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Abstract 

           In this paper, we developed a mathematical model to enable workers plan their lifestyle towards and 

during retirement.Most salary earners often face problem of uncertainty in terms of their livelihood whenever 

they are about to retire from service. We formulate and solved with an income of an academic staff ofa Nigeria 

polytechnic used as numerical example in the study. The result showed that an academic staff that plans for 

retirement ten years before its commencement may be able to live reasonably comfortable for a period of at 

least twenty five years after retirement.  
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I. INTRODUCTION 

 

    Many, if not most, salary earners often face the problem of uncertainty in terms of their livelihood whenever 

they are about to retire from service. To minimize such uncertainties, there is a need to plan ahead in order to 

know the lifestyle or living expenses to adopt. The objective of this paper is to prevent a financial collapse 

occurring before the end of life. 
 

II. PROBLEM FORMULATION 
 

     The problem formulation is based on the theory of capital growth or capital accumulation [1] and some other 

earlier works.This is formulated as a discrete recurrence relation. The present value of the capital sum due in a 

given number of years at a fixed interest rate is then composed, by taking the inverse of the capital 

accumulation. This becomes necessary because it enables us to compute the returns on the capital based on a 

fixed rate of interest. 

This discrete approach to the problem is now improved upon by formulating it by a continuous time 

model. However, the advantage of this is that the model is dynamic and has a built in present value of the capital 

accumulation. The sensitivity analysis is also done more easily. The continuous time model makes use of an 

ordinary differential equation. By the theory of capital accumulation [2] and the theory of simple interest, the 

problem could be formulated as follows: the theory states that the change in capital accumulation is equal to the 

product of interest rate on savings and the capital stock plus the regular annual net income less the expenses. 

Mathematically, we represent it as follows: 
𝑑𝑘 𝑡 

𝑑𝑡
= 𝑟𝑘 𝑡 +  𝐼 𝑡 −  𝐸 𝑡 ,     𝑡 <  ∞                (1) 

where,  

 𝐾(𝑡) =  capital accumulation 

𝐼(𝑡) = annual net income 

 

𝐸(𝑡) = expense and 

𝑟 = prevailing annual interest rate on saving (charged by commercial    

banks) 

The differential equation (1) satisfies the initial condition  

𝐾(𝑜)  = 𝐾𝑜      (2) 

Where 𝐾𝑜 is the initial capital stock  

The solution of (1) and (2) gives the accumulated capital up to the time of retirement. 

Assumption 

The following assumptions will be used in the course of solving the model equation (1) and (2) 

(i)   The model equation will be used twice. Firstly, ten years to the retirement date and secondly, after the 

retirement age of sixty – five years. 

(ii)  During the earning years (i.e. ten years),  

 𝐸(𝑡)  <  𝐼(𝑡), 𝑡 <  25years 



International Journal of Mathematics Trends and Technology ( IJMTT ) - Volume 65 Issue 2 - February 2019 

ISSN: 2231 – 5373                                 http://www.ijmttjournal.org  Page 52 

(iii)  After retirement the living expenses is primary dependent on the capital accumulation (savings) during 

planning years and a fixed pension. Any other assumption, which may arise in a particular situation, will be 

stated as required. 

(2)  Review of existing model in order to solve (1) and (2) 𝐸(𝑡) and 𝐼(𝑡) need to be made more explicit, it 

is well known that an increase in inflation leads to a rise in living expenses. Assuming that the living expenses 

rises according to the inflation rate, with the continuously compound rate given as 𝐸(𝑡) then the expenses 

function 𝐸(𝑡) is derived from a compound amount of the inflation as  

𝐸(𝑡)  =  𝐸0𝑒
𝑟𝑡    (3) 

where,𝐸𝑜 is taken as the initial living expenses 

The annual net income comprises of two parts, the consolidated pay (which is fixed) and the allowances (which 

are variables because they are in percentages). The latter part is assumed to follow the inflationary trend. The 

variable income function is thus expressed as  

𝐼(𝑡)  =  𝐵 +  𝐴0𝑒
𝑟𝑡       (4) 

Where 𝐵 = consolidated pay and  

  𝐴𝑜 =after tax income (take – home pay)  

Putting (4) and (3) in (1) we have the model differential equation as  

𝑑𝑘(𝑡)/𝑑𝑡 = 𝑟𝐾(𝑡) −  𝐵 + Ao  ert −  Eo  ert  

Or 
dk t 

dt
= rK t −  B +  Ao + Fo  ert                                                                        (5) 

Obtaining the integrating factor and solving, we obtain 

k t =  ert  Ko +   ( Bert + (Ao −  Eo) e(r − r1)t)    (6) 

k t =  Ko +
B

r
 +

 Ao −  Eo 

(r −  r1)
  ert −   

 Ao −  Eo 

 r −  r1 
 er1t +

B

r
                  (7) provided 𝑟 ≠ 𝑟1 

For 𝑟 = 𝑟1 

k t = −
B

r
+  ert  Ko +

B

r
 +  Ao −  Eo 𝑡   

(7) would be used for the two periods of the study: the pre – retirement period and the after – retirement period  

Pre – Retirement Period 

In this period, usually earnings exceed expenses. Thus, 𝐴𝑜 >  𝐸𝑜 also the capital accumulation 𝐾(𝑡) steadily 

grows. 

After – Retirement Period 

Also, in this period, expenses usually exceed earnings (the pension) i.e. 𝐸𝑜 >  𝐴𝑜. This explains the need for a 

scale down of living style after retirement. 

 

III. ILLUSTRATIVE EXAMPLE 
 

    Here, we give certain specifications about the earnings of a 55years old academic staff (as at 2016) in a 

Nigerian polytechnic who is preparing for retirement in ten years’ time.We then use the information there after 

in (7) to predict the amount that would be saved for retirement. We shall again reformulate the appropriate after 

– retirement equation to determine how long he/she could live on the acquired resources. 

 

Before Retirement  

    During the ten years planning period we have 𝑡 = 10 years if 𝐵 = 0, 𝑟 = 0.12 and 𝑟1 = 0.08 then (7) 

becomes 

𝑘(10) =  Ko +
Ao − Eo

0.04
  e1.2 −   

Ao − Eo

0.04
 e0.8  

=  3.32𝑘𝑜 +  83.00 (𝐴𝑜 –  𝐸𝑜) –  55.64 (𝐴𝑜 –  𝐸𝑜) 
=  3.32𝑘𝑜 –  27.36 (𝐴𝑜 –  𝐸𝑜)                               (8) 

𝐼𝑓 𝑘𝑜 =  0, 𝐴𝑜 =  2.56𝑚𝑖𝑙𝑙𝑖𝑜𝑛 𝑎𝑛𝑑 𝐸𝑜 =  70% 𝑡ℎ𝑒𝑛  
𝐾𝑜 =  27.36 𝑥 768000 

𝑘(10)  =  𝑁21,012,480.00 
After Retirement 

    Let us assume that he/she would be able to live up to twenty five years.  

Then let 𝑡 =  25 years  

k 25 =  Ko +
Bo

𝑟
+

 Ao −  Eo 

(𝑟 − 𝑟1)
  ert −   

Ao −  Eo

(𝑟 − 𝑟1)
 er1t +

B

𝑟
 = 0 
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=  Ko +
Bo

0.12
+

 Ao −  Eo 

0.04
  e3 −   

Ao −  Eo

0.04
 e2 +

B

0.12
 = 0 

 

= 20.09Ko +  167.42B +  Ao −  Eo 502.25 −    Ao −  Eo  184.73 + 8.33B = 0 

= 20.09Ko +  159.09B + 317.52 Ao −  Eo = 0    (9) 

Let 𝐾𝑜 =  𝐾(10) 

Therefore, 𝐾0 is defined by (8) 

B = 1.797Ao  e0.8 = 4Ao    (10) 

In an institution where insurance cover is operated, social security insurance cover (Ao) is often about 
1

3
Eo . That 

is 

Ao =
1

3
Eo          (11) 

Hence, putting (11), (10) and (8) in (9) we obtain 

= 20.09  3.32Ko + 27.36  Ao −  Eo  +  159.09 X 4Ao + 317.52  
1

3
Eo −  Eo = 0 

= 66.70ko +  549.66  Ao −  Eo +  636.36Ao +  317.52 X −
2

3
Eo  

= 66.70ko +  549.66  Ao −  Eo +  636.36Ao −  211.68 Eo = 0 

If he/she is to continue the lifestyle into retirement we have by (3) 

Eo = Eo  e0.08x10 =  Eo  e0.8 = 2.23Eo  

Therefore, (11) becomes 

66.7ko +  549.7Ao − 549.7Eo + 636.36Ao − 211.68 x 2.33Eo = 0 

66.7ko +  549.7Ao − 549.7Eo + 636.4Ao − 493.21Eo = 0          (12) 

1042.91Eo = 66.7ko + 1186.1Ao  

let ko = 0 and Ao = 2.56million naira 

Eo = 2.911 million naire        (13) 

 

IV. CONCLUSION 
 

     From the result shown in our illustrated example above, it is observed that the annual expenses are too low 

for a real life situation. This shows that when a worker does not have any social security cover his/her living 

standard will be very low if he/she intends to live up to twenty five years after retirement. On the other hand, 

when worker is on a social security cover during the working year his/her living standard will in fact improve. 

This, is seen from the fact that Eo in (13) is more that Ao. This excess amount is drawn from the saving and the 

gratuity as long as the pension and the social security insurance are continually paid as at when due. In addition, 

with the result of this study, it is advised that all workers should embrace the issue of social security insurance 

cover during the working/service years.  
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