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I. Introduction 

Labeling of graphs serve as useful models for broad range of applications such as coding theory, x-ray, 

crystallography, radar, astronomy, circuit design, communication networks and data base management and 

models for constraint programming over finite domain. Shaima defined square difference labeling and cube 

difference labeling [7,8].  This labelling has also been investigated for some other graphs in the literature[ 5,6]. 

The existence of labelling in Jahangir Graphs and inflated graphs have studied in [2,4]. In [1],the square sum 

labeling and square sum graphs are defined and discussed by Ajitha, Arumugam and Germina. In  [3] Dunbar 

and Haynes introduced the concept of the Inflation or Inflated graph G1 of a graph G without isolated vertices is 

obtained as follows, each vertex xi of degree d(xi) of G is replaced by a clique   Xi ≅ Kd(xi) and each edge xixjof 

G is replaced by an edge uv in such a way that u∈Xi ,v∈Xj, and two different edges of G are replaced by non 

adjacent edges of G1. 

 

II.Preliminaries 

Definition 2.1:Let G be a (p,q) graph, G is said to be a square difference graph if there exists a bijection f: V(G) 

→{ 0,1, ...., p-1} such that the induced function f* : E(G) → N given by f*(uv) =| [f(u)]2-[f(v)]2| for every 

uv∈E(G) are all distinct. 

Definition 2.2:Let G be a (p,q) graph, G is said to be a cube difference graph if there exists a bijection f: V(G) 

→{ 0,1, ...., p-1} such that the induced function f* : E(G) → N given by f*(uv) = | [f(u)]2-[f(v)]2| for every 

uv∈E(G) are all distinct. 

Definition 2.3:The graph G(V,E) is said to be a square sum graph, if there exist a bijection f:V(G)→{0,1,2,....p-

1} such that the induced function f*:E(G) → N given by                               f*(uv) =[f(u)]2
+ [f(v)]2 for every 

uv∈E(G) are all distinct. 

Definition 2.4:AY-treeY(n+1) isagraphobtainedfrompathP
n
byappendingapendentedge 

tothevertexadjacenttoanendvertexofthepath. 

Definition 2.5:Comb is a graph obtained by joining a single pendant edge to each vertex of a path. 

III. Main Result 

In this section we present an algorithm for the structure of inflation of Y-tree and Comb graph and also we 

prove the inflation of Y-tree and Comb graph are square difference, cube difference and square sum graph by 

giving algorithm. 

Algorithm 3.1: 

Input: Y Tree Y(n+1) 

Procedure (Structure of Inflation of Y tree ).  

V←{v1,v2,…..,v2n}  

E←{e1,e2,…..,e2n} 

for i= 1 to 3      

 vivi+1←ei;  

end for 

for i=5 to 2n-2 

vivi+1←ei+1;                                        

end for 

v2v4  ← e4 ; v3v5  ← e5 ; v4v2n ←  e2n ; 

end procedure 

Output (inflated Y-tree) 
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Algorithm 3.2: 

Input: Inflated graph of Y-tree 

Procedure(square difference, cube difference and square sum labeling for inflated graph of Y-tree) 

V←{ v1,v2,………..v2n } 

E← {e1,e2,…………e2n} 

for i= 1 to 2n 

f(vi)←i-1;   

end for 

end procedure 

output : labeled Inflation of Y-tree. 

 

Theorem 3.3: The inflation of Y-treeInf(Yn+1) admits square difference labeling. 

Proof:Let Yn+1  is a Y-tree.  Through the algorithm 3.1, the Y-treehas become  a  inflation of Y-tree and it has 

2n vertices and 2n edges. To label the vertices, using algorithm 3.2, define a map  f : V → {0,1,2,3…….p-1}.  In 

order to get the labels for all 2n edges, define a induced map f*: E→Nsuch that for any uv∈E, f*(uv) = 

2 2( ) ( )f u f v , The edge labels are as follows: 

1. for i=5 to 2n-2; f*(vivi+1)=
2 2( 1) ( )i i  ;  

2. f*(v1v2)=1; f*(v2v3)=3;f*(v2v4)=8; f*(v3v4)=4;f*(v4v2n)=
2 2(3) (2 )n ;   

Under this map, the edge labels are distinct. Hence Inflation of Y-treeadmits square difference labeling. 

 

Theorem 3.4: The inflation of Y-treeInf(Yn+1) admitscube difference labeling. 

Proof:The Y-treeYn+1  has become  a  inflation of Y-treeusing algorithm 3.1 and it has 2n vertices and 2n edges. 

To label the vertices, using algorithm 3.3, define a map  f : V → {0,1,2,3…….p-1}.  In order to get the labels for 

all 2n edges, define a induced map f*: E→ N such that for any uv∈E, f*(uv) = 
3 3( ) ( )f u f v , The edge 

labels are as follows: 

1. for i=5 to 2n-2; f*(vivi+1)=
3 3( 1) ( )i i  ;  

2. f*(v1v2)=1; f*(v2v3)=7;f*(v2v4)=26; f*(v3v4)=19;f*(v4v2n)=
3 3(3) (2 )n ;    

             Under this map, the edge labels are distinct.  

Hence Inflation of Y-treeadmits cube difference labeling. 

 

Theorem 3.5: The inflation of Y-treeInf(Yn+1) is square sum graph. 

Proof:Let Yn+1  is a Y-tree. It has become a  inflation of Y-treethrough algorithm 3.1 and it has 2n vertices and 

2n edges. To label the vertices, using algorithm 3.3, define a map  f : V → {0,1,2,3…….p-1}.  In order to get the 

labels for all 2n edges, define a induced map f*: E→Nsuch that for any uv∈E,f*(uv) = 
2 2( ) ( )f u f v , The 

edge labels are as follows: 

1. for i=5 to 2n-2; f*(vivi+1)=
2 2( 1) ( )i i  ;  

2. f*(v1v2)=1; f*(v2v3)=5;f*(v2v4)=10; f*(v3v4)=13;f*(v4v2n)=
2 2(3) (2 )n ;   

Under this map, the edge labels are distinct. Hence Inflation of Y-treeis a square sum graph. 

 

Algorithm 3.6: 

Input : Comb graph  

Procedure : Structure of Inflation of comb graph 

V←{ v1,v2,………..v4n+2 } 

E← {e1,e2,…………e5n} 

for i= 1 to 2n; 

  vi vi+1← ei; 

end for 

for i= 1 to n-1; 

      v2i v2n+i+1← e2n+2i-1; v2i+1 v2n+1+i← e2n+2i; 
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end for 

for i= 1 to n+1; 

      v2n+i v3n+1+i← e4n-1+i;  

end for 

v1 v2n+1← e2n; v2n v3n+1← e4n-1; 

end procedure 

Output : Inflation of comb graph. 

 

Algorithm 3.7: 

Input : Inflated graph of comb graph 

Procedure(square difference, cube difference and square sum labeling for inflated graph of Comb graph) 

V←{ v1,v2,………..v4n+2 } 

E← {e1,e2,…………e5n} 

f(v1)←0;  f(v2n) ← n+2; f(v2n+1) ←1; f(v3n+2) ←2;              

for i=1 to n-1 

f(v2i) ←i+2; f(v2i+1) ←n+2+i; f(v2n+i+1) ←8i ;f(v3n+2+i) ←8i+4;   

end for 

for i=1 to n 

f(v2n+i+1) ←2n+2i ;f(v3n+2+i) ←2n+2i+1;   

end for 

end procedure 

output : labeled Inflation of comb graph. 

 

Theorem 3.8: The inflation of comb graph Inf((Pn°k1)) admits square difference labeling. 

Proof:Let Pn°k1 is a comb graph . It has become an inflation of comb graph using  algorithm 3.6and it has 4n+2 

vertices and 5n edges. To label the vertices, using algorithm 3.7, define a map  f : V → {0,1,2,3…….p-1}.  In 

order to get the labels for all 5n edges, define a induced map f*: E→Nsuch that for any uv∈E, f*(uv) = 

2 2( ) ( )f u f v , The edge labels are as follows: 

1. for i=1 to n-1; f*(v2i+1v2i+2)=
2 2( 2 ) ( 3)n i i    ; f*(v2iv2i+1)= 

2 2( 1) ( 2 )i n i    ;  

f*(v2iv2n+1+i)=
2 2( 2) (2 2 )i n i   ; f*( v2i+1 v2n+1+i)= 

2 2( 2 ) (2 2 )n i n i    ;  

2. for i=1 to n ;f*(v2n+1+iv3n+2+i)= 
2 2(2 2 ) (2 2 1)n i n i     

3. f*(v1v2)=9; f*(v1v2n+1)= 1;f*(v2n+1v3n+2)=3;  f*(v2nv3n+1)= 
2 2( 3) (4 )n n  ;   

             Under this map, the edge labels are distinct.  

Hence Inflation of comb graph admits square difference labeling. 

 

Theorem 3.9: The inflation of comb graph Inf(Pn°k1) is cube difference graph. 

Proof:Let Pn°k1 is a comb graph .  The algorithm 3.6 translate the comb graph in to an inflated comb graph and 

it has 4n+2 vertices and 5n edges. To label the vertices, using algorithm 3.7, define a map  f : V → 

{0,1,2,3…….p-1}.  In order to get the labels for all 5n edges, define a induced map f*: E→Nsuch that for any 

uv∈E, f*(uv) = 
3 3( ) ( )f u f v , The edge labels are as follows: 

1. for i=1 to n-1; f*(v2i+1v2i+2)=
3 3( 2 ) ( 3)n i i    ; f*(v2iv2i+1)= 

3 3( 1) ( 2 )i n i    ;  

f*(v2iv2n+1+i)=
3 3( 2) (2 2 )i n i   ;f*( v2i+1 v2n+1+i)= 

3 3( 2 ) (2 2 )n i n i    ;  

2. for i=1 to n ;f*(v2n+1+iv3n+2+i)= 
3 3(2 2 ) (2 2 1)n i n i     

3. f*(v1v2)=27; f*(v1v2n+1)= 1;f*(v2n+1v3n+2)=7; f*(v2nv3n+1)= 
3 3( 3) (4 )n n  ;  

Under this map, the edge labels are distinct.Hence Inflation of comb graph is cube difference graph. 

 

Theorem 3.10: The inflation of comb graph Inf(Pn°k1) is a square sum graph. 

Proof:Let Pn°k1 is a comb graph . , The comb graph has become an inflation of comb graph through  algorithm 

3.6and it has 4n+2 vertices and 5n edges. To label the vertices, using algorithm 3.7, define a map f : V → 
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{0,1,2,3…….p-1}.In order to get the labels for all 5n edges, define a induced map f*: E→Nsuch that for any 

uv∈E, f*(uv) = 
2 2( ) ( )f u f v , The edge labels are as follows; 

1. for i=1 to n-1; f*(v2i+1v2i+2)=
2 2( 2 ) ( 3)n i i    ; f*(v2iv2i+1)= 

2 2( 1) ( 2 )i n i    ;  

f*(v2iv2n+1+i)=
2 2( 2) (2 2 )i n i   ;f*( v2i+1 v2n+1+i)= 

2 2( 2 ) (2 2 )n i n i    ;  

2. for i=1 to n ;f*(v2n+1+iv3n+2+i)= 
2 2(2 2 ) (2 2 1)n i n i     

3. f*(v1v2)=9; f*(v1v2n+1)= 1;f*(v2n+1v3n+2)=5;f*(v2nv3n+1)= 
2 2( 3) (4 )n n  ;  

Under this map, the edge labels are distinct.Hence Inflation of comb graph is square sumgraph. 

 

Example: 3.11The square difference, cube difference and square sum labeling for the inflation of Y-tree and 

inflation of comb graph is shown in the figure 1 and figure 2 respectively. 

 

 

 

 

  

 

 

 

 

 

 

 

 

 

 

 

 

                                Figure 1                   Figure 2 

IV. Conclusion 

In this paper, we proved that the inflation of Y-tree and inflation of comb graph is square difference graph, cube 

difference graph and square sum graph. 
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