism but it is not w-homeomorphism, 

since the inverse image of the open set     {a, b, c} in X is {a, b, c} which is not w-open set in Y. 

Theorem 3.4:  Every wgrα -homeomorphism is an rwg-homeomorphism but not conversely. 

Proof:  Let f: (X, τ) → (Y, σ) be wgrα -homeomorphism.  Then f and f−1 are wgrα-continuous and f is bijection. Since every 

wgrα-continuous function is rwg-continuous, we have f and f−1 are rwg-continuous. Therefore f is rwg-homeomorphism. 

The converse of the above Theorem is not true in general as seen from the following example.                            

Example 3.4:  Consider X = Y  = {a,  b, c,  d} with topologies τ = {X,  φ,  {a} ,{a,  b} ,  {a,  b, c}} and σ = {Y,  φ,  {a} ,   {b} ,  

{a,  b} ,  {a,  b, c}}.  Define a map f: (X, τ) → (Y, σ) by f (a) = c, f (b) = b, f (c) = a and f(d) = d. Then f is rwg-homeomorphism 

but it is not wgrα-homeomorphism, since the inverse image of the open set {a, b} in X is {b, c} which is not wgrα-open set in 

Y. 

Remark 3.1:  wgrα-homeomorphism and g-homeomorphism are independent as seen from the following example. 

Example 3.5:  Let X = Y = {a, b, c} with topologies τ = {X, φ, {a}} and σ = {Y, φ, {a, b}}.  Define a map f: (X, τ) → (Y, σ) by 

f (a) = c, f (b) = b and f (c) = a. Then f is wgrα-homeomorphism but it is not g-homeomorphism, since the inverse image of the 

open set {a} in X is {c} which is not g-open set in Y. 

 

Example 3.6: Let X = Y = {a, b, c, d} with topologies τ = σ = {X, φ, {a}, {b}, {a, b}}.   Define a map f: (X, τ) → (Y, σ) by f 

(a) = c, f (b) = b, f (c) = a and  f (d) = d. Then f is g-homeomorphism but it is not wgrα-homeomorphism, since the inverse 

image of the open set {a,  b} in X is {b,  c} which is not wgrα-open set in Y. 

Definition 3.2:  A bijection f: (X, τ) → (Y, σ) is said to be wgrα c-homeomorphism if both f and f−1 are wgrα - irresolute.  We 

say that spaces (X, τ) and (Y, σ) are wgrαc-homeomorphic if there exists a wgrαc-homeomorphism from (X, τ) onto(Y, σ). We 

denote the family of all wgrαc-homeomorphism of a topological space (X, τ) onto itself by wgrαc- h(X, τ). 

Theorem 3.5: Every wgrαc-homeomorphism is a wgrα-homeomorphism but not conversely. 

Proof:  Let f: (X, τ) → (Y, σ) be an wgrαc-homeomorphism. Then f and f−1 are wgrα-irresolute and f is bijection. By Theorem 

3.2 in [23], f and f −1 are wgrα-continuous. Therefore f is wgrα-homeomorphism. 

The converse of the above Theorem is not true in general as seen from the following example.                                          

Example 3.7:  Consider X = Y = {a, b, c} with τ = {X, φ, {a}, {b}, {a, b}} and σ = {Y, φ, {a, b}}.  Let f: (X, τ) → (Y, σ) be the 

identity map. Then f is wgrα-homeomorphism but it is not wgrαc- homeomorphism, since f is not wgrα-irresolute. 

Theorem 3.6:  Every wgrαc-homeomorphism is rwg-homeomorphism but not conversely.   
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Proof: Proof follows from Theorems 3.4 and 3.5.                   

Example 3.8:  Consider X = Y = {a, b, c} with τ = {X, φ, {a}, {b}, {a, b}} and σ = {Y, φ, {a, b}}.  Let f: (X, τ) → (Y, σ) be 

the identity map.  Then f is rwg-homeomorphism but it is not wgrαc-homeomorphism, since f is not wgrα-irresolute. 

Remark 3.2:  wgrαc-homeomorphism and w∗-homeomorphism are independent as seen from the following example. 

Example 3.9:  Let X = Y = {a, b, c} with τ = {X, φ, {a}, {b}, {a, b}} and σ = {Y, φ, {a, b}}. Let f:  (X, τ) → (Y, σ) be the 

identity map. Then f is w∗-homeomorphism but it is not wgrαc-homeomorphism, since f is not wgrα-irresolute. 

Example 3.10: Consider X = Y = {a, b, c} with topologies τ = {X, φ, {a}} and σ = {Y, φ, {a, b}}.  Let f: (X, τ) → (Y, σ) be the 

identity map.  Then f is wgrαc-homeomorphism but it is not w∗-homeomorphism,   since f is not w-irresolute. 

Theorem 3.7:  Let f : (X,  τ ) → (Y,  σ) and g : (Y,  σ) → (Z,  η) are wgrαc- homeomorphisms,  then their composition  g ◦ f : 

(X,  τ ) → (Z,  η)is also wgrαc- homeomorphism. 

Proof: Let U be a wgrα-open set in (Z, η). Since g is wgrα-irresolute, g−1(U) is wgrα-open in (Y, σ). Since f is wgrα-irresolute, f 
−1(g−1(U )) = (g ◦ f )−1(U) is wgrα open set in (X, τ). Therefore g ◦ f is wgrα-irresolute. Also for a wgrα-open set G in (X, τ), we 

have (g ◦ f) (G) = g(f(G)) = g(W), where W = f (G). By hypothesis, f(G) is wgrα-open in (Y, σ) and so again by hypothesis, g(f 

(G)) is a wgrα-open set in (Z, η). That is   (g ◦ f) (G) is a wgrα-open set in (Z, η) and therefore (g ◦ f)−1 is rgα-irresolute. Also g ◦ 

f is a bijection. Hence g ◦ f is wgrαc-homeomorphism.                                                                       

Theorem 3.8: The set wgrαc-h(X, τ) is  a group under  the  composition  of maps. 

Proof: Define a binary operation ∗: wgrαc-h(X,  τ ) × wgrαc-h(X,  τ ) → wgrαc- h(X,   τ ) by f ∗ g = g ◦ f for all f, g ∈ wgrαc-

h(X, τ) and ◦  is the usual operation of composition of maps. Then by Theorem 3.7, g ◦ f ∈ wgrαc-h(X, τ). We know that the 

composition of maps is associative and the identity map I: (X, τ) → (X, τ) belonging to wgrαc-h(X, τ) serves as the identity 

element. 

If f ∈ wgrαc-h(X, τ), then f−1 ∈ wgrαc-h(X, τ) such that f ◦ f−1 = f−1 ◦ f = I and so inverse exists for each element of wgrαc-h(X, 

τ). Therefore (wgrαc- h(X, τ), ◦) is a group under the operation of composition of maps.                                           

Theorem 3.9: Let f: (X, τ) → (Y, σ) be a wgrαc-homeomorphism. Then f induces an isomorphism from the group wgrαc-h(X, 

τ) onto the group wgrαc-h(Y, σ). 

Proof: Using the map f, we define a map Ψf  : wgrαc-h(X,  τ ) → wgrαc-h(Y,  σ) by Ψf (h) = f ◦ h ◦ f −1  for every h ∈ wgrαc-

h(X, τ). Then Ψf  is a bijection. Further, for all h1h2 ∈ wgrαc-h(X, τ), Ψf (h1 ◦ h2) = f ◦ (h1 ◦ h2) ◦ f−1 = (f ◦h1 ◦f−1) ◦ (f ◦h2 ◦f−1) = 

Ψf (h1) ◦ Ψf (h2). Therefore Ψf is a homeomorphism and so it is an isomorphism induced by f.                                 
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