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Abstract—This paper focuses on the consensus problem of
nonlinear fractional order multi-agent systems by employing a
robust reliable non-fragile control scheme, where the network
topology of the communication process among agents is subject
to a switching directed graph. The main intention of this paper is
to propose a robust reliable non-fragile controller design protocol
that guarantees the stability of the resulting closed-loop system.
Sufficient conditions for the solvability of such a problem are
obtained by using the Lyapunov stability theory and the algebraic
graph theory. Based on the obtained conditions, the desired robust
reliable non-fragile control gain matrix is then clearly presented.
Finally, a numerical example is given to show the fruitfulness of
the proposed fractional-order consensus control design method.

Keywords: Fractional-order consensus; Multi-agent sys-
tems; Robust Reliable non-fragile control; Switching topol-
ogy.
Notation: Since the Caputo fractional derivative is used in this
paper, a simple notation xq(t) is used to denote Ct0D

α
t x(t). Let

Rm, Rn, Rn×n represent the m, n dimensional vectors and
n× n real matrices, respectively. {.}T denotes the transposi-
tion. The * is referred as symmetric term in a matrix.

I. INTRODUCTION

During the past three decades, the study of multi-agent sys-
tems is becoming increasingly ubiquitous in a variety of fields,
such as multi robots, spacecraft formation flying, cooperative
search and sensor networks [1]–[3]. Consensus of nonlinear
fractional order multi-agent system is the convergence of all
intelligent agents to some common value by interacting with
each other via a sensor or communication network. As a
consequence, several interesting studies regarding consensus
issue have been reported [4]–[6]. Recently, the consensus

problem of fractional-order multi-agent systems becomes an
important research area due to its memory and hereditary
properties of various materials and processes that contains
derivatives and integrals from non-integer orders. However,
many continuous control techniques and significant results
have been developed for the consensus of linear and nonlinear
fractional-order multi-agent systems [7]–[11]. Very recently,
a distributive adaptive control schemes and distributive event-
triggered strategy were derived in [12] and [13] respectively
for the consensus of nonlinear fractional-order multi-agent
systems.

In particular, consensus problem of leader following
fractional-order multi-agent systems has been investigated in
[14], where the interconnection topology of the system is
assumed to be fixed. The problem of consensus reliable control
of uncertain nonlinear multiagent systems in the presence
of probabilistic timevarying delay has been discussed in
[15],where the interconnection topology of the system is a
directed graph with fixed topology. Furthermore, consensus of
fractional-order multi-agent systems with switching topologies
have been discussed in [16], [17].

On the other hand, the target achievements are very
complex when the number of agents in multi-agent systems
are very large. Moreover, in real time control systems,
uncertainties exists in the controller design, which may result
in poor performance of the closed loop system and make the
systems unstable. Therefore, the implementation of reliable
non-fragile controller, which can tolerate variations in control
gain, is important for the controller system performance.
Hence the problems on reliable non-fragile control for
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practical systems have received considerable attention in
recent years [18]–[21]. However, the consensus problems of
nonlinear fractional-order multi-agent systems with switching
topology using robust reliable non-fragile controller has not
yet been completely investigated, which motivates us to
investigate the present study. Based on the existing results
and motivated by the above observations, in this study, we
draw our attention towards establishing a robust reliable
non-fragile control protocol for nonlinear fractional-order
multi-agent systems under switching topology. By using
the algebraic graph theory, Lyapuvov stability theory and
matrix theory, the consensus problem to be investigated is
formulated. Finally, the feasibility of theoretical results and
the potency of proposed control design are verified through
a numerical example. The significant contributions of this
paper can be outlined as follows:

� Based on Kronecker product properties and algebraic
graph theory concepts, a reliable non-fragile consensus
control protocol is constructed for the considered nonlin-
ear fractional-order multi-agent systems.

� Lyapunov stability theory is utilized to guarantee the
consensus of considered nonlinear fractional-order multi-
agent systems in terms of linear matrix inequalities. Also,
the desired feedback gain matrix is determined.

JI

II. PROBLEM FORMULATION AND PRELIMINARIES

This section begins with describing a continuous-time non-
linear fractional-order multi-agent system and then proceeds
to present a control objective with actuator fault for the
considered system.

Consider a fractional-order nonlinear multi-agent system
with N agents. The dynamics of the ith agent can be rep-
resented by the following differential equation:

xqi (t) = A1xi(t) +BuFi (t) + f(t, xi(t)), (1)

xi(t) = φi(t), t ∈ [−d, 0], i = 1, 2, . . . , N,

where xi(t) ∈ Rn, uFi (t) ∈ Rm and f(t, xi(t)) ∈ Rn

represent the state vector, control input vector and the non-
linear factor of the ith agent, respectively; A1 ∈ Rn×n and
B ∈ Rn×m are known system and input matrices, respectively;
A1 = A+∆A(t), ∆A(t)=MaFa(t)Na, where Ma and Na are
known real constant matrices with appropriate dimensions and
Fa(t) is a time varying matrix satisfying Fa(t)FTa (t) ≤ I .
Moreover, φi(t) stands for the initial state of the ith agent,

which is assumed to be a continuous vector-valued function.

In this paper, the network communication topology of the
considered fractional-order nonlinear multi-agent system (1) is
represented by a switching directed graph Gr. In the directed
graph Gr = (V, Er,Ar), V = {v1, v2, . . . , vN} is the set of
agents, Er ⊆ V ×V is the set of edges and Ar = [arij ]N×N is
the adjacency matrix. The elements of Ar are defined by arij >
0 if (vi, vj) ∈ Er and arij = 0 otherwise. Here, a switching
signal r with R number of possible topologies is defined as
r : [0,∞)→ {1, 2, . . . ,R}. The neighbor set of vi is given by
Ni = {j : (vi, vj) ∈ E}. Let D = diag{d1, d2, . . . , dN} with
di =

∑
j∈Ni

aij and Lr = [lrij ]N×N are the degree matrix
and the Laplacian matrix of the directed graph Gr. Also, the
Laplacian matrix is defined by Lr = D−Ar which guarantees∑N
j=1 l

r
ij = 0. In this paper, the strongly connected directed

graph Gr is considered, that is the edge between every two
agents can be joined by a directed path.

Now, we construct a consensus control protocol for the
considered system (1). When constructing a robust controller
for practical systems, the controller parameters may result in
some gain variations due to the existence of round-off errors
in digital systems and aging of controller devices. Particularly,
these smaller perturbations in the control coefficients may
weaken the system. In such situations, the conventional control
implementation does not provide satisfactory performance of
the closed-loop system. To overcome this difficulty, robust
reliable non-fragile control method has been used in the liter-
ature [18]–[21]. From this fact, the following robust reliable
non-fragile controller is considered for system (1) under the
switching topology:

uFi (t) = G(K + ∆K(t))
∑
j∈Ni

arij [xi(t)− xj(t)], (2)

where G = diag{g1, g2, . . . , gm}, 0 ≤ g
l
≤ gl ≤ ḡl ≤

1, l = 1, 2, . . . ,m. Further, G can represent both the normal
and faulty actuator. In particular, when gl takes either 1 or
0 as its value, symbolizes that, either the lth actuator is
normal or it fails. Let us denote GU = diag{gU1 , gU2 , . . . gUl },
GL = diag{g1L, g2L, . . . , glL}, G1 = (GU + GL)/2, and G2

=(GU −GL)/2. Then, G can be rewritten as G = G1 +G2Ξ ,
where Ξ = diag{e1, e2, . . . em}, 0 ≤ el ≤ 1; K is the system
feedback gain matrix to be determined and ∆K(t) represents
the gain variation that takes the form ∆K(t)=MkFk(t)Nk,
where Mk and Nk are known real constant matrices with
appropriate dimensions and Fk(t) is a time varying matrix
satisfying Fk(t)FTk (t) ≤ I .

Now, by considering the above mentioned robust reliable

Seventh Sense Research Group www.internationaljournalssrg.org Page 2

SSRG International Journal of Civil Engineering (SSRG - IJCE) - Special Issue ICFTESH Feb 2019

ISSN: 2231  - 5373                                          http://www.ijmttjournal.org                                          Page 2 

SSRG International Journal of Mathematics Trends and Technology (SSRG - IJMTT) - Special Issue ICFTESH Feb 2019



International Conference on Recent trends in Mathematics and Information Technology (ICRMIT-2019)

non-fragile control scheme (2) into (1), the following closed-
loop system can be obtained:

xqi (t) =A1xi(t) +BG(K + ∆K(t))
∑
j∈Ni

arij [xi(t)− xj(t)]

+ f(t, xi(t)). (3)

Hence, by using the algebraic graph theory and Kronecker
product properties, the closed-loop system (3) can be written
in the following global form:

xq(t) = (I ⊗A1)x(t) + (Lr ⊗BGK(t))x(t) + F (t, x(t)),

(4)

where x(t) = [xT1 (t), xT2 (t), . . . , xTN (t)]T , K(t) = K +

MkFk(t)Nk, F (t, x(t)) = [fT (t, x1(t)), fT (t, x2(t)), . . . ,

fT (t, xN (t))]T and ⊗ denotes the Kronecker product.

The purpose of this study is to construct a robust control
protocol in the form of (2) for the nonlinear fractional-order
multi-agent system to achieve consensus. On account of this, it
is sufficient to show that the closed-loop system (4) is stable.
Thus, the main results are developed for system (4) in the
following section. Moreover, to obtain the required stability
condition, the following useful definitions and a lemma are
presented here.

Assumption 1: The nonlinear function F (t, x(t)) in (4) is
bounded and Lipschits continuous such that
FT (t, x(t))F (t, x(t)) ≤ xT (t)HTHx(t), H is a known posi-
tive constant.

Assumption 2: Let Jr be real matrices of appropriate di-
mensions with JTr (t)Jr(t) ≤ I , ∀t ≥ 0, then, for any ρ > 0,
J1J(t)J2 + JT2 J(t)JT1 ≤ ρ−1J1JT1 + ρJT2 J2.

Definition 1: [22] The Riemann-Liouville derivative with
fractional order q of the function y(t) is given by

RDqy(t) =
1

Γ(n− q)
dn

dtn

∫ 1

0

(t− q)n−q−1y(u)du,

where n is the first integer larger than q, i.e, n−1 < q < n, n ∈
Z+ and Γ(.) is the Gamma function Γ(s) =

∫∞
0
ts−1e−tdt.

Definition 2: [23] The Caputo derivative with fractional
order q of the function y(t) is given by

yq(t) =
1

Γ(n− q)

∫ 1

0

(t− q)n−q−1yn(u)du,

where n is the first integer larger than q, i.e, n− 1 < q < n,
n ∈ Z+ and yn(.) is the classical nth derivative of the function
y(.).

Lemma 1: [24] Let y(t) ∈ Rn be a vector of differentiable
and continuous functions. Then, we have

1
2D

q(yT (t)Py(t)) ≤ yT (t)PDqy(t), ∀q ∈ (0, 1).

JI

III. MAIN RESULTS

This section presents sufficient conditions that guarantees
the stability of the closed-loop system (4) by using the Lya-
punov stability theory without gain variations (∆K(t) = 0)

in Theorem 1. Then, the obtained result is further extended to
the case when gain variations occur in system (4), which is
given in Theorem 2. The closed-loop system (4) without gain
variations takes the following form:

xq(t) = (I ⊗A1)x(t) + (Lr ⊗BGK)x(t) + F (t, x(t)).

(5)

Theorem 1: For given fault matrix G and some positive
scalars q and ε1, the nominal closed-loop system (5) is stable
if there exist symmetric matrix P > 0 with appropriate
dimension such that the following condition hold:

Π̄ =


π̄1,1 π̄1,2 π̄1,3 π̄1,4 π̄1,5

∗ −I 0 0 0

∗ ∗ −ε1I 0 0

∗ ∗ ∗ −ε1I 0

∗ ∗ ∗ ∗ −I

 < 0, (6)

where

π̄1,1 = (I ⊗ P)(I ⊗A) + (I ⊗A)T (I ⊗ P)

+ (I ⊗ P)(Lr ⊗BGK), π̄1,2 = (I ⊗ P),

π̄1,3 = ε1(I ⊗ P)(I ⊗Ma), π̄1,4(I ⊗Na)T ,

π̄1,5(I ⊗H).

Proof: To establish the stability criterion for the considered
closed-loop system (5), we construct the Lyapunov function
V (t, x(t)) ≥ 0, such that V (t, x(t)) = xT (t)(I ⊗ P)x(t).
Then, according to lemma 1, calculating the time derivative of
V (t, x(t)) along the trajectories of system (5), we can easily
obtain the following:

V q(t, x(t)) ≤ 2xT (t)(I ⊗ P)xq(t),

= 2xT (t)(I ⊗ P)[(I ⊗A1)x(t)

+ (Lr ⊗BGK)x(t) + F (t, x(t))], (7)

= xT (t)(I ⊗ P)[(I ⊗A1)x(t)

+ (Lr ⊗BGK)x(t) + F (t, x(t))]

+ [(I ⊗A1)x(t) + (Lr ⊗BGK)x(t)

+ F (t, x(t))]T (I ⊗ P)x(t). (8)
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After applying Lemma 2 in [25] and by Assumption 1, the
right-hand side of the above equation can be written as,

χT (t)Πχ(t), where χ(t) =
[
xT (t) FT (t, x(t))

]T
and

Π =

[
π1,1 (I ⊗ P)

∗ −I

]
,

where

π1,1 = (I⊗P)
{

(I⊗A1)+(Lr⊗BGK)}+(I⊗A1)T (I⊗
P)+(I⊗H)T (I⊗H). Now, with the aid of Schur complement
and Assumption 2, the matrix Π can be equivalently written
as the matrix in left-hand side of (6) that is Π̄. Thus, if the
condition (6) is satisfied, the negativeness of V q(t, x(t)) will
be guaranteed, that is V q(t, x(t)) < 0. This completes the
proof of this theorem.

In the forthcomming Theorem, we extend the results ob-
tained in Theorem 1 to the case when feedback gain matrix
K is subject to gain variations that is K = K + ∆K(t) and
unknown actuator fault.

Theorem 2: Consider the closed-loop system (4) with un-
known fault matrix G. Let q be given positive scalar. Then,
system (4) is stable if there exist symmetric matrix X > 0,
any appropriate dimensioned matrix Y and positive scalars ε1,
ε2, ε3, ε4 such that the following condition is satisfied:[

Π̂
]
11×11

< 0, (9)

where

π̂1,1 = (I ⊗A)(I ⊗X) + (I ⊗X)(I ⊗A)T

+ (Lr ⊗BG0Y ), π̂1,2 = I, π̂1,3 = ε1(I ⊗Ma),

π̂1,4 = (I ⊗X)(I ⊗Na), π̂1,5 = (I ⊗X)(I ⊗H),

π̂1,6 = ε2(Lr ⊗BG0Mk),

π̂1,7 = (I ⊗X)(I ⊗Nk)T , π̂1,8 = ε3(I ⊗G1),

π̂1,9 = (Lr ⊗BY ), π̂1,10 = ε4(I ⊗G1),

π̂1,11 = (Lr ⊗BMk), π̂2,2 = I, π̂3,3 = ε1I, π̂4,4 = ε1I,

π̂5,5 = I, π̂6,6 = ε2I, π̂7,7 = ε2I, π̂8,8 = ε3I,

π̂9,9 = ε3I, π̂10,10 = ε4I, π̂11,11 = ε4I,

and the remaining elements of Π̂ are zero. Further, the
feedback gain matrix can be determined by K = Y X−1.
Proof: The proof of this theorem can be derived immediately
from the proof of Theorem 1. Therefore, we consider the
same lines as in the proof of Theorem 1 by replacing
the uncertain matrix K with K + ∆K(t), considering the
expression G = G1 + G2Ξ . Further by using Assumption 2
and the Schur complement, it can be easily obtained that



Π̄ ε2Ξ1 ΞT2 Ω1 Ω2 Ω3 Ω4

∗ −ε2I 0 0 0 0 0

∗ ∗ −ε2I 0 0 0 0

∗ ∗ ∗ −ε3I 0 0 0

∗ ∗ ∗ ∗ −ε3I 0 0

∗ ∗ ∗ ∗ ∗ −ε4I 0

∗ ∗ ∗ ∗ ∗ ∗ −ε4I


, (10)

where the elements of Π̄ are same as in (6) except
π̄1,1 = (I⊗P)

{
(I⊗A)+(Lr⊗BG0K)}+(I⊗A)T (I⊗P),

Ξ1 = [((I ⊗ P)(Lr ⊗ BG0Mk))T 0 0 0 0]T , ΞT2 =

[(I⊗Nk) 0 0 0 0]T , Ω1 = [ε3(I⊗G1) 0 0 0 0]T ,
Ω2 = [(I ⊗ P)(Lr ⊗ BK) 0 0 0 0]T , Ω3 = [ε4(I ⊗
G1) 0 0 0 0]T , Ω4 = [(Lr ⊗BMk) 0 0 0 0]T .
To complete the proof, we assume the following relations:
X = P−1 and Y = KX . Then, by pre- and post-multiplying
both sides of (10) by diag

{
(I ⊗ X), (I ⊗ I), . . . , (I ⊗ I)︸ ︷︷ ︸

10 times

}
and its transpose, respectively, we can obtain Π̂ in (9). Thus,
we can conclude that the closed-loop system (4) is robustly
stable. This implies that the multi-agent system (1) achieves
the desired robust consensus, which completes the proof. �

IV. NUMERICAL EXAMPLE

In this section, the effectiveness of the proposed control
protocol is provided through an illustrative example. Consider
a fractional-order nonlinear multi-agent system (1) with four
agents. Here, the communication topology among agents is
described by two different directed graphs, which is shown in
Fig. 1. For simulation purpose, the coefficient matrices of (1)
are chosen as

A =

[
−2 0.4

0 −1.8

]
, B =

[
0.68

0.81

]
, Ma =

[
0.3

0.3

]
,

Na =
[
0.3 0.2

]
,Mk = 0.35, Nk =

[
0.9 0.8

]
.

The non-linear time varying matrix is defined as Fa(t) =

Fk(t) = sin(10t) and the Laplacian matrices Lr (r = 1, 2)

corresponding to the communication topology in Fig. 1 are
estimated as

L1 =


2 −1 0 −1

−1 2 −1 0

0 −1 2 −1

−1 0 −1 2

 and L2 =


1 0 0 −1

−1 1 0 0

0 0 1 −1

0 −1 0 1

 .

Moreover, the range of the fault is taken as 0.7 ≤ G ≤ 0.9

and the fractional order derivative is considered as q = 0.99.

Seventh Sense Research Group www.internationaljournalssrg.org Page 4

SSRG International Journal of Civil Engineering (SSRG - IJCE) - Special Issue ICFTESH Feb 2019

ISSN: 2231  - 5373                                          http://www.ijmttjournal.org                                          Page 4 

SSRG International Journal of Mathematics Trends and Technology (SSRG - IJMTT) - Special Issue ICFTESH Feb 2019



International Conference on Recent trends in Mathematics and Information Technology (ICRMIT-2019)

Fig. 1: Communication topology for a group of four agents
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Fig. 2: State responses of system (1) with unknown actuator fault
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Fig. 3: State responses of system (1) with known actuator fault
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Fig. 4: Control responses of system (1)

Now, we can determine the feasible solution by solving the
LMI in Theorem 2 for the above parameter values. The
associated controller feedback gain matrix is obtained as
K = [−0.0109 −0.0144]. Based on this feedback gain value
and the randomly taken initial conditions of the four agents
x1(0) = [0.1 1.5]T , x2(0) = [0.3 2]T , x3(0) = [0 1]T

and x4(0) = [0.2 0.6]T , the state convergence of four agents
for the considered multi-agent system (1) under the designed
controller is given in Fig. 2 . Next, let the actuator fault
matrix be G = 0.8. Now, solving the constraints established
in Theorem 1, the controller feedback gain matrix is obtained
as K = [−1.3478 − 1.2042] and the corresponding state
convergence of four agents for the considered multi-agent
system (1) with the known actuator fault is presented in Fig.
3. Furthermore, the graph of control response of the closed-
loop system with unknown actuator fault is depicted in Fig.
4. From the simulation results of this numerical example,
it is confirmed that the proposed reliable non-fragile control
scheme can satisfy the nonlinear fractional order multi-agent
closed loop system under arbitrarily switching topology. JI

V. CONCLUSION

In this paper, the problem of reliable non-fragile control for
consensus of nonlinear fractional-order multi-agent system has
been discussed. Using indirect Lyapunov approach a suitable
Lyapunov function has been constructed and the consensus
of closed-loop system has been guaranteed through LMI
technique based sufficient conditions. From these sufficient
conditions, reliable non-fragile feedback control gain matrix
has been obtained by using MatLab toolbox. Finally, the ef-
fectiveness of the proposed control scheme has been illustrated
by simulation results. JI
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