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Abstract: In this paper, we discuss the concept of fuzzy graceful labeling and prove the existence of fuzzy graceful 

labeling for modifiedextended duplicate graph of star and extended duplicate graph of path. 

I. INTRODUCTION 

Lofti.A.Zadeh introduced the concept of fuzzy sets [10]. A fuzzy graph is a generalization of the crisp graph. Based 

on Zadeh’s Fuzzy relation the first definition of a fuzzy graph was introduced by Kauffmann in 1973. Many results 

on fuzzy graph were proved by J.N.Moderson,et.al., [1,2,3,6 ].A labeling of a graph is an assignment of values to the 

vertices and edges of a graph.Graceful labeling was introduced by Rosa [5].A.Nagoorgani, D.Rajalakshmi(a) 

Subhasini,[4]  introduced fuzzy graph labeling and proved the existence of graceful labeling and vertex graceful 

labeling in some special graphs, etc. S.Vimala and R.JebestyShajila discussed the edge vertex graceful labeling as in 

[10].K.AmeenalBibi and M.Devi proved the existence of fuzzy vertex graceful labeling on some special graphs.P.P. 

Ulaganathanet.al., discussed the concept of extended duplicate graph of a path and studied the existence of mean 

labeling[7].P.Vijayakumar et.al, introduced extended duplicate graph of a star and proved the existence of 

harmonious labeling [8]. 

Motivated by the above study, in this paper we discuss thefuzzy graceful labeling formodified extended duplicate 

graph of star and extended duplicate graph of path. 

II. PRELIMINARIES 
In this section, we discuss the basic notion of fuzzy graphs and graceful labeling. 

Definition 2.1: (Fuzzy set) 

Let U and V be two sets. Then ρ is said to be a fuzzy relation from U into V if ρ is a fuzzy set of UxV.  

Definition 2.2: (Fuzzy graph) 

A fuzzy graph G =( σ, µ)  is a pair of functions σ :V→ [0,1] and µ : VxV → [0,1],  where for all u,v∈ V, we have 

𝜇(𝑢, 𝑣) ≤ 𝜎(𝑢)  𝜎(𝑣). 

Definition 2.3: (Graceful labeling) 

A graceful labeling of a graph G with q edges is an injection f: V (G) → {0, 1,2,…,q} such that when each edge xy∈ 

E(G) is assigned the label  𝑓 𝑥 − 𝑓(𝑦) ,all of the edge labels are distinct.   

Definition 2.4: (Fuzzy graceful labeling) 

A  graph G =( σ, µ) is said to be  a fuzzy graceful labeling graph if σ :V→ [0,1] and µ:VxV→[0,1] is bijective such 

that the membership value of edges and vertices are distinct and  𝜇(𝑢, 𝑣) < 𝜎(𝑢)  𝜎(𝑣) for all  u,v∈ V.  

Definition 2.5: (Bipartite graph) 

A graph G =(V(G),E(G)) is said to be Bipartite if and only if there exists a partition V(G) = 𝑉1 ∪ 𝑉2 and  𝑉1 ∩ 𝑉2 =∅. 

Hence all edges share a vertex from both set V1 and V2 and there are no edges formed between two vertices in the 

set V1 and there are no edges formed between the two vertices in V2. 

Definition 2.6: (Fuzzy bipartite graph) 

A bipartite graph with fuzzy labeling is called a fuzzy bipartite graph. 

Definition 2.7: (Duplicate Graph) 

Let G(V,E) be a simple graph. A Duplicate graph of G is DG = (V1,E1), where the vertex set V1 = 𝑉 ∪ 𝑉′  and  

𝑉 ∩ 𝑉′ = ∅ and f : 𝑉 → 𝑉′ is bijective (for v ∈ V ,we write  

f(v) = 𝑉′ for convenience) and the edge set E1 of DG is defined as the edge ab is in E if and only if both 𝑎𝑏′ and 𝑎′𝑏 

are edges in E1. 

 

 

Definition 2.8: (star graph) 

The star graph is a complete bipartite graph 𝐾1,𝑚where m represents the number of vertices and 𝑆𝑚has m-1 edges. 

Definition 2.9: (Extended duplicate graph of star) 
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The extended duplicate graph of star denoted by EDG 𝑆𝑚 , is obtained from the duplicate graph of star by joining 

𝑣1 and 𝑣1
′ . 

Definition 2.10: (Modified extended duplicate graph of star) 

The modified extended duplicate graph of star is obtained from the duplicate graph of star by joining 𝑣1 𝑎𝑛𝑑 𝑣1
′ with 

𝑃2. 

Definition 2.11: (path graph) 

Let G be a graph. The path graph 𝑃𝑚  is the m vertex graph with n-1 edges. 

Definition 2.12: (Extended duplicate graph of path) 

Let DG= 𝑉1, 𝐸1  be a duplicate graph of a path 𝐺 𝑉, 𝐸 . Add an edge between any one vertex from 𝑉 to any other 

vertex in 𝑉′, except the terminal vertices of  𝑉 and 𝑉′. For convenience let us take 𝑉2 ∈ 𝑉 and 𝑉2
′ ∈ 𝑉′  and thus the 

edge  𝑉2𝑉2
′  is formed. This graph is called the Extended Duplicate of the path 𝑃𝑚  and it is denoted by EDG 𝑃𝑚  

where “m” represents the length of the path 𝑃𝑚 . 

 

III. MAIN RESULTS 

In this section we discuss about the existence of fuzzy graceful labeling for Modified EDG 𝑆𝑚 and EDG 𝑃𝑚 . 

ALGORITHM 3.1: 
Input: Modified EDG 𝑆𝑚  

Procedure(Vertex labeling for Modified EDG 𝑺𝒎 , m≥3) 

fori, j =1 to m   do 

V ← {𝑣𝑖 ∪ 𝑤 ∪ 𝑣𝑗
′} 

endfor 

forj= 1 to m-1do 

E1 ←  𝑣1 , 𝑣𝑗+1
′   

end for 

for  i=1 to m-1do 

E2 ←  𝑣1
′ , 𝑣𝑖+1  

end for 

E3←  𝑣1 𝑤 

E4 ← 𝑤𝑣1
′  

E ← 𝐸1 ∪ 𝐸2 ∪ 𝐸3 ∪ 𝐸4  

for  i=1 to m-1 do 

𝜎(𝑣𝑖+1) ←  
4 𝑚+1 +𝑖

100
  

end for 

for j=1 to m-1do 

𝜎(𝑣𝑗+1
′ )←  

2 𝑚+1 +𝑗

100
  

end for 

𝜎 𝑣1 ←  
2𝑚+1

100
  

𝜎 𝑣1
′  ←  

3(𝑚+1)

100
  

𝜎 𝑤 ←  
2(𝑚+1)

100
  

end procedure 

Output: Labeled vertices of Modified EDG 𝑆𝑚 . 

Theorem 3.1 
Modified EDG 𝑆𝑚 , m≥3 admits fuzzy graceful labeling. 

Proof: 

By the structure of Modified EDG(Sm),it is clear that the Modified extended duplicate graph of starhas 2m+1 

vertices and 2m edges.All the vertices ofModified EDG 𝑆𝑚 are labeled,using algorithm 3.1.In order to obtain the 

edge labels,define the induced function µ: E→[0,1] such that 𝜇 𝑢𝑖 , 𝑣𝑗  = 𝜎 𝑢𝑖   𝑣𝑗  . 

 

 

Thus by the definition of µ, the edge receives the labels as follows: 
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      𝑖     𝑓𝑜𝑟 1 ≤ 𝑗 ≤ 𝑚 − 1 , 𝜇 𝑣1, 𝑣𝑗+1
′  =  

𝑗+1

100
  

      𝑖𝑖    𝑓𝑜𝑟 1 ≤ 𝑖 ≤ 𝑚 − 1 ,   μ(𝑣1
′ , 𝑣𝑖+1) =  

𝑚+𝑖+1

100
  

     𝑖𝑖𝑖   𝜇 𝑣1, 𝑤 = 0.01 

 𝑖𝑣    𝜇 𝑤, 𝑣1
′  =  

𝑚 + 1

100
  

Clearly, the membership function of edges and vertices are all distinct as well as  𝜇 𝑢𝑖 , 𝑣𝑗  < 𝜎 𝑢𝑖  𝜎 𝑣𝑗   , 1 ≤

𝑖, 𝑗 ≤ 𝑚.HenceModified EDG 𝑆𝑚  admits fuzzy graceful labeling. 

Example 3.1: 

(a) Structure of Modified EDG(S4)  

 

FIGURE 3.1(a) 

(b) Fuzzy graceful labeling for Modified EDG(Sm) 

 

FIGURE 3,1(b) 

 

 

Algorithm 3.2: 

Input : EDG 𝑃𝑚  

Procedure(Vertex labeling for EDG 𝑷𝒎 m≥3) 

fori, j =1 to m      do  

V ←  𝑢𝑖 ∪ 𝑣𝑗   



International Journal of Mathematics Trends and Technology (IJMTT) – Special Issue  NCCFQET May 2018 

 

ISSN: 2231-5373                            http://www.ijmttjournal.org                                      Page 62 
 

end for 

fori, j = 1 to m-1   do 

E1 ←  𝑢𝑖 , 𝑣𝑗+1  

end for 

fori, j = 2 to m do 

E2 ←  𝑢𝑖 , 𝑣𝑗−1  

end for 

E3 ←  𝑢2 , 𝑣2  
E ← 𝐸1 ∪ 𝐸2 ∪ 𝐸3 

for i = 1 to m      do 

if 𝑖 ≡ 1(𝑚𝑜𝑑 2) 

𝜎 𝑢𝑖 ←  
𝑚 𝑖+1 +2

100
  

else 

𝜎 𝑢𝑖 ←  
𝑚 𝑖+3 +4

100
  

end if  

if𝑗 ≡ 1(𝑚𝑜𝑑 2) 

𝜎 𝑣𝑗   ← 
(𝑚+1)(3+𝑗 )

100
  

else 

𝜎 𝑣𝑗  ←  
𝑚 1+𝑗  +𝑗+1

100
  

end for 

end for 

end procedure 

Output: Labeled vertices of EDG 𝑃𝑚 . 
Theorem 3.2 
EDG 𝑃𝑚  admits fuzzy graceful labeling. 

Proof: 

By the structure of EDG(Pm),it is clear that the Extended duplicate graph of path has 2m+2 vertices and 2m+1 

edges.All the vertices of EDG 𝑃𝑚  are labeled, using algorithm 3.2.In order to obtain the edge labels, define the 

induced function µ: E→[0,1] such that 𝜇 𝑢𝑖 , 𝑣𝑗  < 𝜎 𝑢𝑖 − 𝜎 𝑣𝑗  .Thus by the definition of µ, the edge receives the 

labels as follows: 

 𝑖     𝑓𝑜𝑟  1 ≤ 𝑖, 𝑗 ≤ 𝑚 − 1, 𝜇(𝑢𝑖 , 𝑣𝑗+1) =  
𝑖 + 𝑚

100
  

 𝑖𝑖    𝑓𝑜𝑟  2 ≤ 𝑖, 𝑗 ≤ 𝑚  ,   𝜇(𝑢𝑖 , 𝑣𝑗−1) =  
𝑚−𝑖+2

100
    (𝑖𝑖𝑖)   𝜇(𝑢2, 𝑣2) =  

2𝑚+1

100
  

Clearly, the membership function of edges and vertices are all distinct as well as  𝜇(𝑢𝑖 , 𝑣𝑗 ) < 𝜎(𝑢𝑖)  𝜎 𝑣𝑗  ,   1 ≤

𝑖,𝑗≤𝑚.HenceEDG𝑃𝑚admits fuzzy graceful labeling. 

 

 

 

 

 

 

 
Example 3.2: (a)   Structure of EDG(P4) 
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    FIGURE 3.2(a) 

 
(b) Fuzzy graceful labeling for EDG(Pm) 

 
FIGURE 3.2(b) 

 

IV. CONCLUSION 

          In this paper we have discussed the concept of fuzzy graceful labeling and proved the existence of fuzzy 

graceful labeling for Modified extended duplicate graph of star andExtended duplicate graph of path by presenting 

algorithms and examples. 
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