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Abstract

The concept of biset is introduced, equality, cardinality, complement, subsets
of a biset, union, intersection, symmetric difference of two bisets are defined. We
also investigated the concepts of functions on a biset and discussed some of their
properties.
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1 Introduction

The modern study of set theory was initiated by the German mathematician
Richard Dedekind and Georg Cantor in 1870s. In particular, Georg Cantor is com-
monly considered as the founder of set theory. The non-formalized systems investi-
gated during this early stage go under the name of näive set theory. In mathematics,
a set is a collection of elements [7][14][18]. The elements that make up a set can be
any kind of mathematical objects: numbers, symbols, points in space, lines, other
geometrical shapes, variables, or even other sets [5] The set with no element is the
empty set; a set with a single element is a singleton. A set may have a finite number
of elements or be an infinite set. Two sets are equal if and only if they have precisely
the same elements [16].

Sets are ubiquitous in modern mathematics. Indeed, set theory, more specifi-
cally Zermelo-Fraenkel set theory, has been the standard way to provide rigorous
foundations for all branches of mathematics since the first half of the 20th century
[5].

The concept of a set emerged in mathematics at the end of the 19th century [8].
The foremost property of a set is that it can have elements, also called members;
this property is called the extensionality of sets [5].

Once applications to analysis began to be found, however, attitude began to
change, and by the 1890s Cantor’s ideas and results were gaining acceptance. By
1900, set theory was recognized as a distinct branch of mathematics. Gottlob Frege,
discovered, on his own, the fundamental ideas that have made possible the whole
modern development of logic and thereby invented an entire discipline.

In this paper, we define biset, equal bisets, cardinality, complement, subsets
of a biset, union, intersection and symmetric difference of two bisets, functions on
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a biset, open and closed biset(that is, B-open and B-closed). Then , we study its
related properties and obtained some relations between set and biset.

2 Preliminaries

In this section we present the preliminary definitions with examples.

Definition 2.1 A biset is simply a pair of collection of distinct objects. The number
of objects contained within a biset may be finite, countably infinite or uncountably
infinite.

It is written as AB = A1∪A2, where A1 and A2 are ordinary sets with A1 6= A2.
That is, a biset AB is defined as a pair of two sets A1 and A2 where ′∪′ is just for
the notational convenience(symbol)only.

Example 2.2 Let AB = A1 ∪A2 = {a, b, c} ∪ {1, 2}, here A1 = {a, b, c} and
A2 = {1, 2}.

Let AB = A1 ∪A2 = {2, 3, 4} ∪ {p, q, r}, here A1 = {2, 3, 4} and
A2 = {p, q, r}.

Result 2.3 If AB = A1 ∪ A2 is a biset, then the sets A1 and A2 are called compo-
nents of the biset.

If AB = A1∪A2 with A1 = A2 then AB is not a biset, except for the empty set.
We consider the components A1, A2 are of different characteristics.

Remark 2.4 A biset is said to be finite if both components are finite.
A biset is said to be infinite if any one or both the components are infinite.
A biset is said to be countable if both components are countable.
A biset is said to be uncountable if any one or both components are uncountable.

Definition 2.5 The biset membership symbol ∈ is used to say that an object or a
pair is a member of the biset AB. It has a partner symbol /∈ which is used to say an
object is not in the components.

Example 2.6 Let AB = A1 ∪ A2, let xB = x1 ∪ x2 or (x1, x2) ∈ AB which implies
x1 ∈ A1 and x2 ∈ A2. Let AB = {1, 2, 3} ∪ {a, b, c} where A1 = {1, 2, 3} and
A2 = {a, b, c}, then 1,2,3 are elements of A1 and a,b,c are elements of A2.

That is, AB = {(1, a), (1, b), (1, c), (2, a), (2, b), (2, c), (3, a), (3, b), (3, c)}.

Definition 2.7 Two biset AB and CB are said to be equal (briefly B-equal) if they
have exactly the same components. If AB = A1∪A2 and BB = B1∪B2 be two bisets
we say that AB and BB are equal and written as AB = BB if and only if A1 and B1

are identical and A2 and B2 are identical.
That is, A1 = B1 and A2 = B2. Otherwise they are not equal.

Example 2.8 LetAB = {x/xisaprimenumber, x < 7}∪{y/yisavowelsofthealphabet}
and BB = {2, 3, 5} ∪ {a, e, i}, then AB = BB.

Let AB = {x/xisnotaprimenumber, x < 7}∪{y/yisavowelsofthealphabet} and
BB = {1, 2, 4} ∪ {b, c, d,m} then AB 6= BB.
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Definition 2.9 Let AB = A1∪A2, let |A1| = α1 and |A2| = α2 then the cardinality
AB denoted by |AB| = α1α2 notationally it is written as (α1, α2).

The cardinality of biset maybe (0,0) then, it is called empty biset. In other
words, the empty biset is defined as ∅B = ∅ where ∅ is a empty set.

Definition 2.10 The union of two bisets AB and BB is the collection of pair of all
objects they are in either one of the components. It is written as

CB = C1 ∪ C2 = AB
⋃
BB, where C1 = A1

⋃
B1 and C2 = A2

⋃
B2. Using set

builder form,
CB = AB

⋃
BB = {xB = (x1, x2) : x1 ∈ A1

⋃
B1and x2 ∈ A2

⋃
B2}

where AB = A1 ∪A2 and BB = B1 ∪B2. It is also called as B-union.

Definition 2.11 The intersection of two bisets AB and BB is the collection of pair
of all objects they are in both the components. It is written as

DB = D1 ∪D2 = AB ∩BB, where D1 = A1 ∩B1 and D2 = A2 ∩B2. That is,
DB = AB ∩BB = {xB = (x1, x2) : x1 ∈ A1 ∩B1and x2 ∈ A2 ∩B2}

where AB = A1 ∪A2 and BB = B1 ∪B2. It is also called as B-intersection.

Example 2.12 For the biset AB = {1, 2, 3, 4, 5}∪{a, b, c, d} where A1 = {1, 2, 3, 4, 5}
and A2 = {a, b, c, d}, then we have |AB| = (5, 4) with |A1| = 5 and |A2| = 4.

Let AB = {1, 2, 3, 4, 5} ∪ {a, b, c, d} and BB = {1, 3, 5, 6} ∪ {a, c, e} where AB =
A1 ∪A2 and BB = B1 ∪B2.

Then CB = AB
⋃
BB

= (A1 ∪A2)
⋃

(B1 ∪B2)
= (A1

⋃
B1) ∪ (A2

⋃
B2)

CB = {1, 2, 3, 4, 5, 6} ∪ {a, b, c, d, e}.
Then DB = AB ∩BB

= (A1 ∪A2) ∩ (B1 ∪B2)
= (A1 ∩B1) ∪ (A2 ∩B2)

DB = {1, 3, 5} ∪ {a, c}.

Definition 2.13 If AB and BB are bisets and AB ∩ BB = ∅, that is, A1 ∩ B1 = ∅
and A2 ∩B2 = ∅, then we say that AB and BB are disjoint bisets.

Example 2.14 If AB = {1, 2} ∪ {a, b, c} and DB = {3, 4} ∪ {d, e, f}
Then, AB ∩BB = ∅.

Definition 2.15 The universal biset is the set of pair of all possible objects. The
universal bisets is commonly written as UB = U1∪U2 where U1 and U2 are universal
sets of the first and second components.

Definition 2.16 The complement of a biset AB is the collection of pair of all objects
in the universal bisets that are not in AB. That is, Ac

B = Ac
1 ∪ Ac

2. It is also called
as B-complement.

In set builder form,
Ac

B = {xB : x1 /∈ A1andx2 /∈ A2} or more compactly as
Ac

B = {xB : (xB /∈ AB)}
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Definition 2.17 The symmetric difference of two bisets AB and BB is the biset of
pair of objects that are in one and only one of the bisets. The symmetric difference
is written as AB4BB = DB.

In curly brace notation
DB = AB4BB = {(AB −BB) ∪ (BB −AB)}

Example 2.18 Suppose that UB = {1, 2, 3, 4, 5} ∪ {a, b, c, d},
if AB = {1, 2, 3} ∪ {a, b, d} and BB = {1, 3, 5} ∪ {a, c, d},

Then AB −BB = (A1 ∪A2)− (B1 ∪B2)
= (A1 −B1) ∪ (A2 −B2)

AB −BB = {2} ∪ {b}.
Let AB = {1, 2, 3} ∪ {a, b, d} and BB = {1, 3, 5} ∪ {a, c, d}
Then BB −AB = (B1 ∪B2)− (A1 ∪A2)

= (B1 −A1) ∪ (B2 −A2)
BB −AB = {5} ∪ {c}
DB = AB4BB = {(AB −BB) ∪ (BB −AB)}
DB = {[(2) ∪ (b)]

⋃
[(5) ∪ (c)]}

DB = {(2, 5) ∪ (b, c)}

Definition 2.19 For two bisets AB = A1 ∪ A2 and BB = B1 ∪ B2, we say that
AB is a subset of a biset BB if each element of A1 is also an element of B1 and
each element of A2 is also an element of B2. In formal notation we write AB ⊆ BB

where A1 ⊆ B1 and A2 ⊆ B2.
If AB ⊆ BB then we also say BB contains AB which can be written as BB ⊇ AB.

If AB ⊆ BB and AB 6= BB, then we write AB ⊂ BB and we say that AB is a proper
subset of the biset BB.

Example 2.20 If AB = {1, 2, 3} ∪ {a, b} then
CB = {1, 2} ∪ {a, b},
DB = {2, 3} ∪ {b},
EB = {} ∪ {a} are some different subsets of the biset AB.

Definition 2.21 The set of all subsets of a biset AB is called the powerset of the
biset AB. We denote it is ℘(AB).

That is, ℘(AB) = ℘(A1) ∪ ℘(A2)

Example 2.22 Let AB = {1, 2, 3} ∪ {a, b, c}, then ℘(AB)
= {{} , {1} , {2} , {3} , {1, 2} , {1, 3} , {2, 3} , {1, 2, 3}}∪{{} , {a} , {b} , {c} {a, b} , {a, c} , {b, c} , {a, b, c}}

Definition 2.23 If AB and BB are non-empty bisets, then a mapping on a biset
fB : AB → BB is a rule which assigns to each member of AB a unique member in
BB. We call AB as the B-domain and BB as the B-codomain of the mapping. If
fB is a function on a biset then we denote the domain of fB by B-dom(fB) and the
range of fB by B-rng(fB).

That is, if fB : AB → BB is mapping on a biset( B-mapping), so that
fB(x1, x2) = (y1, y2) = (f1(x1), f2(x2)) for all x1 ∈ A1, x2 ∈ A2 and y1 ∈ B1,
y2 ∈ B2.
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Definition 2.24 An ordered pair of two bisets is a collection of components with
the ordered property that one element comes first and another element comes second.
The biset containing only xB and yB (for xB 6= yB)is written as (xB, yB). The
ordered pair of two bisets containing xB and yB with xB first is written as (xB, yB).

Definition 2.25 A function on a biset fB : AB → BB is B-one-one( B-injective) if
distinct elements in AB have distinct images in BB under fB.

In other words, fB is one-one, if (xB, yB)∈ AB and xB 6= yB
That is, (x1, x2) 6= (y1, y2) implies that fB(x1, x2) 6= fB(y1, y2) or equivalently,
fB(x1, x2) = fB(y1, y2) implies that (x1, x2) = (y1, y2).

The mapping on a biset ( B- mapping) fB is called B- onto( B-surjective) if the
range of fB is B-equal to BB. Thus if fB is B-onto, every element of BB has a
pre-image in AB.

If fB : AB → BB is both one-one and onto then fB is called a B-bijection.

Definition 2.26 Let XB,YB and ZB are bisets. The bicomposition of two functions
on a biset fB : XB → YB and gB : YB → ZB are function on a biset hB : XB → ZB

for which hB(xB) = gB[fB(xB)] for all xB ∈ XB.
That is, fB(x1, x2) = fB(y1, y2) and gB(x1, x2) = (z1, z2)
Then hB(x1, x2) = gB(y1, y2) = (z1, z2). We write gB ◦ fB = hB for the compo-

sition of gB with fB.

Definition 2.27 Let fB : AB → BB be a bijection on a biset AB. Then for each
bB ∈ BB, there exists a unique element aB ∈ AB such that fB(a1, a2) = (b1, b2).

Define f−1B : AB → BB by f−1B (b1, b2) = (a1, a2), f
−1
B is called the B-inverse of

the B-function fB.

Definition 2.28 Let AB be any biset. The functions on a biset iAB
: AB → AB

defined by iAB
(xB) = xB for all xB ∈ AB is called the identity function on the biset

AB.
That is, iAB

(x1, x2) = (x1, x2) where x1 ∈ A1 and x2 ∈ A2. Thus iAB
leaves

every element of AB fixed.

Definition 2.29 If AB and BB are bisets then the set of all ordered pair of two
bisets with the first element from AB and the second from BB is called the B-cartesian
product of AB and BB. It is denoted by AB ×BB. That is,

AB ×BB = (A1 ×B1) ∪ (A2 ×B2)
= {(a1, b1) ∪ (a2, b2) : a1 ∈ A1, a2 ∈ A2andb1 ∈ B1, b2 ∈ B2}.

Definition 2.30 A biset NB ⊂ RB is said to be a B-neighbourhood of a point
pB ∈ RB if there exsits a B-open interval ]a1, b1[∪]a2, b2[ containing pB and contained
in NB. If NB is a neighbourhood of pB, then we say that pB is a B-interior point
of NB. That is, p1 is an interior point of N1 and p2 is an interior point of N2.

Definition 2.31 A biset GB ⊂ RB is said to be B-open if it is a neighbourhood of
each of its points. A biset GB ⊂ RB is said to be B-open if for each pB ∈ RB, there
exists ε1 and ε2 > 0 such that, ]p1 − ε1, p1 + ε1[⊂ G1 and ]p2 − ε2, p2 + ε2[⊂ G2.
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Definition 2.32 A biset FB ⊂ RB is said to be B-closed if its complement (that is,
RB ∼ FB) is B-open.

Definition 2.33 A point pB ∈ RB is said to be a limit point (or an accumulation
B-point) of a biset SB ⊂ RB, that is, S1 ⊂ R1 and S2 ⊂ R2. If for each (ε1, ε2) > 0
then B-open interval ]p1− ε, p1 + ε[∪]p2− ε, p2 + ε[ contains a point of SB other than
pB.

Proposition 2.34 Two bisets are equal (B-equal) if and only if each is contained
in another biset
that is, (AB = BB)⇔ (AB ⊆ BB) ∧ (BB ⊆ AB).

Proof: Let AB and BB be two bisets. Assuming that AB = BB, that is,A1 = B1

and A2 = B2. We know that every biset is a subset of a biset to itself, so AB ⊆ AB.
That is A1 ⊆ A1 and A2 ⊆ A2.

Since AB = BB, we may substitute into this expression on the left and obtain
BB ⊆ AB. That is, B1 ⊆ A1 and B2 ⊆ A2. Similarly, we may substitute on the
right and obtain AB ⊆ BB.

That is, A1 ⊆ B1 and A2 ⊆ B2. We have thus demonstrated that if AB = BB

then AB and BB are both subsets of a biset each other.
Conversely, assume that AB ⊆ BB and BB ⊆ AB. Then by definition of subset

of a biset, we have any element of AB is an element of BB. That is, A1 is an
element of B1 and A2 is an element of B2.

Similarly, any element of BB is an element of AB. This means that AB and
BB have the same elements. Therefore, AB = BB. �

Theorem 2.35 For the given an arbitrary family F of open bisets in RB. Then the
union of two bisets ( B-union) is B-open.

Proof: Let FB be the union of two bisets of an arbitrary family F of open bisets in
RB.
To prove that FB is an open biset.

Consider any pB ∈ FB. since FB is the B-union of components of F .
Therefore, there must exist an open biset HB ∈ F such that pB ∈ HB ⊂ FB.

Since HB is an open biset and pB ∈ HB, therefore, there must exist (ε1, ε2) > 0
such that ]p1 − ε, p1 + ε[∪]p2 − ε, p2 + ε[⊂ HB ⊂ FB.

Again, since ]p1 − ε, p1 + ε[∪]p2 − ε, p2 + ε[ is contained in FB.
Therefore, FB is a neighbourhod of pB. Since pB is any point of FB, it follows

that FB is a neighbourhood of each of its points, and consequently, FB is an open
biset. �

Theorem 2.36 Let GB and HB are two open bisets in RB. Then intersection of
two open bisets is B-open

Proof: Let GB ⊂ RB and HB ⊂ RB. That is, G1 ⊂ R1 and H1 ⊂ R1, G2 ⊂ R2

and H2 ⊂ R2 be two open bisets.
If GB ∩HB = ∅B, that is, G1 ∩H1 = ∅1 and G2 ∩H2 = ∅2, then it is B-open.
If GB ∩HB 6= ∅B, let pB be any point of GB ∩HB. Now, pB ∈ GB ∩HB which

implies that pB ∈ GB and pB ∈ HB.
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That is, p1 ∈ G1 ∪G2 and p1 ∈ H1 ∪H2, p2 ∈ G1 ∪G2 and p2 ∈ H1 ∪H2, which
implies that GB and HB are B-neighbourgoods of pB.

Hence GB∩HB is a B-neighbourhood of pB. That is, G1∩H1 is a neighbourhood
of p1 and G2 ∩H2 is a neighbourhood of p2.

Since pB is any point of GB ∩ HB, therefore, it follows that GB ∩ HB is a B-
neighbourhood of each of its points, and consequently, GB ∩ HB is an open biset.
�

3 Conclusion

In this paper, we introduce the concept of biset, subsets of a biset, B-union and
B-intersection of two bisets. Also, we studied the properties of B-open and B-closed
concept in bispaces. In future, using this concept various types of spaces will be
developed.
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