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ABSTRACT 

The paper consists of the idea of RK-algebra which has the specialism of B-algebras. We prove that B-algebra is the 

super class and RK-algebra is the correct sub class. We prove that RK algebra is similar to 0-commutative B-

algebra.The appropriate sub class is Coxeter algebra of super class RK-algebra. 
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1. INTRODUCTION 

Y. Imai and K. Iseki had presented two classes of abstract algebras: BCK-algebras andBCI-algebras ([1,2]). It is 

known that the class of BCK-algebras is a proper subclassof the class of BCI-algebras. In [3,4] Q. P. Hu and X. Li 

introduced  a wide class ofabstract algebras: BCH-algebras. They have shown that the class of BCI-algebras is 

aproper subclass of the class of BCH-algebras. J. Neggers and H. S. Kim ([5]) introducedthe notion of d-algebras 

which is another generalization of BCK-algebras, and also, theyintroduced the notion of B-algebras ([6,7]), that is (i) 

a∗a= 0; (ii) a∗0 = a; (iii) (a∗b) ∗c= a∗(c∗(0 ∗b)), for any a, b, c∈S, Which is equal in some sense to thegroups. 

Moreover, Y. B. Jun, E. H. Roh and H. S. Kim ([8]) presented a new notion,called an BH-algebra, which is a 

simplification of BCH / BCI / BCK-algebras, that is (i); (ii)and (iv) a∗b= 0 and b∗a= 0 imply a= bfor any a, b∈S. A. 

Walendziak obtained theanotherequivalentaxioms for B -algebra ([9]). H. S. Kim, Y. H. Kim and J. Neggers([10]) 

introduced the notion a (pre-) Coxeter algebra and showed that a Coxeter algebra isequivalent to an abelian group all 

of whose elements have order 2, that is a Boolean group. The paper we designed the idea of a RK-algebras which is 

a specialism of B-algebra. We prove that B–algebra is the super class and the RK-algebra is the correct sub class. we 

provethat a RK-algebra is similar to a 0-commutative B-algebra. The appropriate sub class is Coxeter algebra of 

super class RK-algebra. And we studied the numerous number of relations between RK-algebras and (pre-) Coxeter 

algebras. 

2. RK-ALGEBRAS 

A RK –algebra is a non-empty set Swith a constant 0 and a binary operation “∗” satisfying the following axioms: 

(i) a ∗(a ∗a) = a, for all a∈S 

(ii) ((c∗ a) ∗(c∗b))∗0 = b∗a,for any a, b, c∈S. 
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EXAMPLE 2.1 

Let S= {0, 1, 2} be a set with the following table: 

 

* 0 1 2 

0 0 2 1 

1 1 0 2 

2 2 1 0 

 

Then (S, ∗, 0) is a RK -algebra. 

 

LEMMA 2.2 

Let (S,∗, 0) be a RK-algebra. Then 

(i) a∗a = 0, 

(ii) 0 ∗(0 ∗a) = a, 

(iii) 0 ∗(a∗b) = b ∗a, 

(iv) (a ∗c) ∗(b ∗c) = a ∗b, 

(v) a ∗b = 0 if and only if b ∗a = 0, for any a, b, c ∈S. 

 

 

PROOF 

(i) Puta = 0 and b = 0 in (ii),  

we obtain((c ∗0) ∗(c ∗0))∗0 = 0 ∗0 

(c ∗0) ∗(c ∗0)      = 0 ∗0 

By (i) we getc ∗c = 0 for all c ∈S. 

(ii) Putc = 0 and a = 0 in (ii),  

we get((0 ∗0) ∗(0 ∗b))∗0 = b ∗0 

(0 ∗0) ∗(0 ∗b)=  b∗0 

By (i) we have0 ∗(0 ∗b) = bfor all b∈S. 

(iii) By (ii) Putc = a 

we have((a ∗a) ∗(a ∗b))∗0 = b ∗a 

(a ∗a) ∗(a ∗b)= b ∗a 

Hence, by  (i),  

we get (0 ∗(a ∗b))∗0 = b ∗afor any a, b∈S. 

(iv) For any a, b, c∈S,  

we have((a ∗c) ∗(b ∗c))∗0 = (0∗(c ∗a)) ∗(0 ∗(c ∗b))  

(a ∗c) ∗(b ∗c)         =  (0∗(c ∗a)) ∗(0 ∗(c ∗b)) 

= (c ∗b) ∗(c ∗a)  
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= a ∗b  

(v) If a ∗b = 0 

0 ∗(a∗b) = 0 ∗0 

b ∗a    = 0 

Conversely if b ∗a    = 0 

0 ∗(b∗a) = 0 ∗0 

         a∗b = 0    

A B-algebra([7]) is a non-empty set Swith a constant 0 and a binary operation “∗”satisfying the following axioms: 

(i) a∗a = 0, 

(ii) a∗0 = a, 

(iii) (a∗b) ∗c = a∗(c∗(0 ∗b)), for any a, b, c∈S. 

Recently, A. Walendziak obtained an equivalent axiomatization for B-algebras ([10]),and he proved that the 

congruence lattice of any B-algebra is isomorphic to the lattice ofits normal subalgebras ([14]). 

 

THEOREM 2.3 

If (S,∗, 0) is a B-algebra if and only if satisfies the axioms: 

(i) a∗a = 0, 

(ii) 0 ∗(0 ∗a) = a, 

(iii) (a∗c) ∗(b∗c) = a∗b, forall a, b, c∈S. 

From (i), (ii) and (iv) of Lemma 2.2, we require the following theorem. 

 

THEOREM 2.4 

Every RK-algebra is a B-algebra.The converse of Theorem 2.3 does not hold in general.  

Let S = {0, 1, 2, 3, 4, 5} be a setwith the following table: 

 

* 0 1 2 3 4 5 

0 0 2 1 3 4 5 

1 1 0 2 4 5 3 

2 2 1 0 5 3 4 

3 3 4 5 0 2 1 

4 4 5 3 1 0 2 

5 5 3 4 2 1 0 

Then (S, ∗, 0) is a B-algebra, but not a RK-algebra, since ((5 ∗1) ∗(5 ∗4))∗0 = 4∗ 0 = 4 ≠ 5 = 4∗1. 

 

PROPOSITION 2.5 

If (S, ∗, 0) is a RK-algebra, then(a ∗b) ∗c = (a ∗c) ∗bfor any a, b, c ∈S. 
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PROOF  

((a∗b) ∗c)∗0= [((c∗b) ∗(c∗a))∗c]∗0 

                        =((c ∗b) ∗(c ∗a))∗c 

= (c∗b) ∗[c∗(0 ∗(c∗a))]  

= [0∗(c∗a)] ∗b 

= (a∗c) ∗b 

 

LEMMA 2.6 

If (S,∗, 0) is a B-algebra, then 0 ∗(a∗b) = b∗a for any a, b∈S. 

DEFINITION 2.7 

A B-algebra (S,∗, 0) told   0-commutative if (a∗(0∗b))∗0 = (b∗(0∗a))∗0for any a, b∈S. 

 

THEOREM 2.8 

If (S,∗, 0) is a 0-commutative B-algebra, then it is a RK-algebra. 

 

PROOF 

Since (S,∗, 0) is a B-algebra, a∗0 = a, 

a ∗(a ∗a)  =  a.  for all a ∈S,                                                    

((c∗a) ∗(c∗b))∗0 = ((0∗(a∗c)) ∗(0 ∗(b∗c)))∗0 

                                  =[(b∗c) ∗(0 ∗(0 ∗(a∗c)))]∗0 

= ((b∗c) ∗(a∗c))∗0 

                                  =(b ∗c) ∗(a ∗c) 

= b∗c 

Thus (S,∗, 0) is a RK-algebra. 

 

COROLLARY 2.9 

If (S,∗, 0) is a B-algebra with a∗b= b∗a for any a, b∈S, then it is aRK-algebra. 

 

PROOF 

Since a∗b= b∗afor any a, b∈S,  

we get(a∗(0 ∗b))∗0 = (a∗(b∗0))∗0=(a ∗(b ∗0) = a∗b=b∗a= (b∗(a∗0))∗0= (b∗(0∗a))∗0 for any a, b∈S.  

So (S,∗, 0) is a 0-commutative B-algebra.Hence (S,∗, 0) is a RK-algebra  

 

PROPOSITION 2.10 

An algebra (S,∗, 0) is a 0-commutative B-algebra if and only ifit satisfies the following axioms: 

(i) a∗a= 0, 

(ii) b∗(b∗a) = a, 
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(iii) (a∗c) ∗(b∗c) = a∗b, for any a, b, c∈S. 

 

THEOREM 2.11 

If (S,∗, 0) is a RK-algebra, then it is a 0-commutative B-algebra. 

PROOF 

Let Sbe a RK-algebra. Then it is a B-algebra.We deduce that it satisfies (i) and (iii). Puta= 0 in (ii).We get((c∗0) 

∗(c∗b))∗0 = b∗0by(i) we getc∗(c∗b) = bfor any b, c∈S.  

It is a 0-commutative B-algebra. 

 

3. RK-ALGEBRAS AND (PRE-) COXETER ALGEBRAS 

H. S. Kim, Y. H. Kim and J. Neggers introduced and investigated a class of (pre-)Coxeter algebras. A Coxeter 

algebra is a non-empty set S with a constant 0 and a binary 

operation “∗” satisfying the following axioms: 

(i) a ∗a = 0, 

(ii) a ∗0 = a, 

(iii) (a ∗b) ∗c = a ∗(b ∗c), for any a, b, c ∈S. 

It is known that a Coxeter algebra is a special type of abelian groups. 

 

THEOREM 3.1 

Every Coxeter algebra is a RK-algebra. 

 

PROOF 

For anya, b, c∈S, we get((c ∗a) ∗(c ∗b))∗0  =(c ∗a) ∗(c ∗b) = (c ∗a) ∗(b ∗c)  

= [(c∗a) ∗b] ∗c  

= [c ∗(a ∗b)] ∗c 

= a ∗b  

= b ∗a. 

 

THEOREM 3.2 

If (S, ∗, 0) is a RK-algebra with0 ∗a= a, for all a∈S, then it is a Coxeter algebra. 

 

PROOF 

We have, for any a, b, c ∈S,(a ∗b) ∗c = (a ∗c) ∗b  

= a ∗[b ∗(0 ∗c)]  

= a ∗(b ∗c) 

THEOREM 3.3 

Every RK-algebra S with 0 ∗a =a, for all a ∈S, is a pre-Coxeter algebra. 
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PROOF 

Suppose (a ∗b)∗0= a ∗b= 0 = b ∗a Wherea, b∈S.  

Then a= a ∗0 = (a ∗0) ∗(a ∗b) = b ∗0 = b.  

a ∗b = b ∗a for any a, b ∈S. 
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