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Abstract:  A graph G (V,E) obtained from a path by attaching exactly two pendent edges to each internal 

vertices of the path is called a Twig graph. A twig obtained from a path with n-internal vertices is denoted as 

TnA twig is said to be even(odd) , if the number of internal vertices is even (odd). Generally, a twig Tn has 3n+1 

edges and 3n+2 vertices. In 2017, Bala,Thirusangu and Selvaganapathy  introduced the concept of the extended 

triplicate graph of a twig denoted byETG (Tn) and  proved many results on this newly defined concept [ 3 ]. In 

this paper, we discuss the structure of the extended triplicate graph of a twig  and  investigate the existence of  3-

Total Sum Cordial labeling and 3-Total edge Sum Cordial labeling  for the ETG (Tn). 
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I. INTRODUCTION 

Graph theory has various applications in the field of computer programming and networking, 

marketing and communications, business administration and so on. Some major research topics in graph theory 

are Graph coloring, Spanning trees, Planar graphs, Networks and Graph labeling. Graph labeling has been 

observed and identified for its usage towards communication networks. That is, the concept of graph labeling 

can be applied to network security, network addressing, channel assignment process and social networks. 

Graph Labeling: 

In 1967, Rosa introduced the concept of graph labeling [7].  If the vertices or edges or both of the graph are 

assigned values subject to certain conditions it is known as graph labeling. A dynamic survey of graph labeling 

has been regularly updated by Gallian [5]. 

Cordial graphs: 

In 1987, Cordial graphs was first introducedby Cahit [4] as a weaker version of both graceful graphs 

andharmonious graphs.Let G be a graph. Let  f be a map from  to V to {0, 1} such that the induced function f* 

from  E to  {0, 1} defined as f*(vivj) = | f(vi) - (f(vj) | . Then the map f is called cordial labeling of a graph G  if  

the number of vertices labeled ‘0’ and the number of vertices labeled ‘1’ differ by atmost one and the number of 

edges labeled ‘0’ and the number of edges labeled ‘1’ differ by atmost one. 

A graph G is Cordial if it admits Cordial Labeling. 

3-Total Sum Cordial Graphs: 

Let G be a graph. Let f be a map from V(G) to {0,1,2}. For each edge uv assign the label [ f (u)+ f (v)] 

(mod3). Then the map f is called 3-total sum cordial labeling of G, if  the total number of vertices and edges 

labeled together with 0, 1 and 2 differ by atmost one.  A graph is 3-Total Sum Cordial Graph if it admits 3-Total 

Sum Cordial labeling. 

In 2017, Poulomi Ghosh, Sumonta Ghosh and Anita Palproved the wheel graph, globe and a graph 

obtained by switching and duplication of arbitrary vertex of a cycle  are 3-Total Sum Cordial graphs [6]. 

3-Total Edge Sum Cordial Graphs: 

For graph G , define the edge labeling function f from  E  to  {0, 1, 2}  and induced vertex labeling 

function f*from V (G) to {0, 1, 2}   such that  for each vertex v∈V,  f*(v) = {Σf(vu)}(mod 3) where the sum is 

over all vertices u adjacent to v. Then the map f is called 3-total edge sum cordial labeling of a graph G if   the 

total number of vertices and edges labeled together with 0, 1 and 2 differ by atmost one. A graph is 3-Total edge 

Sum Cordial Graph if it admits 3-Total edge Sum Cordial labeling. 

In 2015, Abha Tenguria and Rinku Verma  provedthe  path graph, cycle graph and a complete bipartite 

graphs are 3-Total Edge Sum Cordial Graphs[1]. 

Motivated by the study, the present work is aimed to provide labeling  for the extended triplicate graph 

of twig and prove the existence of  3-Total Sum Cordial labeling and 3-Total edge Sum Cordial labeling  for the 

ETG (Tn). 

STRUCTURE OF  THE EXTENDED TRIPLICATE GRAPH OF TWIG 

 In this section we discuss about the structure of the extended triplicate graph of twig by presenting 

algorithm.  

Algorithm 2.1: 

Procedure triplicate of twig graph Tn 

fori = 1 to n+2 do 

     V1←  { 𝑣𝑖 ∪ 𝑣𝑖   
′ ∪ 𝑣𝑖

′′ } 
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end for 

fori = 2 to n+1 do 

V2← { 𝑢𝑖 ∪ 𝑢𝑖   
′ ∪   𝑢𝑖

′′ }ui  ;  V3←{ 𝑤𝑖  ∪ 𝑤𝑖   
′ ∪ 𝑤𝑖

′′ } 

end for 

V ← V1∪ V2 ∪V3 

fori = 1 to n+1 do 

     E1← (𝑣𝑖𝑣𝑖+1
′ )∪(𝑣𝑖

′𝑣𝑖+1)∪(𝑣𝑖
′′ 𝑣𝑖+1  

′ )∪ ( 𝑣𝑖  
′ 𝑣𝑖+1

′′  ) 

end for 

fori = 2 to n+1 do 

     E2← (𝑣𝑖
′𝑢𝑖)∪(𝑣𝑖  𝑢𝑖

′) ∪(𝑣𝑖
′𝑤𝑖)∪ (𝑣𝑖  𝑤𝑖

′) ∪(𝑣𝑖
′𝑢𝑖

′′ )∪(𝑣𝑖
′′ 𝑢𝑖  

′ )∪(𝑣𝑖
′𝑤𝑖

′′ )∪(𝑣𝑖
′′ 𝑤𝑖  

′ ) 

end for 

E ← E1∪ E2 

end procedure 

output :Triplicate graph of twig Tn 

From the above algorithm 2.1, the triplicate graph of a twig denoted  by TG(Tn) is a disconnected graph 

with 9n + 6 vertices and 12n + 4 edges. To make it as a connected graph, for convenience, we include an edge 

𝑣1𝑣1
′  to the edge set E as defined in the above algorithm. Thus the graph so obtained is called an extended 

triplicate graph of twig graph Tn and is denoted by ETG(Tn). By the construction, it is clear that, the graph 

ETG(Tn) has 9n + 6 vertices and12n + 5 edges. 

Illustration 2.1: 

The structure of extended triplicate graph of twig ETG(T3) is given in figure 1.  

 

                       Figure: 1 

3-TOTAL SUM CORDIAL LABELING FOR ETG(Tn) 

In this section, we prove the existence of 3-Total Sum Cordial labeling for the extended triplicate graph 

of twig ETG (Tn). 

Theorem 3.1:ETG (Tn) is a 3-Total Sum Cordial graph. 

Proof:We know that the extended triplicate graph of twig has  9n + 6 vertices and 12n + 5 edges. Denote the 

vertex set and edge set of ETG(Tn) as given in algorithm 2.1.To label the vertices, define a map  𝜑: V → 

{0,1,2}, asfollows: 

(i)𝜑(𝑣1 )= 0 and for   2 ≤ i ≤  n + 2,  𝜑(𝑣𝑖  )=  
2,  𝑖 ≡ 0(𝑚𝑜𝑑 2)
1,  𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

  

(ii) For  1≤ 𝑖 ≤ to n+2 ,𝜑(𝑣𝑖   
′ )=0   and  𝜑(𝑣1

′′ ) =  
1,  𝑖 ≡ 0(𝑚𝑜𝑑 2)
2,  𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

  

(iii) For  2 ≤ i ≤  n + 1, 

𝜑(𝑤𝑖  ) = 0 

𝜑(𝑤𝑖   
′ ) =  𝜑(𝑤𝑖

′′ ) ←   
2,  𝑖 ≡ 0(𝑚𝑜𝑑 2)
1,  𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

  

𝜑(𝑢𝑖   
′ ) = 𝜑(𝑢𝑖

′′ ) =  
1,  𝑖 ≡ 0(𝑚𝑜𝑑 2)
2,  𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

  

(iv)𝜑(𝑢2 ) = 1 and  for 3 ≤ i ≤  n + 1,𝜑(𝑢𝑖  ) = 0  

In order to obtain the edge  labels, define the induced map                                   𝜑∗: E → {0,1,2}such 

that for all uv ∈ E, 𝜑∗(uv) = (f(u) + f(v)) (mod 3).  
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Thus, by the definition of induced function,the edges receives the following labels: 

(i)𝜑∗ (𝑣1𝑣2
′ ) =0 and for  2 ≤ 𝑖 ≤ n + 1 ,  𝜑∗ (𝑣𝑖𝑣𝑖+1

′ ) =  
1,  𝑖 ≡ 1(𝑚𝑜𝑑 2)
2,  𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

  

(ii)for  1 ≤ 𝑖 ≤ n + 1  ,  𝜑∗ (𝑣𝑖
′𝑣𝑖+1 ) = 𝜑∗ ( 𝑣𝑖

′′ 𝑣𝑖+1  
′ ) =  

2,  𝑖 ≡ 1(𝑚𝑜𝑑 2)
1,  𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

  

(iii) for  1 ≤ 𝑖 ≤ n + 1  , 𝜑∗ (𝑣𝑖 
′ 𝑣𝑖+1

′′ ) =  
1,  𝑖 ≡ 1(𝑚𝑜𝑑 2)
2,  𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

  

(iv)for 3 ≤ 𝑖 ≤ n + 1  ,  𝜑∗ (𝑣𝑖
′𝑢𝑖) 0 and  𝜑∗ 𝑣2

′ 𝑢2 =1  

(v)for  2 ≤ 𝑖 ≤ n + 1, 

 𝜑∗ (𝑣𝑖
′𝑢𝑖

′′ ) = 𝜑∗ ( 𝑣𝑖 𝑤𝑖
′) =  

2,  𝑖 ≡ 1 𝑚𝑜𝑑 2 
1,  𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

  

𝜑∗ ( 𝑣𝑖
′𝑤𝑖

′′ ) = 𝜑∗ (𝑣𝑖
′′ 𝑢𝑖  

′ ) =  
1,  𝑖 ≡ 1 𝑚𝑜𝑑 2 
2,  𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

  

𝜑∗ (𝑣𝑖
′𝑤𝑖) = 𝜑∗(𝑣𝑖 𝑢𝑖 

′ ) = 𝜑∗ (𝑣𝑖
′′ 𝑤𝑖  

′ ) =0 

(vi)𝜑∗ (𝑣1𝑣1
′  )= 0 

Hence  the number of   2’s, 1’s and 0’s on the vertices and edges are as follows: 

ETG (Tn) 2 1 0 

Vertex label 3n+2 3n+2 3n+2 

Edge label 4n+2 4n+2 4n+1 

Total 7n+4 7n+4 7n+3 

 

From the table, it is clear that  the number of vertices and edges  labeled  together with ‘2’, ‘1’ and ‘0’ 

differ by atmost one.Hence ETG (Tn) is a 3-Total Sum Cordial graph. 

Illustration 3.1:  

ETG(T3) and its 3-Total Sum Cordial labeling is shown in figure 2. 

 

                                  Figure: 2 

3-TOTAL EDGE SUM CORDIAL LABELING FOR ETG(Tn) 

In this section, we prove the existence 3-Total edge Sum Cordial labeling  for the extended triplicate 

graph of twig ETG (Tn). 

Theorem 4.1:ETG (Tn) is a 3-Total Edge Sum Cordial graph. 

Proof:We know that the extended triplicate graph of twig  has  9n + 6 vertices and 12n + 5 edges. Denote the 

vertex set and edge set of ETG(Tn) as given in algorithm 2.1. To label the edges, define a map  𝜑: E → {0,1,2}, 

as follows: 

(i) For 1≤ i≤ n + 1, 
𝜑(𝑣𝑖𝑣𝑖+1

′ ) = 𝜑(𝑣𝑖
′𝑣𝑖+1)=  0 

𝜑(𝑣𝑖  
′ 𝑣𝑖+1

′′ ) =  
1,  𝑖 ≡ 1(𝑚𝑜𝑑 2)
2,  𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

  

𝜑(𝑣𝑖
′′ 𝑣𝑖+1  

′ )= 
2,  𝑖 ≡ 1(𝑚𝑜𝑑 2)
1,  𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒
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(ii) For 2 ≤ i  ≤ n + 1,  

𝜑(𝑣𝑖
′𝑢𝑖)=𝜑(𝑣𝑖

′𝑢𝑖
′′ ) = 0 , 

𝜑(𝑣𝑖
′𝑤𝑖)= 𝜑(𝑣𝑖  𝑢𝑖 

′ =𝜑(𝑣𝑖
′′ 𝑢𝑖  

′ )=1,  

𝜑(𝑣𝑖
′𝑤𝑖

′′ )= 𝜑( 𝑣𝑖
′′ 𝑤𝑖  

′ )=𝜑(𝑣𝑖 𝑤𝑖
′  )= 2 

(iii) 𝜑(𝑣1𝑣1
′ )= 1 

In order to obtain the vertex  labels, define the induced map                                   𝜑∗: V → {0,1,2}such 

that for all  v ∈ V, 𝜑∗(v) = {Σ 𝜑(𝑣𝑢)}(mod 3) where the sum is over all vertices u adjacent to v.  

Thus, by the definition of induced function, all the vertices of ETG(Tn) receives the following labels: 

(i)𝜑∗(𝑣1 )= 1 and for   2 ≤ i ≤  n + 2, 𝜑∗(𝑣𝑖 )= 0 

(ii) For  1≤ 𝑖 ≤ to n+1,𝜑∗(𝑣𝑖   
′ )= 

2,  𝑖 ≡ 1(𝑚𝑜𝑑 2)
1,  𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

  and  

𝜑∗(𝑣𝑛+2  
′ )=  

1,  𝑛 ≡ 1(𝑚𝑜𝑑 2)
2,  𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

  

(iii) For  2 ≤ i ≤  n + 1, 

𝜑∗(𝑣𝑖
′′ ) =  

1,  𝑖 ≡ 1(𝑚𝑜𝑑 2)
2,  𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

  , 

𝜑∗(𝑣1
′′ ) =2  and  𝜑∗(𝑣𝑛+2

′′ ) =  
2,  𝑛 ≡ 1(𝑚𝑜𝑑 2)
1,  𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

  

(iv) For2 ≤ i ≤  n + 1, 

𝜑∗(𝑤𝑖  ) = 𝜑∗(𝑤𝑖  
′ ) =  1 

𝜑∗(𝑢𝑖  
′ ) = 𝜑∗(𝑤𝑖

′′ ) =  2 

𝜑∗(𝑢𝑖 ) = 𝜑∗(𝑢𝑖
′′ ) =0 

Hence the number of   2’s, 1’s and 0’s on the vertices and edges are as follows: 

 

ETG (Tn) 2 1 0 

Vertex label 3n+3 3n+2 3n+1 

Edge label 4n+1 4n+2 4n+2 

Total 7n+4 7n+4 7n+3 

From the table, it is clear that the number of vertices and edges labeled together with ‘2’, ‘1’ and ‘0’ 

differ by atmost one. 

 Hence ETG (Tn) is a 3-Total Edge Sum Cordial graph. 

Illustration 4.1: 

ETG (T3)  and its 3-Total  Edge Sum Cordial labeling is given in figure 3. 

 

                                                    Figure: 3 
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II. CONCLUSION 

In this paper, we havediscussed  the structure of the extended triplicate graph of a twig and  proved that 

the  extended  triplicate graph of  twig  is a 3-Total Sum Cordial graph  and 3-Total edge Sum Cordial graph. 
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