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Abstract 

Explicit field equation of a new scalar tensor theory of 

gravitation proposed by the Sen-Dunn theory are 

obtained with the help of a four dimensional spherically 

symmetric metric in the context of cosmic string. The 

solution of the various field equations are obtained for 

geometric strings  𝜆 = 𝜌 . Some physical and geometric 

properties of the solutions are also discussed. 
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1. Introduction: 

 It is well known that a gravitational scalar field, 

besides the metric of the space time, must exist in 

the frame work of the present unified theories. 

Hence there has been much interest in scalar tensor 

theories of gravitation. Several theories are 

proposed as alternatives to Einstein’s theory to 

reveal the nature of the universe in the early stage 

of evolution. The most important among them were 

scalar tensor theories proposed by Lyra[1], 

Branspicke[2], Reddy and Rao[3], Mohanty and 

Mohanta[4], Pradhan[5]. Sen and Dunn[6] have 

proposed a new scalar tensor theory of gravitation 

in which both the scalar and tensor fields have 

intrinsic geometrical significance. The scalar field 

in this theory is characterized by the function 

𝜙 = 𝜙 𝑥𝑖  where ‘𝑥𝑖 ’ are co-ordinates in four-

dimensional Lyra manifold and tensor field is 

identified with the metric tensor ‘ 𝑔𝑖𝑗 ’ of the 

manifold. The field equations given by Sen and 

Dunn [6] for the combined scalar and tensor field 

are 

𝑅𝑖𝑗 −
1

2
𝑅𝑔𝑖𝑗 = 𝜔𝜙−2  𝜙;𝑖𝜙;𝑗 −

1

2
𝑔𝑖𝑗 𝜙;𝑘𝜙

;𝑘 −

𝜙−2𝑇𝑖𝑗                                                                     

(1)             

Where ‘𝜔’ is dimension less constant, ‘𝑅𝑖𝑗 ’ and ‘𝑅’ 

are the usual Ricci-tensor and Riemann 

curvature scalar respectively. 

The study of string theory is important in the early 

stages of the evolution of the universe before the 

creation of the particles. Cosmic strings have 

received considerable attention in cosmology as 

they are believed to give rise density perturbations 

leading to the formation of galaxies. The general 

relativistic treatment of strings was initiated by 

Letelier [7], Pradhan and Mathur [8] and others 

who have studied about string cosmologies in the 

theory of relativity, Recently Patra and Sethi [9] 

have investigated on Chplygin gas in Lyra 

geometry on bianchi type-III models in bulk 

viscous fluid. 

The string that form the cloud and massive strings 

instead of geometric string. Each massive string is 

formed by a geometric string with particles 

attached along its extension. In this paper we have 

discussed the various physical and geometrical 

properties of a geometric string model, found as a 

result of the application of Sen-Dunn theory of 

gravitation in a four-dimensional spherically 

symmetric space-time in presence of a cloud 

massive string. The last section contains the 

concluding remarks. 

2. Metric and field equation: 

Here we consider the four-dimensional spherically 

symmetric metric of the form 

𝑑𝑆2 = −𝑒𝜆𝑑𝑟2 − 𝑟2𝑑𝜃2 − 𝑟2𝑠𝑖𝑛2𝜃𝑑𝜙2 + 𝑒𝜇𝑑𝑡2                                                                

                                                                           (2) 

where 𝜆 𝑡  and 𝜇 𝑡  are cosmic scale factors.  The 

energy momentum tensor for cloud of massive 

string can be written as                                                     

𝑇𝑖𝑗 = 𝜌𝑢𝑖𝑢𝑗 − 𝜆𝑥𝑖𝑥𝑗                                           (3) 

Where ‘𝜌’ is the rest energy density of the cloud of 

strings with particles attached to them. ‘𝜆’ is the 

tensor density of the strings and 𝜌 = 𝜌𝑝 + 𝜆, 𝜌𝑝  is 

the energy density of the particles. The velocity 

‘ 𝑢𝑖 ’ describes the four-velocity, which has 

components  0, 0, 0, 𝑒
𝜇

2  for a cloud of particles 

and 𝑥𝑖 =  −𝑒
𝜆

2 , 0, 0, 0  represents the direction of 

strings ‘𝑥𝑖’ which will satisfy  
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𝑢𝑖𝑢𝑗 = −𝑥𝑖𝑥𝑗 = 1  𝑎𝑛𝑑 𝑢𝑖𝑥𝑖 = 0                 (4) 

𝑇11 𝑆𝑡𝑟𝑖𝑛𝑔  = 𝜆, 𝑇44  𝑆𝑡𝑟𝑖𝑛𝑔  = 𝜌 𝑎𝑛𝑑    𝑇22 = 𝑇33 =

0                                                                     (5) 

The field equations for metric (2) using equation 

(1) and (5) can be written as  

 −
1

4
𝑒𝜆−𝜇𝜆4

2 −
𝑒𝜆−𝜇

8
𝜆4𝜇4 =

𝑒𝜆𝜙4
2𝜔

2𝜙2 −
𝜆

𝜙2                  

                                                                     (6)  

−
𝜆4

𝑟
= 0 ⇒ 𝜆4 = 0  𝑜𝑟𝜆 = 𝑘1 = 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡                               

                                                                     (7)  

𝑟2

2
𝑒−𝜇  𝜆44 + 𝜆4

2 −
𝜆4𝜇4

4
 =

𝜔

𝜙2
 
𝑟2

2
𝜙4

2        (8) 

and    −
𝜆4𝜇4

8
+

𝑒𝜇−𝜆

𝑟2 −
𝑒𝜇

𝑟2 =
𝜔𝜙4

2

2𝜙2 −
𝜌

𝜙2,         (9) 

where the subscript ‘4’ represents the 

differentiation with respect to ‘𝑡’. 

3. Solution to field equations: 

 Using equation (7) in equation (8) we get, 

𝜔𝑟2𝜙4
2

2𝜙2 = 0                                                    (10) 

⇒ 𝜙4
2 = 0 ⇒ 𝜙 = 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡 = 𝑘2             (11) 

Using equation (10) and (7) in equation (9) we get, 

𝑒𝜇

2
 𝑒−𝑘1 − 1 = −

𝜌

𝜙2                                 (12) 

⇒ 𝜇 = 𝑙𝑛  
𝑟2𝜌

𝑘2
2  𝑒−𝑘1 − 1                           (13) 

The simplest relation between ‘ 𝜌 ’ and ‘ 𝜆 ’ is 

𝜌 = 𝛽𝜆  where ‘𝛽 ’ is a proportionality constant 

which gives rise to the following two cases. 

a. For  𝜷 = 𝟏, we get geometric strings or 

Nambu string. 

b. For  𝜷 = −𝟏, we get massive strings. 

3.1. Case-I: Geometric string 𝜌 = 𝜆  

From equation (7), 𝜆 = 𝑘1 ⇒ 𝜆 = 𝜌 = 𝑘1 

Using the value of ‘𝜌’ in equation (13), we get 

𝜇 = 𝑙𝑛  
𝑟2𝑘1

𝑘2
2  𝑒−𝑘1 − 1                                   (14) 

Using equation (7) and (14) in the metric (2) takes 

the form 

𝑑𝑆2 = −𝑒𝑘1𝑑𝑟2 − 𝑟2𝑑𝜙2 − 𝑟2𝑠𝑖𝑛2𝜃𝑑𝜙2 +

𝑒
𝑙𝑛  

𝑟2𝑘1
𝑘2

2  𝑒−𝑘1−1  
𝑑𝑡2                                         (15) 

3.2. Case-II: 

  Massive strings  𝜌 + 𝜆 = 0  

Using equation (10) and (7) in equation (6), we get 

0 =
𝜆

𝜙2                                                               (16) 

Adding equation (12) and (16) ,we get 

𝑒𝜇

𝑟2
 𝑒−𝑘1 − 1 = −

1

𝜙2
 𝜆 + 𝜌 = 0                (17) 

⇒ 𝑒𝜇 = 0.                                                         (18) 

Putting equation (7) and (17), the metric (2) takes 

the form 

𝑑𝑆2 = −𝑒𝑘1𝑑𝑟2 − 𝑟2𝑑𝜃2 − 𝑟2𝑠𝑖𝑛2𝜃𝑑𝜙2 (19) 

That means the model reduces to three dimensional 

space without cosmic time which is meaningless. 

Here we see that the cosmic massive string do not 

co-exist with the scalar field in this theory.  

4. Physical and geometrical properties: 

1. We found that 𝝓 = 𝒌𝟐 = 𝒄𝒐𝒏𝒔𝒕𝒂𝒏𝒕 . This 

suggests that the scalar field is not a function 

of cosmic time.  

2. The kinematical parameters ‘𝝆 ’ and ‘𝝀 ’ are 

constant  𝝆 = 𝝀 = 𝒌𝟏  and are independent of 

time. Also ‘𝝁’ is found to be independent of 

‘𝒕’. 

3.  Volume  𝑽 =  −𝑔 
1

2 

= 𝑒
1
2
 𝑘1+𝑙𝑛

𝑟2𝑐

𝑘2
2  𝑒−𝑘1−1  

𝑟2𝑠𝑖𝑛𝜃 

i.e. The volume expansion is independent of 

cosmic time but depend on parameter ‘𝒓’.  

Taking 𝒌𝟏 = 𝒌𝟐 = 𝟏, 𝜽 = 𝟗𝟎𝟎 the 𝑽~𝒓 graph has 

been plotted. 
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Fig.1 variation of volume expansion verses   

4. Hubble parameter  𝐻 =
1

2
 𝐻1 + 𝐻2  .=

𝟏

𝟐
 
𝝀𝟒

𝝀
+

𝝁𝟒

𝝁
 = 𝟎 

5. The expansion scalar in commoving co-ordinates 

is, 𝜃 = 2𝐻 = 0. 

6. The means the universe becomes isotropic 

throughout its evolution. 

7. Shear scalar  𝝈𝟐  is defined as  

𝝈𝟐 =
𝟏

𝟐
  𝑯𝒊

𝟐𝟐
𝒊=𝟏 − 𝟐 𝑯𝟐 =

𝑨𝑯𝟐 = 𝟎   

     ⇒
𝝈

𝜽
= 𝟎 

  Which confirms that the model is isotropic in 

nature. 

8. Deceleration parameter  𝒒  is defined as  

𝒒 =
𝒅

𝒅𝒕
 
𝟏

𝑯
 − 𝟏 = 𝟎 

Which shows, neither the model is accelerating 

as 𝒒 ≮ 𝟎  nor decelerating as 𝒒 ≯ 𝟎  but the 

volume expansion is independent of time 

5. Conclusion: 

   In this paper we have considered a four-

dimensional spherically symmetric space time 

in Sen-Dunn theory of gravitation in context of 

cosmic strings. The solution of the field 

equations is obtained for geometric strings 

 𝜆 = 𝜌  only. It is observed that the scalar 

field  𝜙  and the kinematical parameters 

𝜌, 𝜆and𝜇 are not the functions of cosmic time 

‘𝑡 ’. The model is isotropic and the volume 

expansion is independent of time.  
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