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Abstract—This paper deals with the state tracking problem for
a class of continuous-time non-linear stochastic systems subject
to aperiodic disturbances via equivalent-input-disturbance (EID)
based modified repetitive control (MRC) technique. Specifically,
a state observer is proposed to estimate the unknown states of
the considered system and EID based MRC is designed such
that the resulting states of the closed-loop system robustly tracks
the reference signal through repetitive learning. Moreover, a new
set of sufficient conditions is obtained in terms of linear-matrix-
inequalities which not only guarantees the disturbance attenuation
performance for the addressed system but also provides the tracking
control design scheme. At last, the effectiveness and usefulness
of the obtained theoretical results are demonstrated through a
numerical example by taking the experimental values of F-18
aircraft model.

Keywords: Stochastic systems, Equivalent-input-
disturbance, Modified repetitive controller, Aperiodic
disturbances.

I. INTRODUCTION

In recent years, add-on type repetitive controllers have
been reported to enhance the outstanding capacity of attenu-
ating periodic disturbances and/or tracking periodic reference
commands. Especially, in the real-world control systems like
humanoid robots, hard disk drive, mechatronic systems, it is
frequently required to trace a periodic signal with the output
or states of a plant and to reject a periodic disturbance. A
repetitive-control system is extraordinary when compared with
other types of control systems since it has a self-learning
potential and it can be employed to reject periodic disturbances
and to trace a periodic reference without steady state error
[1], [2]. Additionally, repetitive control is used to study the
qualitative activities of control systems caused by periodic
disturbances. It is noted that the stabilization of the systems
with non-zero positive relative degree becomes difficult. In

order to tackle this issue, a low-pass filter is interconnected
with the delay line of the conventional repetitive control and
the resulting set-up is called as modified repetitive control
(MRC) [3], [4]. Due to the fact that MRC contains periodic
signal generator in its design, it is undoubtedly suitable for
tracking the states or output of the control system and rejecting
the periodic disturbances. In particular, the design of MRC de-
pends on two ultimate factors. At first, a suitable cutoff angular
frequency of low-pass filter in MRC should be selected, which
is essentially connected to the tracking precision. Secondly,
the design of feedback gain in MRC also plays a vital role in
achieving the better tracking performance. Since, these factors
affect each other, there should be a trade-off between them.
Consequently, in order to obtain the suitable MRC design, it
is extremely recommended to utilize the information to attain
the cutoff frequency and the order of low-pass filter in MRC
with more competence.

Moreover, the outside disturbances are not generally pure
periodic signals and usually they include a combination of
periodic and aperiodic due to practical reasons. That’s why it is
necessary to enhance the disturbance rejection performance by
adding somewhat with MRC design. This can be achieved by
introducing an equivalent-input-disturbance (EID) estimator
into the state observer of the control system [5]. Specifically,
EID is an active disturbance rejection method in which the
effects of disturbance, non-linear uncertainty and any other
disturbance noises are estimated by using the EID estimator
and the estimated noiseless disturbance is imposed on the
control input channel in order to diminish the effect of the
combined disturbance on the output of the control system
[6]–[9]. In addition, to the best of authors’ knowledge, the
issue of state tracking and disturbance attenuation performance
for non-linear stochastic systems has not been completely
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investigated yet, which yields the motivation of this study.
The leading contributions of this article has been highlighted
in the following list :

� Criteria for the proposed EID based MRC is established
with the use of matrix inequalities by defining a appropri-
ate Lyapunov-Krasovskii functional together with an LMI
approach, which becomes most simple in its design.

� Proposed EID based MRC design is easy to put into
practice, since a well defined number of parameters to
be tuned through a simple algebraic structure.

� Comparison of proposed EID based MRC design with
conventional strategies, yields its high level simplicity
and EID based MRC is employed not only to attenuate
the disturbance but also to track the periodic commands.

At last, a numerical example with the parameters of F-
18 aircraft model is provided to show the usefulness of the
proposed EID based MRC control design. JI

II. PROBLEM FORMULATION AND PRELIMINARIES

Let us consider stochastic control system with non-linear
uncertainty in the following compact form

dx(t) = [Ax(t) +B1u(t) +B2wd(t)

+Hf (t, x(t))]dt+ [ASx(t)]dw(t)

y(t) = Cx(t)

Π(0) = x0,

(1)

where x(t) ∈ Rn represents the state vector; u(t) ∈ Rm

denotes the control input to the system; y(t) ∈ Rq is the
output vector; wd(t) ∈ Rp is the aperiodic disturbance and
w(t) is one dimensional Wiener process satisfying E{w(t)} =

0, E{w(t)2} = t, E{w(s)w(t)} = 0 for (s 6= t) and
Π(0) represents the initial condition. Hf (t, x(t)) is the state-
dependent non-linear uncertainty. Further wd(t), Hf (t, x(t))

and stochastic noise are combined as lumped disturbance.
Also, A, B1, B2, AS and C are known constant matrices
of appropriate dimensions.

Let e(t) be the state tracking error which denotes the
difference between the reference and the system states as

e(t) = r(t)− x(t). (2)

On the other hand, in order to obtain the required controller
design it is enough to prove the stability of the augmented
closed-loop system as shown in Fig.1 . Due to this, it is
assumed that the system (1) is controllable and observable,
and it has no zeros in imaginary axis. Specifically, in Fig.1, r(t)
represents the reference input; Ko and Km represent feedback
gains of observer state and MRC state, respectively; y(t) and

x̃o(t) are the output and estimated state of the uncertain s-
tochastic plant, respectively; The whole configuration contains
two main blocks. In particular, the first block EID estimator
contains a low-pass filter Fe(s), which is utilized to filter the
estimated disturbance signal. The estimation of the lumped
disturbance ŵd(t) can be achieved by using the state observer.
Next, ŵd(t) is passed through Fe(s) and the filtered estimated
disturbance ye(t) is obtained and imposed on the control input.
Similarly, the second one is MRC block which contains the
low-pass filter Mrc(s) = ωm

s+ωm
, where ωm represents the

cutoff angular frequency of Mrc(s) such that the following
condition |Mrc(jω)| ≈ 1,∀ ω ∈ [0, ω̄c] is satisfied. Also,
there is a time-delay line e−Ps in the path of MRC, where
P is the period of the reference input. Further, in Fig.1, the
transfer function of MRC is written in the following form

Xm(s)

E(s)
=

1

1−Mrc(s)e−sP
. (3)

Then, by applying inverse Laplace transform in (3), the state-
space equation has the following compact form:

ẋm(t) = −ωmxm(t) + ωmxm(t− P ) + ωme(t) + ė(t). (4)

Since, the stability of the augmented closed-loop system
in Fig. 1 is inpendent of external signals, without loss of
generality, it can be assumed that r(t) = 0, Hf (t, x(t)) = 0

and wd(t) = 0. Therefore, the MRC in (4) is rewritten as

ẋm(t) = −ωmxm(t) + ωmxm(t− P )− ωmx(t)− ẋ(t).

(5)

Now, it is noted that the MRC is represented in its deter-
ministic form. But, in the configuration of Fig. 1, MRC is
incorporated with the stochastic system (1). Due to this, (5) is
converted into the stochastic form [10] as

dxm(t) = [−ωmxm(t) + ωmxm(t− P )

−ωmx(t)]dt− dx(t).
(6)

In order to estimate the states of the system, the full-order
state observer is considered as

dx̃o(t) = [Ax̃o(t) + L(Cx(t)− Cx̃o(t)) +B1ue(t)] dt

ŷ(t) = Cx̃o(t),

(7)

where x̃o(t) denotes the observer state and L denotes the
observer gain matrix. ue(t) is the control input to the full-
order state observer and it is defined as follows

ue(t) = Kmxm(t) +Kox̃o(t). (8)
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Fig. 1: Configuration of EID based MRC design for stochastic system

As discussed in [11], the optimal estimation of disturbance
ŵd(t) is calculated as follows:

ŵd(t) = B+
1 LC [x(t)− x̃o(t)] + ue(t)− u(t), (9)

where B+
1 =

(
BT1 B1

)−1
BT1 . We are in need to filter ŵd(t),

owing to this, the low-pass filter Fe(s) is incorporated with
the state observer. The state-space equation of low-pass filter
Fe(s) is given by

dxe(t) = [Aexe(t) +Beŵd(t)]dt

ye(t) = Cexe(t),
(10)

where xe(t) and ye(t) indicate the state and output vectors of
Fe(s). Now, the control law is improved as

u(t) = ue(t)− ye(t). (11)

Further, based on (8), (10) and (11), the dynamics of MRC
(6) is rewritten as follows

dx(t) = [Ax(t) +B1Kox̃o(t)−B1Cexe(t)

+B1Kmxm(t)]dt+ [ASx(t)]dw(t) (12)

Now, the error dynamics between the states of the system and
observer is xδ(t) = x(t)− x̃o(t). Also, the augmented closed-
loop system is designed by the states x̃o(t), xδ(t), xe(t) and

xm(t) and define Ψ̂(t) = [x̃To (t) xTδ (t) xTe (t) xTm(t)]T . It
follows from the aforementioned discussions,

dx̃o(t) = [Ax̃o(t) +B1Kox̃o(t) +B1Kmxm(t)

+LCxδ(t)]dt,

dxδ(t) = [(A− LC)xδ(t)−B1Cexe(t)] dt

+ [AS(x̃o(t) + xδ(t))] dw(t),

dxe(t) = [(Ae +BeCe)xe(t)

+BeB
+
1 LCxδ(t)]dt,

dxm(t) = [−ωmxm(t) + ωmxm(t− P )

−ωm(x̃o(t) + xδ(t))

−A(x̃o(t) + xδ(t))−B1(Kox̃o(t)

+Kmxm(t)− Cexe(t))]dt
+ [−As(x̃o(t) + xδ(t))] dw(t).

(13)

Now, the augmented closed-loop system is modelled as in the
following compact form:

dΨ̂(t) =[ÂΨ̂(t) + B̂Ψ̂(t− P )]dt+ [ÂS ]Ψ̂(t)dw(t), (14)

where Â =
A+B1Ko LC 0 B1Km

0 A− LC −B1Ce 0

0 BeB
+
1 LC Ae +BeCe 0

−ωm −A

−B1Ko
−(ωm +A) B1Ce

−ωm

−B1Km

 ,
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B̂ =


0 0 0 0

0 0 0 0

0 0 0 0

0 0 0 ωm

 and ÂS =


0 0 0 0

AS AS 0 0

0 0 0 0

−AS −AS 0 0

 .

III. DESIGN OF ROBUST MRC BASED ON EID APPROACH

In this section, a robust MRC for stochastic systems based
on the EID technique is obtained in terms of LMIs.

Theorem 3.1: For given positive scalars σ, ρ, γ, ε and β, the
augmented closed-loop system (14) is asymptotically stable
in the mean-square, if there exist symmetric positive definite
matrices X̃i, Ỹi (i = 1, 2, 3, 4), Z̃, and appropriate matrices
X2, W̃1, W̃2 and W̃3 such that the following inequalities hold:

Z̃ ≤ εX̃, (15)

CX̃2 = X2C, (16)[
Ξ̃
]

12×12
< 0, (17)

where

Z̃ = diag{Z̃1, Z̃2, Z̃3, Z̃4}, X̃ = diag{σX̃1, ρX̃2, X̃3, γX̃4},

Ξ̃1,1 = σAX̃1 + σX̃T
1 A

T + σBW̃1 + σW̃T
1 B

T ,

Ξ̃1,2 = ρW̃2C,

Ξ̃1,4 = γB1W̃3 − σωmX̃T
1 − σX̃1A

T − σW̃T
1 B

T
1 ,

Ξ̃1,10 = σX̃1A
T
S , Ξ̃1,12 = −σX̃1A

T
S ,

Ξ̃2,2 = ρAX̃2 + ρX̃2A
T − ρW̃2C − ρCT W̃T

2 ,

Ξ̃2,3 = −B1CeX̃3 + ρCT W̃T
2 B

+T

1 BTe ,

Ξ̃2,4 = −ρX̃2A
T − ρωmX̃2,

Ξ̃2,10 = ρX̃2A
T
S , Ξ̃2,12 = −ρX̃2A

T
S ,

Ξ̃3,3 = (Ae +BeCe)X̃3 + X̃3A
T
e + X̃3C

T
e B

T
e ,

Ξ̃3,4 = X̃3C
T
e B

T
1 ,

Ξ̃4,4 = −γ2ωmX̃4 − γB1W̃3 − γW̃T
3 B

T
1 , Ξ̃4,8 = ωmY4,

Ξ̃5,5 = −Ỹ1, Ξ̃6,6 = −Ỹ2, Ξ̃7,7 = −Ỹ3, Ξ̃8,8 = −Ỹ4,

Ξ̃9,9 = −σX̃1, Ξ̃10,10 = −ρX̃2,

Ξ̃11,11 = −X̃3, and Ξ̃12,12 = −γX̃4.

Further, the control and observer parameters are calculated as

Ko = W̃1X̃
−1
1 , L = W̃2X

−1
2 and Km = W̃3X̃

−1
4 . (18)

Proof: Consider the following Lyapunov-Krasovskii function-
al candidate for the system (14) as follows

V (Ψ̂(t), t) = Ψ̂T (t)P̄ Ψ̂(t) +

t∫
t−P

Ψ̂T (s)Q̄Ψ̂(s)ds, (19)

where P̄ = diag{ 1
σ P̄1,

1
ρ P̄2, P̄3,

1
γ P̄4}, Q̄ = diag

{Q̄1, Q̄2, Q̄3, Q̄4} are the symmetric positive definite
matrices. With the aid of Itô’s formula, the derivate along
the states of the system (14) can be obtained as

dV (Ψ̂(t), t) = £V (Ψ̂(t), t)dt+ 2Ψ̂T (t)P̄ ÂSΨ̂(t)dw(t), (20)

where

£V (Ψ̂(t), t) = 2Ψ̂T (t)P̄ [ÂΨ̂(t) + B̂Ψ̂(t− P )]

+Ψ̂T (t)Q̄Ψ̂(t)

−Ψ̂T (t− P )Q̄Ψ̂(t− P )

+Ψ̂T (t)ÂTS P̄ ÂSΨ̂(t).

(21)

Let us denote the new vector η(t) =
[
Ψ̂T (t) Ψ̂T (t− P )

]T
.

£V (Ψ̂(t), t) ≤ ηT (t)Ωη(t), (22)

where Ω =[
P̄ Â+ ÂT P̄ + Q̄ P̄ B̂

∗ −Q̄

]
+

[
ÂTS
0

] [
P̄−1

]−1

[
ÂTS
0

]T
.

By applying schur complement in (22), it is attained as

£V (Ψ̂(t), t) ≤ ηT (t)Ω̄η(t), (23)

where Ω̄1,1 = P̄ Â + ÂT P̄ + Q̄, Ω̄1,2 = P̄ B̂, Ω̄1,3 =

ÂTS , Ω̄2,2 = −Q̄, Ω̄3,3 = −P̄−1. Let us assume that
P̄−1 = X̃ , Q̄−1 = Ỹ with X̃ = diag{σX̃1, ρX̃2, X̃3, γX̃4},
Ỹ = diag{Ỹ1, Ỹ2, Ỹ3, Ŷ4}, CX̃2 = X2C, Q̄ ≤ εP̄ for
ε > 0, Z̃ = X̃Q̄X̃ , W̃1 = K0X̃1, W̃2 = LX2 and
W̃3 = KmX̃4. Further, pre- and -post multiplying Ω̄ and
Q̄ ≤ εP̄ by diag{X̃, Ỹ , I} and X̃ , we obtain the LMIs
(17) and (15), respectively. Since (16) is not a proper L-
MI, which cannot get a feasible solution in the MATLAB
LMI toolbox. In order to convert this (16) into LMI, the
optimization technique is followed as in [11]. According
to the optimization technique, there exists a positive scalar

β such that

[
−βI CX̃2 −X2C

∗ −I

]
, which represents the

equivalent LMI form of (16). Thus, if the LMIs (15)-(17) hold,
then it follows from (23) that £V (Ψ̂(t), t) < 0. Therefore,
from (20), it can be get as

dV (Ψ̂(t), t) < 2Ψ̂T (t)P̄ ÂSΨ̂(t)dw(t) (24)

Then, by taking expectation on (24), we obtain as
E
{

dV (Ψ̂(t),t)
dt

}
< 0 which means that E{V (Ψ̂(t), t)} > 0

is decreasing monotonously and from (19) it follows that
E‖Ψ̂(t)‖2 → 0, as t→∞. Hence, by the definition of mean
square asymptotic stability [2], the proof is completed. �
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IV. SIMULATION RESULTS

In this simulation section, the supremacy of the prposed
EID based MRC technique is described through a numerical
example by considering the experimental values of F-18
aircraft model from [12]. Then the equations of motion of
F-18 aircraft for decoupled linearized longitudinal dynamics
are given as follows:[

dα(t)

dq(t)

]
=

(
Along

[
α(t)

q(t)

]
+Blong

[
δE(t)

δPTV (t)

]
(25)

+Blong

[
d1(t)

d2(t)

])
dt+Bw

long

[
α(t)

q(t)

]
dw(t)

y(t) = Clong

[
α(t)

q(t)

]
,

where the parameters are defined as follows:
α = angle of attack, q = pitch rate, α̇ =

angular velocity of attack, q̇ = pitch acceleration,
δE = symmetric elevator position and δPTV =

symmetric pitch thrust velocity nozzle position. Also,

Along =

[
Zα Zq

Mα Mq

]
and Blong =

[
ZδE ZδPTV

MδE MδPTV

]
represent the state matrix and control input matrix of
longitudinal dynamics, respectively. Further, Clong is the
output matrix and Bwlong is the coefficient matrix of Brownian
motion. Specifically, a special case with the velocity of
Mach 7 and height of 14,000 ft [12] is considered with the
following parameter values:

Am 7h14
long =

[
−1.175 0.9871

−8.458 −0.8776

]
,

Bm 7h14
long =

[
−0.194 −0.0359

−19.29 −3.803

]
,

Bw,m 7h14
long =

[
0.1 0.2

0.1 0.2

]
, and

Cm 7h14
long =

[
0.14 0.1

−1 2

]
.

Let us consider the reference input r(t) = [r1(t) r2(t)]T

and taking the disturbance wd(t) = [d1(t) d2(t)]T as follows:

r1(t) = 0.5 sin (πt) , ∀ t > 0,

r2(t) = 2 cos (πt) , ∀ t > 0.

d1(t) =

{
2.9t, 15 < t ≤ 45

0, otherwise.

d2(t) =

{
0.6t, 15 < t ≤ 45

0, otherwise.

The matrices of (1) and (25) are compared and considered as

A =

[
−1.175 0.9871

−8.458 −0.8776

]
, B1 =

[
−0.194 −0.0359

−19.29 −3.803

]

AS =

[
0.1 0.2

0.1 0.2

]
, C =

[
0.14 0.1

−1 2

]
and

B2 =

[
−0.194 −0.0359

−19.29 −3.803

]
.

and the non-linear uncertainty is defined as Hf (t, x(t)) =

0.1x1(t). Further, the positive scalars are assumed as follows
σ = 1, ρ = 1, γ = 0.000001, ε = 0.0001, and β = 0.001.
The initial values of the system and its observer are selected
as Π = [0.1 0.2]T . The parameters of MRC are chosen as

P = 2seconds and ωm =

[
250 0

0 100

]
. Next, the EID

estimator is designed with the following suitable parameters

Ae =

[
−101 0

0 −51

]
, Be =

[
100 0

0 50

]
and Ce =[

1 0

0 1

]
. Then, by solving the LMIs (15)-(17) in Theorem

3.1, the controller and observer gain matrices are obtained as

Ko =

[
21750 5830

−110320 −29550

]
,

Km =

[
−223200 −500

1134100 −11900

]
and

L =

[
1.6723 0.2288

167.0297 22.8573

]
.

The consequent simulation results are exhibited in Figs. 2-6.
In particular, Fig. 2 shows that the tracking performance for
reference r1(t) with EID estimator is better than the tracking
performance with the absence of EID estimator. The same has
been described in Fig. 3 for reference r2(t). The disturbance
signals d1(t) and d2(t) and their estimations are displayed in
Fig. 4. Also, it is clearly seen from the Fig. 5 that the steady-
state tracking error e(t) with EID compensation is very small
when compared with the absence of EID compensation. The
corresponding control signals are provided in the Fig. 6 . In
order to show the efficiency of the proposed EID based MRC
controller with the existing stochastic disturbance observer
(SDO) based controller as described in [13]. The system [1] of
[13] has the parameters of F-18 aircraft model (25) as follows

Ao =

[
−1.175 0.9871

−8.458 −0.8776

]
, Ho =

[
−0.194 −0.0359

−19.29 −3.803

]

Seventh Sense Research Group www.internationaljournalssrg.org Page 5

SSRG International Journal of Mathematics Trends and Technology (SSRG - IJMTT) - Special Issue ICFTESH Feb 2019

ISSN: 2231  - 5373                                      http://www.ijmttjournal.org                                            Page 12



International Conference on Recent trends in Mathematics and Information Technology (ICRMIT-2019)

0 10 20 30 40 50 60

−0.5

0

0.5

1

Time (seconds)

 

 
W

ith
 E

ID
Angle of attack [degree]
Reference r

1
(t) [degree]

0 10 20 30 40 50 60
−2

−1

0

1

2

3

4

Time (seconds)

W
ith

ou
t E

ID

 

 

Angle of attack [degree]
Reference r

1
(t) [degree]

Fig. 2: Simulation results for tracking performance of the system (14) with and without EID for reference r1(t)
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Fig. 3: Simulation results for tracking performance of the system (14) with and without EID for reference r2(t)
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Fig. 4: Simulation results for disturbance estimation performance of the system (14) for the disturbances d1(t) and d2(t)

Bo =

[
0.1 0.2

0.1 0.2

]
, and H1 =

[
0 10

0 0

]
.

Also, the non-linear function F0fo(x(t), t) is considered
same with Hf (t, x(t)) as F0fo(x(t), t) = 0.1x1(t), the
constant values are selected as γ = 10, λ = 1 and the
disturbace signal [2] of [13] has the following parameters
G = diag{−3,−5}, H2 = diag{0.022, 0.015} and V =

diag{5, 5}. Then, by considering these assumptions and solv-

ing the LMI [27] of [13] the SDO gain L and the state

feedback gain K are obtained as L =

[
1048.5 342.1

−10.6 −3.5

]
and

K =

[
43240 −7360

−230190 69810

]
, respectively. The simulation

results for disturbance estimation for d1(t) and d2(t) using
EID based MRC technique and SDO based controller are given
in the Fig. 7, from which it is shown that the proposed EID
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Fig. 5: Simulation results for steady-state tracking error of the system (14) with and without EID, respectively
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Fig. 6: Control signals
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Fig. 7: Simulation results for disturbance estimation of the system (14) for d1(t) and d2(t) using EID and SDO approaches

based MRC technique provides better disturbance estimation
when compared with SDO based controller, since SDO based
design depends on the prior information of the disturbances
but EID based technique does not need any information about
the disturbances. It is concluded from the simulation results
that the proposed EID based MRC tracks the reference signals
without steady-state error for the system (1) having of all kind
of unknown bounded disturbances and stochastic noises. JI

V. CONCLUSION

In this paper, the asymptotic tracking and disturbance
attenuation performance for a class of non-linear stochas-
tic dynamical systems via equivalent-input-disturbance based
modified repetitive control approach is studied. By employing
the construction of a proper Lyapunov-Kravaskii functional
combined with LMI technique, an exclusive set of sufficient
conditions is established for ensuring the asymptotic tracking
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and disturbance attenuation performance of the addressed
modified repetitive control system. Finally, a numerical ex-
ample with the simulation results for the parameters of F-18
aircraft model are presented to demonstrate the superiority of
the proposed controller algorithm. JI
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