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Abstract - Matrices associated with the graphs were considered as a good tool to construct codes from graphs with desirable 

properties. We introduced a new binary code – the vertex code 𝐶 from a given graph 𝐺, depending on the degree of the vertices 

of 𝐺, in such a way that the vertex polynomial of 𝐺 is same as the weight enumerator of 𝐶 in [3]. A detailed study on the 

properties of the vertex code was carried out in[4]. In this paper we revise the vertex code given there in with the purpose of 

enhancing the error correcting capability of the code and try to generalize the nature of the graph for a given code of specified 

size and distance. 
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1.  Introduction  

Let G = (V, E) be any simple graph of order p and size q. deg(vi) denotes the degree of vertex vi, δ(G) and ∆(G) 

represents the minimum and maximum degree of G. For the definitions and algorithms from graph theory we follow [1], [5]. A 

block code C of length n over the field F = GF(2) is a collection of binary words of length n. A word is a sequence of binary 

digits, where the only digits are  and . The size of C denoted as |C| is the number of words of C. If C = {c1, c2, c3, … , cn}, 

then the Hamming distance between any two code words ci and cj is defined as,   

dH(ci, cj) = Number of coordinates in which ci and cj   differ. The minimum distance of C is the min{dH(ci, ck); ci ≠

ck; ∀  ci,  ck ∈ C}. The Hamming weight of a code word ci is the number of ones in it and is denoted as wtH(ci). The error 

correcting capability of code dependents directly on the minimum distance of the code. For coding concepts we refer to[2]. 

 

2. Vertex Code of a Graph 

Earlier we constructed vertex code 𝐶𝐺 of a graph 𝐺 of order 𝑝, such that to every vertex 𝑢𝑖 of 𝐺 there exists a code word 𝑐𝑖 

satisfying, 𝑤𝑡(𝑐𝑖) = 𝑑𝑒𝑔(𝑢𝑖), having block length 𝑛, where (𝑛
𝑖
) ≥ 𝛼𝑖, 𝛼𝑖 is the number of vertices with degree 𝑖. Also it was 

assumed that, 𝑑𝐻(𝑐𝑖, 𝑐𝑗) = {
|𝑑𝑒𝑔(𝑢𝑖) − 𝑑𝑒𝑔(𝑢𝑗)|, 𝑖𝑓 𝑑𝑒𝑔(𝑢𝑖) ≠ 𝑑𝑒𝑔(𝑢𝑗)

2, 𝑖𝑓  𝑑𝑒𝑔(𝑢𝑖) = 𝑑𝑒𝑔(𝑢𝑗)
. 

The minimum distance of the code so constructed turned out to be as low as 1 or 2, there by affecting the error correcting 

capability of the code. The quest for good error detection and correction codes from graphs forced to think as follows: 

3. Vertex Code of a Graph – Revised 

Let 𝐺 be a simple graph (regular graphs are not preferable here) of order 𝑝, with degree sequence 𝑑1, 𝑑2, ⋯𝑑𝑝 (not all  𝑑𝑖′𝑠 

distinct). If an arithmetic sequence with common difference 𝑑 ≥ 3, having 𝑠 terms can be extracted from the degree sequence, 

rename those 𝑠 vertices of 𝐺 as 𝑣1, 𝑣2, ⋯ 𝑣𝑠. Assign code words 𝑐1, 𝑐2, ⋯ 𝑐𝑠 to these 𝑠 vertices in such a way that 𝑤𝑡(𝑐𝑖) =

𝑑𝑒𝑔(𝑣𝑖) (𝑖 = 1,2,⋯ , 𝑠) and 𝑑𝐻(𝑐𝑖 , 𝑐𝑗) = |𝑑𝑒𝑔(𝑣𝑖) − 𝑑𝑒𝑔(𝑣𝑗)|. The code, 𝐶 = {𝑐1, 𝑐2, ⋯ 𝑐𝑠} so obtained from 𝐺 is called 

𝑣𝑒𝑟𝑡𝑒𝑥 𝑐𝑜𝑑𝑒 𝐶𝐺 of 𝐺. Thus the 𝑣𝑒𝑟𝑡𝑒𝑥 𝑐𝑜𝑑𝑒 𝐶𝐺  has minimum distance 𝑑 ≥ 3.  
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Definition  

The 𝑣𝑒𝑟𝑡𝑒𝑥 𝑐𝑜𝑑𝑒 𝐶𝐺 of a graph 𝐺 is a code obtained by considering only those vertices of 𝐺, whose degrees are in an 

arithmetic sequence with common difference 𝑑 ≥ 3, where the vertices are coded in accordance with their degrees such that 

𝑑𝑒𝑔(𝑣𝑖) =  𝑤𝑡(𝑐𝑖) and 𝑑𝐻(𝑐𝑖, 𝑐𝑗) = |𝑑𝑒𝑔(𝑣𝑖) − 𝑑𝑒𝑔(𝑣𝑗)|. 

Remark 

If 𝑑𝑚 denotes the minimum degree of a vertex in the considered sequence with a common difference 𝑑, then, 𝑤𝑡(𝑐𝑘) =

𝑑𝑚 + (𝑘 − 1)𝑑. That is,  𝑤𝑡(𝑐𝑖) < 𝑤𝑡(𝑐𝑗) 𝑓𝑜𝑟 ∀ 𝑖 < 𝑗. 

 Since we are considering only those vertices whose degrees are in an arithmetic sequence with common difference𝑑 ≥ 3, the 

minimum distance of the code also turns out to be greater than or equal to , and in turn the code can correct at least 1 error. 

 

Theorem 

If 𝐶 = {𝑐1, 𝑐2, ⋯ 𝑐𝑀} is a code with minimum distance 𝑑𝐻 and if 𝑤𝑡(𝑐1) = 𝑑𝑚, then the minimum required block length 𝑛 

of 𝐶 is  𝑛 = 𝑑𝑚 + (𝑀 − 1)𝑑𝐻                                       (1) 

Proof:  We have 𝐶 = {𝑐1, 𝑐2, ⋯ 𝑐𝑀} and 𝑤𝑡(𝑐1) = 𝑑𝑚. 

 

We prove the theorem using Mathematical Induction. 

When 𝑀 = 1, that is the code contains only one word, as there are no other words to be compared with it, assume it to be with 

minimum weight 𝑑𝑚. Then the minimum required block length of the code is equal to the weight of the given code, that is, 𝑛 =

𝑑𝑚. 

When 𝑀 = 2, the code words 𝑐1 and 𝑐2 differ by a distance of 𝑑𝐻 and the block length 𝑛 = 𝑑𝑚 is not sufficient to represent 

these two words, and 𝑛 = 𝑑𝑚 + 𝑑𝐻, turns out to be the minimum to satisfy the coding condition. 

Assume the given value of 𝑛 is true for 𝑀 = 𝑘. That is for 𝐶 = {𝑐1, 𝑐2, ⋯ 𝑐𝑘}, 

𝑛 = 𝑑𝑚 + (𝑘 − 1)𝑑𝐻. 

When 𝑀 = 𝑘 + 1. That is, 𝐶 = {𝑐1, 𝑐2, ⋯ 𝑐𝑘, 𝑐𝑘+1}. Since the distance between code words 𝑐𝑘 and 𝑐𝑘+1,i.e. 𝑑(𝑐𝑘, 𝑐𝑘+1) ≥ 𝑑𝐻,  

according to our construction, 

𝑛 ≥ 𝑑𝑚 + (𝑘 − 1)𝑑𝐻 + 𝑑𝐻 

= 𝑑𝑚 + 𝑘 𝑑𝐻 

Since we are interested in minimum block length we take,  𝑛 = 𝑑𝑚 + 𝑘 𝑑𝐻 

 

Thus, 𝑛 = 𝑑𝑚 + (𝑀 − 1)𝑑𝐻, for any code 𝐶 having size 𝑀 and distance 𝑑𝐻. 

 

3.1. Constructing a code from a given graph𝑮. 

We proceed with an example. Consider the graph 𝐺1 in figure 1. 

Here 𝐺1 has the degree sequence 16,15,14, ,13,13,12,11,10,9,9,8,7,6,5,4,2,2 and the corresponding vertices are named as 

𝑣17, 𝑣16, 𝑣15, 𝑣14, 𝑣13, 𝑣12, 𝑣11, 𝑣10, 𝑣9, 𝑣8, 𝑣7, 𝑣6, 𝑣5, 𝑣4, 𝑣3, 𝑣2, 𝑣1, respectively. 𝐺1 can be vertex coded as defined in [2]. But the 

minimum distance 𝑑𝐻turns out to be 1. So consider the subsets of vertices 𝑉𝑆1 , 𝑉𝑆2 , 𝑉𝑆3 , 𝑉𝑆4 , 𝑉𝑆5 with 𝐶𝑆1 , 𝐶𝑆2 , 𝐶𝑆3 , 𝐶𝑆4 , 𝐶𝑆5 as the 

corresponding codes respectively. Each case is separately dealt with as follows: 
 

(i) 𝑉𝑆1 = {𝑣1, 𝑣4, 𝑣7, 𝑣11, 𝑣14}, corresponding to the vertices with degrees (2, 5, 8, 11, 14) 

Here, |𝐶𝑆1| = 5, 𝑑𝐻 = 3 and 𝑤𝑡(𝑐1) = 2. The minimum required block length of this code, 𝑛 = 5 × 3 + (2 − 3) =

14. 
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(ii) 𝑉𝑆2 = {𝑣3, 𝑣7, 𝑣12, 𝑣17}, corresponding to the vertices with degrees (4,8,12,16). 

The code 𝐶𝑆2 has size 4 and minimum distance 4 and has the block length of 16.  

   

(iii) The code 𝐶𝑆3 with respect to  𝑉𝑆3 = {𝑣5, 𝑣8, 𝑣12, 𝑣16}, corresponding to the vertices with degrees (6, 9, 12, 15) has size 

4 and minimum distance 3 and block length 15. 

(iv) The code 𝐶𝑆4with respect to 𝑉𝑆4 = { 𝑣4,  𝑣9, 𝑣13}, has size 3 and minimum distance 4 and block length 13. 

(v) 𝑉𝑆5 = {𝑣3, 𝑣6, 𝑣10, 𝑣13, 𝑣17} corresponding to the vertices with degrees (4,7,10, 13,16) has, |𝐶𝑆5| = 5, 𝑑𝐻 = 3 and , 

𝑛 = 16 

Thus from a given simple graph we can construct a number of sub graphs and corresponding 𝑣𝑒𝑟𝑡𝑒𝑥 𝑐𝑜𝑑𝑒𝑠  with varying 

size, distance and block length, so as to meet error correction parameters. 

 

 

 

 

𝐺1 
Fig. 1 
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3.2. Construction of the graph 𝑮𝑪 from a given code 𝑪 

If we are given a code 𝐶 of block length 𝑛 with |𝐶| = 𝑀 and minimum distance 𝑑𝐻, such that,  𝑑(𝑐𝑖 , 𝑐𝑗) = 𝑘 × 𝑑𝐻, 𝑘 ∈

Ι, 𝑎𝑛𝑑 ∀ 𝑐𝑖 , 𝑐𝑗 ∈ 𝐶, then we can construct the graph 𝐺 of minimal order and size in an unique way. 

[Assumptions followed on constructing codes from graphs are applied here in reverse manner.] 

Step by step procedure to construct a graph  𝐺𝐶 from given code 𝐶: 

 

1. Rewrite the code words 𝑐1, 𝑐2, ⋯ 𝑐𝑀 of 𝐶 in such a way that 𝑤𝑡(𝑐𝑖) < 𝑤𝑡(𝑐𝑖+1) 

2. If  𝑐𝑀 is an code word with weight 𝑛, according to our assumption there exists a vertex 𝑣𝑀 of 𝐺𝐶 such that 𝑑𝑒𝑔(𝑣𝑀) =

𝑛. Since 𝐺 is a simple graph, 𝑣𝑀 has 𝑛 distinct neighbours. Thus the required 𝐺𝐶  contains at least 𝑛 + 1 vertices. 

3. Plot 𝑛 + 1 points in a plane and mark the vertex 𝑣𝑀 out of those 𝑛 + 1 points and draw its 𝑛 adjacencies. 

4.  Next choose a vertex 𝑣𝑙 corresponding to the code word 𝑐𝑙 of just lower weight than that of  𝑐𝑀 and draw its 

adjacencies so that,  𝑤𝑡(𝑐𝑙) = 𝑑𝑒𝑔(𝑣𝑙). 

5. Choose a vertex 𝑣𝑘 from any of the adjacent vertices of 𝑣𝑙 and draw all remaining adjacencies so as to match  the 

codeword  𝑐𝑘, such that 𝑤𝑡(𝑐𝑘) = 𝑑𝑒𝑔(𝑣𝑘) 

6. Repeat the process in step.5, choosing the next vertex with having maximum degree.  

7. Continue the process till all the vertices with respect to the code words in 𝐶 are marked along with their adjacencies. 

The graph thus obtained is a minimal one with respect to the given code 𝐶. 

Definition 

A graph 𝐺𝐶 with respect to a given (𝑛,𝑀, 𝑑𝐻) code 𝐶, with 𝑑𝑚 as the minimum weight of code word in 𝐶, is said to be a 

minimal graph if it is of order 𝑝, with  𝑝 = 𝑛 + 1 and size 𝑞, where 

𝑞 =

{
 
 

 
 
|𝑀| × 𝑛 − ∑ 𝑖(𝑑𝐻 + 1); 𝑖𝑓 |𝑀| ≤ 𝑑𝑚

|𝑀|−1

𝑖=1

                      (𝑎)

(|𝑀| − 1) × 𝑛 − ∑ 𝑖(𝑑𝐻 + 1); 𝑖𝑓 |𝑀| > 𝑑𝑚  

|𝑀|−2

𝑖=1

         (𝑏)

                           (2) 

 

3.2.1. Consider the following examples of drawing graphs from given 𝒗𝒆𝒓𝒕𝒆𝒙 𝒄𝒐𝒅𝒆𝒔 𝑪𝑮 

(i) Case I |𝑀| < 𝑑𝑚 

Consider the given code {11110000, 11111111}. Here 𝑑𝑚 = 4 and |𝑀| = 2 

The corresponding minimal graph following the step by step procedure discussed earlier is shown in figure 2, with 𝑝 = 9    

 and 𝑞 = 11 and which satisfy (𝑎) of (2) 
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Fig. 2 

(ii) Case II  |𝑀| = 𝑑𝑚 

Consider the given code {111000000,111000111, 111111111}. Here 𝑑𝑚 = 3 and |𝑀| = 3. 

In figure 3, the vertices ℎ, 𝑑, 𝑎𝑛𝑑 𝑗 with degrees 3, 6, 𝑎𝑛𝑑 9 corresponds to the given code words 111000000,

111000111 𝑎𝑛𝑑  111111111 𝑝 = 10 and  𝑞 = 15, which satisfies (𝑎) of (2). 

 

 
 

 
Fig. 3 
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(iii) Case III  |𝑴| > 𝒅𝒎 

Consider the given code  𝐶 = {
101010000000000, 101010101010000,
101010101010111, 111110101011111,

111111111111111 
}. 

Here 𝑑𝑚 = 3 and |𝑀| = 5. 

The vertices 𝑣3, 𝑣6,  𝑣9 , 𝑣12 and 𝑣15 corresponds to the code words in 𝐶, in given order. As the maximum weight of a word in 

𝐶 is 15, there must be a vertex of degree 15. Since the graphs under our consideration are simple, the required graph should 

have at least 16 vertices. The graph drawn as per the step by step procedure discussed above is given in figure 4. This is a 

minimal graph with order  𝑝 = 16 and size 𝑞 = 36. Here (𝑏) of (2) is satisfied.  

 

 
 

Fig. 4 

 

3.3. Properties of Minimal graph 

1. The vertices corresponding to 𝑀 code words form a Hamiltonian circuit. 

2. The vertices corresponding to code words of 𝐶 act as cut vertices. 

3. The vertex corresponding to the code word with maximum weight is a minimum vertex cut. 

 

4.  Conclusion 

In this paper we constructed a vertex code from a given graph with enhanced error correction capability. A minimal graph 

𝐺𝐶 with respect to a given vertex code is also constructed. 
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