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Abstract:Rosa introduced the notion of Graph labeling in 1967 [4]. A graphlabeling is a mapping that carries a 

set of graph elements onto a set of numbers called labels (usually the set of integers). In this paper we present 

an algorithm and prove that the existence of α- graceful labelling for extended duplicate graph of comb graph. 
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I. INTRODUCTION 

Adetailed survey on graph labeling has been done by Gallian[3].In 1967,Rosa discussed a hierarchical series of 

‘valuations’ of a graph called ρ , σ, β, α-valuations and used these valuations to investigate the cyclic 

decomposition of complete graphs. Later, the β-valuation was called graceful by Golomb[4]. 

Thirusanguet., al., introduced the concept of Extended Duplicate graph of comb[5]. They proved that the 

Extended duplicate graph of comb graph admits Z3– vertex magic total,Z3-edge magic total and total magic 

cordial labeling. 

Motivated by this study, in this paper, we prove the existence of α- graceful labeling for extended 

duplicate graph of comb graph. 

II. PRELIMINARIES 

In this section, we give some basic definitions relevant to this paper. 

Definition: 2.1[Comb graph]  

Let Pm+1 be a path graph .Comb graph is defined as Pm+1ʘ (m+1) K1. It has 2m+2 vertices and 2m+1 

edges. 

Definition: 2.2[Structure of the extended duplicate graph of a comb graph] 
Let G(V,E) be a comb graph. The duplicate graph of comb graph DG(comb)= (V1,E1) has 4m+4 

vertices and 4m+2 edges. Denote the vertex set as V1= {v1,v2,…., v2m+2,v1′,v2′,..., v2m+2′} and the edge set as E1= 

{(vivi+1′ vi′vi+1 for 1 ≤ i ≤ m) (vi′vm+i+1 vivm+i+1′ for 1 ≤ i ≤ m+1)}. The extended duplicate graph of comb 

EDG(Comb) is obtained from DG(comb) by adding the edges  

i. v1vm+1 and vm+2′v2m+2′ if m ≡1(mod 2). 

ii. v1vm+1′ and vm+2′v2m+2 if m ≡ 0(mod 2).  

Thus the extended duplicate graph of comb graph has 4m+4 vertices and 4m+4 edges. 

Definition: 2.5[Graceful labeling] 

A simple graph G(V,E) is said to be graceful if there exists an injection  f:V(G)→{0,1,2,3, . . . . . , |E|} 

such that the induced function f*E(G)→{1, 2, 3, . . . . . , |E|}  defined by ,f*(vivj) = |f(vi)-f(vj)|, vivj ϵ E(G) is a 

bijection. The injection f is called a Graceful Labeling of G. The values f(vi), f*(vivj)  are called graceful labels 

of the vertex vi and the edge vivj respectively. 

Definition: 2.6 [α- Graceful labeling] 

A graceful labeling f of a graph G(V,E)  is said to be an α- graceful labeling (interlaced and balanced) 

if there exists, a smallest value λ such that either f(vi) < λ ≤ f(vj) or f(vi) ≤ λ <f(vj). Equivalently, for each edge e 

=vivj of G, one end vertex receives a label from the set {0,1,2,3, ….., λ} while the other end vertex receives a 

label from the set {λ+1, ….., q}. Such a λ is often called the width of graceful labeling. A graph G admitting α-

labeling is necessarily bipartite. 

III. MAIN RESULTS 

In this section, we present the algorithm for α-graceful labeling for EDG(comb)m and prove the existence of α-

graceful labeling for EDG(comb)m for all m ≥ 3. 

ALGORITHM: 3.1 

Procedureα-graceful labeling for EDG(comb)m for m ≥ 3 

V← {v1,v2,…., v2m+2,v1′,v2′,….., v2m+2′} 

if m≡1(mod 2) 

fori=0 to 
𝑚−1

2
do 

v2i+1←3m+2i-2 

v2i+2←2i+1 
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v2𝑖+1
′ ←4m-2i+4 

v2𝑖+2
′ ←m+2i+2 

end for 

fori= 
𝑚+1

2
 to m do 

v2i+1←2i-m-1 

v2i+2←3m+1 

v2𝑖+1
′ ←2i 

v2𝑖+2
′ ←5m-2i+4 

end for 

else 

fori = 0 to 
𝑚

2
do 

v2i+1 ← m-2i 

v2i+1
′ ←2m+2i+2 

end for 

fori =
𝑚

2
+1 to m do 

v2i+1 ← 2m-2i+1 

v2i+1
′ ← m+2i+1 

end for 

fori = 0 to 
𝑚

2
− 1do 

v2i+2 ← 2m-2i 

v2i+2
′ ←3m+2i+5 

end for 

fori =
𝑚

2
 to m do 

v2i+2 ← 3m-2i+1 

v2i+2
′ ←  2m+2i+4 

end for 

end if 

end procedure 

Output:LabeledEDG(comb)m for m ≥ 3. 

Theorem 3:  EDG(comb)m , is α- graceful, for m ≥ 3. 

Proof:The graphEDG(comb)m has 4m+4 vertices and 4m+4 edges. Using algorithm 3.1, define a function f to 

assign labels to vertices. To obtain edge labels, define the induced function f*: E → {1, 2, 3, …., 4m+4} such 

that 

i. f*(vivj) = |f(vi)-f(vj)|, vivj ϵ E(G). 

ii. There exists, a smallest value λ=2m+1 such that either f(vi) < λ ≤ f(vj) or f(vi) ≤ λ <f(vj). For each edge 

e = vivjϵ E of G, one end vertex receives a label from the set {0, 1, 2, 3, …., 2m+1} while the other 

end vertices receives a label from the set {2m+2, ….., 4m+4}. 

The edges receives the labels as follows 

Case:1:If m≡1(mod 2) 

vm+1v1 = 2m+2 

vm+2
′ v2m+2

′ = 2m+3 

v2i+1v2i+m+2
′ = 2m-3i 

v2i+1
′ v2i+m+2 = 4m-4i+4 

v2i+2vm+3+2i
′ = 4m-4i+2 

vm+2i+3 v2i+2
′ = 2m-4i-1 

v2i+1v2i+2
′ = 2m-4i 

v2i+1
′ v2i+2 = 4m-4i+3, When0 ≤ i ≤ 

𝑚−1

2
 

Case:2:If m≡0(mod 2) 

(i) v1vm+1
′  = 2m+2 

v2m+2vm+2
′  = 2m+3 

v2i+1v2i+2
′ = 2m+4i+5 

v2i+1
′ v2i+2 = 4i+2 

v2i+3
′ v2i+2 = 4i+4 

v2i+3 v2i+2
′  = 2m+4i+7 

v2i+2v2i+m+3
′  = 4i+3 

v2i+m+3v2i+2
′  = 4i+2m+6, When 0 ≤ i≤

𝑚

2
 -1 

(ii) v2i+1v2i+m+2
′  = 4i+2m+4 
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v2i+1
′ v2i+m+2 = 4i+1, When 0 ≤ i ≤ 

𝑚

2
 

for all the cases, it is clear that the edges receives distinct labels from {1, 2, 3,…, 4m+4}. 

Hence the extended duplicate graph of comb EDG(comb)m graph admits graceful labeling for all m ≥ 3. 

Thus EDG(comb)m graph is a graceful graph. 

Now we will prove this is a α- graceful graph. Smallest value λ=2m+1 such that f(vi)< 2m+1 ≤f(vj) for 

each edge e = vivj ϵ E of G, one end vertex receives a label from the set {0, 1, 2, 3, ….., 2m+1} while the other 

end vertices receives a label from the set  {2m+2,..., 4m+4}. 

HencetheExtended duplicate graph of comb graph admits α- graceful labeling. Thus EDG(comb)m is a 

α- graceful graph for m≥3. 

EXAMPLE: 1 

Structure of EDG(comb)5 is shown in the figure 3.1 

 
Figure: 3.1 

 
EXAMPLE 2:  EDG(comb)5  and it’s α-graceful labeling is shown in the figure 3.2  

 
Figure: 3.2 
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EXAMPLE3:  Structure of EDG(comb)6 is shown in the figure  3.3

 

Figure: 3.3 
EXAMPLE 4:  EDG(comb)6 and it’s α-graceful labeling  

 
Figure: 3.4 

 

IV. CONCLUSION 

 In this paper we have presented the structure of the extended duplicate graph of a comb graph 

and algorithm for α-graceful labeling for EDG(comb)m. 
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