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ABSTRACT 

                    The aim of this paper is to introduce the notion of α-generalized c*-closed sets in topological spaces and 

study their basic properties. It is the weaker form of generalized c*-closed sets but it is the stronger form of pre-

generalized c*-closed sets. That is, the class of α-generalized c*-closed sets lies between the class of generalized c*-

closed sets and the class of pre-generalized c*-closed sets. Further, we shall see that the collection of α-generalized 

c*-closed sets is not closed under finite intersection but it is closed under arbitrary union. Also, we establish the 

relationship between this new class of closed sets and the other classes of closed sets in general topology. 
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1. Introduction 

 In 1963, Norman Levine introduced semi-open sets in topological spaces. Also in 1970, he introduced the 

concept of generalized closed sets.  In the year 1996, Andrijevic introduced and studied b-open sets. Njastad 

introduced the concepts of -sets (known as -open sets) and -sets (known as -open sets) for topological spaces. 

Andrijevic called -sets as semi-pre open sets. Gnanambal introduced generalized pre regular closed (briefly, gpr-

closed) sets in 1997. In this paper we introduce α-generalized c*-closed sets in topological spaces and study their 

basic properties. 

 Section 2 deals with the preliminary concepts. In section 3, αgc*-closed sets are introduced and study their 

fundamental properties.  

2. Preliminaries 

           Throughout this paper X denotes a topological space on which no separation axiom is assumed. For any 

subset A of X, cl(A) denotes the closure of A, int(A) denotes the interior of A, pcl(A) (resp. bcl(A)) denotes the pre-

closure (resp. b-closure) of A and αcl(A) denotes the α-closure of A. The following definitions are very useful in the 

subsequent sections.  

Definition: 2.1  A subset A of a topological space X is called 

i. a  semi-open  set [4]  if  A⊆cl(int(A))  and  a  semi-closed  set  if  int(cl(A))⊆A. 

ii. a  pre-open  set [10]  if  A⊆int(cl(A))  and  a  pre-closed  set  if  cl(int(A))⊆A. 

iii. a  regular-open  set [12]  if  A=int(cl(A))  and  a  regular-closed  set  if A=cl(int(A)). 

iv. a γ-open set [6]  (b-open set[1]) if  A⊆cl(int(A))∪int(cl(A))  and  a  γ-closed set (b-closed set) if  

int(cl(A))∩cl(int(A))⊆A. 

v. a  α-open  set [11] if  A ⊆int(cl(int(A)))  and  a  α-closed  set  if  cl(int(cl(A)))⊆A. 
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vi. a  π-open  set [15]  if  A  is  the  finite union  of  regular-open  sets  and  the  complement  of π-open set is 

said to be π-closed. 

Definition: 2.2 [7] A subset A of a topological space X is said to be a c*-open set if int(cl(A))⊆A⊆cl(int(A)). 

Definition: 2.3 A subset A of a topological space X is called  

i. a generalized closed set (briefly, g-closed) [5] if cl(A)⊆H whenever A⊆H and H is open     in X. 

ii. a generalized pre-regular closed set (briefly, gpr-closed) [3] if pcl(A)⊆H whenever A⊆H and H is regular-

open in X. 

iii. a regular generalized b-closed set (briefly, rgb-closed) [9] if bcl(A)⊆H whenever A⊆H and H is regular-

open in X. 

iv. a weakly closed set (briefly, w-closed) [13] (equivalently, ĝ-closed set [14]) if cl(A)⊆H whenever A⊆H 

and H is semi-open in X.   

v. a πg-closed set [2] if cl(A)⊆H whenever A⊆H and H is π-open in X. 

              The  complements  of  the  above  mentioned  closed  sets  are  their  respectively open sets. 

Definition: 2.4 [7] A subset A of a topological space X is said to be a generalized c*-closed set     (briefly, gc*-

closed set) if cl(A)⊆H whenever A⊆H and H is c*-open. 

Definition: 2.5[8] A subset A of a space X is said to be pre-generalized c*-closed (briefly, pgc*-closed) if 

pcl(A)⊆H whenever A⊆H and H is c*-open. 

3. 𝛂-Generalized c*-closed sets 

In this section, we introduce α-generalized c*-closed sets in topological spaces. Also, we derive some of their basic 

properties.  

Definition: 3.1 A subset A of a topological space X is said to be α-generalized c*-closed     (briefly, αgc*-closed) if 

αcl(A)⊆H whenever A⊆H and H is c*-open in X. 

Example: 3.2 Let X={a,b,c,d} with topology τ={ϕ,{a},{c},{d},{a,c},{a,d},{c,d},{a,c,d},X}. Then the subsets  

ϕ,{b},{a,b},{b,c},{b,d},{a,b,c},{a,b,d},{a,c,d},{b,c,d},X are αgc*-closed. 

Proposition: 3.3 Let X be a topological space. Then every closed set is αgc*-closed. 

Proof: Let A be a closed set. Then A=cl(A). Let H be a c*-open set containing A. Then cl(A)⊆H. Since 

αcl(A)⊆cl(A), we have αcl(A)⊆ H. Therefore, A is αgc*-closed. 

The converse of Proposition 3.3 is not true. This can be proved by the following example. 

Example: 3.4 Let X={a,b,c,d} with topology τ={ϕ,{a},{b},{a,b},{b,c},{a,b,c},{a,b,d},X}. Then the subset {a,b} is 

αgc*-closed but not closed. 

Proposition: 3.5 Let X be a topological space. Then every α-closed set is αgc*-closed. 

Proof: Let A be a α-closed set. Then A=αcl(A). Let H be a c*-open set containing A. Then αcl(A)⊆H. Therefore, A 

is αgc*-closed. 

The following example shows that the converse of Proposition 3.5 need not be true in general.  

Example: 3.6 In Example 3.4, {a,b} is αgc*-closed but not α-closed. 
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Proposition: 3.7 Let X be a topological space. Then every π-closed set is αgc*-closed. 

Proof: Let A be a π-closed set. Since every π-closed set is closed, we have A is closed. Therefore, by Proposition 

3.3, A is αgc*-closed. 

The converse of Proposition 3.7 need not be true which can be verified from the following example. 

Example: 3.8 In Example 3.4, {a,b} is αgc*-closed but not π-closed. 

Proposition: 3.9 Let X be a topological space. Then every regular-closed set is αgc*-closed. 

Proof: Let A be a regular-closed set. Since every regular-closed set is closed, we have A is closed. Therefore, by 

Proposition 3.3, A is αgc*-closed. 

The converse of Proposition 3.9 need not be true as seen from the following example. 

Example: 3.10 In Example 3.4, {a,b} is αgc*-closed but not regular-closed. 

Proposition: 3.11 Let X be a topological space. Then every w-closed set is αgc*-closed. 

Proof: Let A be a w-closed set. Let H be a c*-open set containing A. Since every c*-open set is semi-open, we have 

H is semi-open. By our assumption, cl(A)⊆H. Since αcl(A)⊆cl(A), we have αcl(A)⊆H. Therefore, A is αgc*-closed. 

The converse of Proposition 3.11 need not be true as shown in the following example. 

Example: 3.12 In Example 3.4, {a,b} is αgc*-closed but not w-closed. 

Proposition: 3.13 Let X be a topological space. Then every gc*-closed set is αgc*-closed. 

Proof: Let A be a gc*-closed set.  Let H be a c*-open set containing A. Then cl(A)⊆H. Since αcl(A)⊆cl(A), we 

have αcl(A)⊆H. Hence A is αgc*-closed. 

The following example shows that the converse of Proposition 3.13 need not be true in general.  

Example: 3.14 Let X={a,b,c,d,e} with topology τ={ϕ,{a},{b},{a,b},{a,b,c},{a,b,c,d},{a,b,c,e}, X}. Then the subset 

{c,d} is αgc*-closed but not gc*-closed.  

Proposition: 3.15 Let X be a topological space. Then every αgc*-closed set is gpr-closed. 

Proof: Let A be a αgc*-closed set. Let H be a regular-open set containing A. Since every regular-open set is c*-

open, we have H is c*-open. Therefore, by our assumption, αcl(A)⊆H. Since pcl(A)⊆αcl(A), we have pcl(A)⊆H. 

Hence A is gpr-closed. 

The converse of Proposition 3.15 need not be true which can be verified from the following example. 

Example: 3.16  Let X={a,b,c,d,e} with topology τ={ϕ,{a},{d},{e},{a,d},{a,e},{d,e},{a,d,e},X}. Then the subset 

{a,c} is gpr-closed but not αgc*-closed. 

Proposition: 3.17 Let X be a topological space. Then every αgc*-closed set is rgb-closed. 

Proof: Let A be a αgc*-closed set. Let H be a regular-open set containing A. Since every regular open set is c*-

open, we have H is c*-open. Therefore, by our assumption, αcl(A)⊆H. Since bcl(A)⊆αcl(A), we have bcl(A)⊆H. 

Hence A is rgb-closed. 
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The converse of Proposition 3.17 need not be true. The following example proves this. 

Example: 3.18 In Example 3.16, {a,c} is rgb-closed but not αgc*-closed.                                  

Proposition: 3.19 Let X be a topological space. Then every αgc*-closed set is pgc*-closed. 

Proof: Let A be a αgc*-closed set. Let H be a c*-open set containing A. Then αcl(A)⊆H. Since pcl(A)⊆αcl(A), we 

have pcl(A)⊆H. Therefore, A is pgc*-closed. 

The converse of the Proposition 3.19 need not be true as seen from the following example.  

Example: 3.20 Let X={a,b,c,d,e} with topology τ={ϕ,{a,b},{c,d},{a,b,c,d},X}. Then {a} is pgc*-closed but not 

αgc*-closed. 

Proposition: 3.21 Let X be a discrete topological space. Then every πg-closed set is αgc*-closed. 

Proof: Let A be a πg-closed set in X. Let H be a c*-open set containing A. Since X is a discrete space, we have H is 

open in X. By Proposition 3.15 [1], H is π-open. This implies, cl(A)⊆H. Since αcl(A)⊆cl(A), we have αcl(A)⊆H. 

Therefore, A is αgc*-closed. 

              The g-closed and αgc*-closed sets are independent. For example, in Example 3.16, the subset {a,b} is  g-

closed but not αgc*-closed and the subset {a,d,e} is  αgc*-closed  but  not  g-closed. 

Proposition: 3.22 In a topological space X, Arbitrary union of αgc*-closed sets is αgc*-closed. 

Proof: Let A1,A2,…,An,… be αgc*-closed subsets of X. Let A=∪{Ai : i∈I}. Let H be a c*-open set containing A. 

Then each Ai⊆H. Since each Ai is αgc*-closed, we have αcl(Ai)⊆H. This implies ∪{αcl(Ai) : i∈I}⊆H. This implies, 

αcl(∪{Ai : i∈I})⊆H. That is, αcl(A)⊆H. Therefore, A is αgc*-closed.  

 The intersection of two αgc*-closed subsets of a space X need not be αgc*-closed. For example, let 

X={a,b,c,d,e} with topology τ={ϕ,{a},{b},{a,b},{b,c},{a,b,c}, {a,b,d},X}. Then {a,c} and {a,d} are αgc*-closed 

but  their  intersection {a}  is  not  αgc*-closed. 

Proposition: 3.23 If a subset A of a space X is αgc*-closed set in X, then αcl(A)∖A does not contain any non-empty 

c*-open set in X. 

Proof: Assume that A is αgc*-closed set in X. Suppose H is a c*-open set such that H⊆αcl(A)∖A and H≠ϕ. Then 

H⊆X∖A. This implies, A⊆X∖H. Since H is a c*-open, we have X∖H is also a c*-open set in X. Then αcl(A)⊆X∖H. 

This implies, H⊆X∖αcl(A). Also, H⊆αcl(A). Hence H⊆αcl(A)∩(X∖αcl(A))=ϕ, which contradicts H≠ϕ. Hence 

αcl(A)∖A does not contain any non-empty c*-open set in X.. 

Proposition: 3.24 Let X be a topological space. Then for any element p∈X, the set X∖{p} is either αgc*-closed or 

c*-open. 

Proof: Suppose X∖{p} is not a c*-open set. Then X is the only c*-open set containing X∖{p}. This implies, 

αcl(X∖{p})⊆X. Hence X∖{p} is a αgc*-closed set in X. 

The following Proposition gives the necessary and sufficient condition for a αgc*-closed to be α-closed. 

Proposition: 3.25 Let A be a αgc*-closed set in a space X. Then A is α-closed if and only if αcl(A)∖A is c*-open. 
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Proof: Suppose A is α-closed. Then αcl(A)=A. This implies, αcl(A)∖A=ϕ, which is c*-open.               Conversely, 

suppose αcl(A)∖A is a c*-open set in X. By Proposition 3.23, αcl(A)∖A=ϕ. This implies, A= αcl(A). Hence A is α-

closed.     

Proposition: 3.26 Let X be a topological space. If A is a αgc*-closed subset of X such that A⊆B⊆ αcl(A), then B is 

a αgc*-closed set in X. 

Proof: Let H be a c*-open set containing B. Then A⊆H. Since A is αgc*-closed, we have αcl(A)⊆H. This implies, 

αcl(B)⊆H. Hence B is αgc*-closed set in X. 

Proposition: 3.27 Let X be a topological space. If  X and ϕ are the only c*-open sets then all the subsets of X are 

αgc*-closed.                                                                                                                                                 

Proof: Let A be a subset of X. If A=ϕ, then A is αgc*-closed. If A≠ϕ, then X is the only c*-open set containing A. 

This implies αcl(A)⊆X. Hence A is αgc*-closed. 

The converse of the Proposition 3.27 is not true. This can be proved by the following example. 

Example: 3.28 Let X={a,b,c,d}with topology τ={ϕ,{a},{b},{c},{a,b},{a,c},{b,c},{c,d},{a,b,c}, {b,c,d},{a,c,d},X}. 

Then all the subsets of X are αgc*-closed.  But  the  c*-open  sets  are ϕ,{a},{b},{a,b},{c,d},{a,c,d},{b,c,d},X. 

Next Proposition gives the characterization for αgc*-closed. 

Proposition: 3.29 A subset A of a space X is αgc*-closed if and only if for each A⊆H and H is     c*-open, there 

exists a α-closed set F such that A⊆F⊆H. 

Proof: Suppose A is a αgc*-closed set and A⊆H and H is c*-open. Then αcl(A)⊆H. If we put F=αcl(A), then F is α-

closed and A⊆F⊆H. Conversely, assume that H is a c*-open set containing A. Then there exists a α-closed set F 

such that A⊆F⊆H. Since αcl(A) is the smallest α-closed set containing A, we have A⊆αcl(A)⊆F. Also, since F⊆H, 

we have αcl(A)⊆H. Hence A is αgc*-closed. 

Proposition: 3.30 If A is α-closed and B is αgc*-closed subset of a space X, then A∪B is            αgc*-closed. 

Proof: Let H be a c*-open set containing A∪B. Then A⊆H and B⊆H. Since B is αgc*-closed and B⊆H, we have 

αcl(B)⊆H. Then A∪B⊆A∪αcl(B)⊆H. Since A is α-closed, we have A∪αcl(B) is α-closed. Hence there exists a α-

closed set A∪αcl(B) such that A∪B⊆A∪αcl(B)⊆H. Therefore, by Proposition 3.29, A∪B is gc*-closed.  

Proposition: 3.31 If A is closed and B is gc*-closed subset of a space X, then A∪B is αgc*-closed. 

Proof: Since every closed set is α-closed, we have A is α-closed. Also, by Proposition 3.13, B is αgc*-closed. 

Therefore, by Proposition 3.30, A∪B is αgc*-closed. 

Proposition: 3.32 If a subset A of a topological space X is αgc*-closed, then αcl(A)∖ A does not contain any  non-

empty regular open (resp. regular closed) set in X. 

Proof: Suppose H is a regular open set contained in αcl(A)∖A and H≠ϕ. Since every regular open set (resp. regular-

closed set) is c*-open, we have H is c*-open. Thus, H is a c*-open set contained in αcl(A)∖A. Therefore, by 

Proposition 3.23, H=ϕ. This is a contradiction. Therefore, αcl(A)∖A does not contain any  non-empty regular open 

(resp. regular closed) set in X.  

Already we proved that every α-closed set is αgc*-closed but the converse is not true in general (see Proposition 

3.5). The following Proposition shows that when the reverse implication is true.  
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Proposition: 3.33 If a subset A of a topological space X is both c*-open and αgc*-closed, then A is α-closed. 

Proof: Suppose A is both c*-open and αgc*-closed. Then αcl(A)⊆A. Also, A⊆αcl(A). This implies, A=αcl(A). 

Therefore, A is α-closed. 

Proposition: 3.34 Let X be a topological space and A be a subset of X. If A is regular open and αgc*-closed, then A 

is both α-open and α-closed. 

Proof: Assume that A is regular open and αgc*-closed. Since every regular open set is c*-open, by Proposition 3.33, 

A is α-closed.  Since regular open set is α-open, we have A is α-open. Thus, A is both α-open and α-closed. 

Conclusion: In this paper we have introduced αgc*-closed sets in topological spaces and studied some of their basic 

properties. Also, we have studied the relationship between αgc*-closed sets with some generalized closed sets in 

topological spaces.   
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