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Abstract - This paper presents new theorems solving differential equations of nth-ovder where the possibility of calculating
solutions nearly in parallel. These theorems are based on an engineering methodology which forward the concept of solutions
architecting according to an engineering approach, where the process of developing expressions and sub-expressions of
solutions is based on requirements engineering, analysis, design, and then developing the complete algebraic formulas of
solutions to be scalable and projectable on any orders or degrees of equations. The new engineering methodology in this paper
is initially developed to solve nth degree polynomial equations in general forms while using specific new unified formulas
composed of radical expressions, which allow calculating the roots nearly in parallel. Then, this paper forwards this engineering
methodology by using the roots of nth degree polynomial equations in general forms to solve differential equations of nth order.
This methodology is presenting specific logic, statements, conditions, mathematical expressions and new unified formulas that
allow calculating the solutions of nth degree polynomials and nth-order differential equations. In addition, this paper presents
the results of applying this engineered methodology on differential and polynomial equations of fourth degree, fifth degree and
sixth degree. This methodology is built on precise details that are providing step-by-step logic and formulas to calculate the
solutions, which allow concretizing multiple theorems formulating the algebraic expressions of all solutions for different orders
and degrees of equations where the possibility of calculating the values of these solutions nearly in parallel while relying on
distributed structures of terms.

Keywords - Differential equations, new engineered methodology, polynomial equations, roots parallel calculations, solutions
architecting, solving nth degree polynomials, solving nth order differential equations.

1. Introduction
In the fields of mathematics, differential equations are specific forms of equations expressed by relying on derivatives
whereas having at least one unknown function and its derivations.

Differential equations are widely used in physics, economics, biology, automation, industries and engineering, because these
differential equations are formulating the relations between quantitative functions and their rates of changing, which allow
studying, analyzing, controlling and even predicting the values and evolutions of these functions.

These differential equations were introduced as a part of Calculus, which was invented in the 17 century by Isaac Newton
[1-3] and Gottfried Leibniz [2]. Since then, there have been many books and research papers tackling the solvability of
differential equations and their classifications according to the properties of equations.

Among the classes of differential equations, we have ordinary differentials [4], partial differentials [5], linear differentials
[6], non-linear differentials [7], homogeneous differentials [8] and heterogeneous differentials [9]. In addition, there are other
classes of differential equations that are varying depending on context and properties of equations [10-12].

Ordinary differentials are specific form of differential equations with exactly one unknown function and its derivatives
basing on one unknown variable, whereas partial differentials are more composed forms of differential equations handling
multiple variables by at least one unknown function and its derivatives.
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Linear differentials are a category of differential equations that are linear in the unknown function and its derivatives, so it
can be written in the form {( Zi:g a;(x) * y(i)) = b(x)}. The expressions ay(x),..., a,(x) and b(x) are

arbitrary differentiable functions that do not need to be linear, whereas y, ..., y™ are the consecutive derivatives of an unknown
function y in term of the variable x.

Nonlinear differentials are more composed forms of differential equations where the unknown function (or its derivatives)
does not appear in a linear way. This means the equation cannot be expressed as a sum of terms where each term is a constant
(or a function of independent variables) multiplied by either the unknown function of dependent variable or one of its derivatives.

A differential equation can be referred as homogeneous in two prospect scenarios. The first prospect is when we describe
afirst order differential equation as to be homogeneous if we can express it as follows: {f(x,y)dy = g(x,y)dx}
where fand g are homogeneous functions of the same degree of x and y. The second prospect is when we describe a differential
equation as to be homogeneous if it is a homogeneous function of the unknown function and its derivatives. In simpler terms,
this means that if we scale the input variables by a constant, the output of the function scales by a power of that constant

{f(toxy, txp, oo tx) = tRF (21, X0, oo, X))

Heterogeneous differentials are differential equations where the right-hand side of the equation is not equal to zero, in case
we dedicate this side of equation to express only the independent variables. In simpler terms, it is a differential equation that
includes a non-zero function of the independent variable(s) on one side of the equation or containing constant terms that are not
multiplied by the function of dependent variable nor its derivatives.

Among the most common methods to solve differential equations is converting them according to polynomial forms of
equations, then using the roots of these polynomials to express the solutions of differential equations. This method is built on the
inductive relation between the order of differential equations and the degrees of polynomial equations.

In order to help solving nth-order differential equations, we need to start by converting them to polynomial forms of nth
degrees, then using the roots of these polynomials to express the solutions of corresponding differentials, which usually lead
toward using numerical analysis algorithms to find these roots especially when the equations are not having symmetries and the
nth degree is higher than four.

Solving nth order differential equations and nth degree polynomials has been challenging over centuries to mathematicians,
scientists and researchers, peculiarly when looking for algebraic terms that may help expressing the roots of equations. This
encountered challenge is due to the complexity of calculations that can outstrip the previsions of human mind especially when
orders and degrees of equations are making them transcending above the quartic form.

The complexity of mathematical calculations during the attempts of solving polynomial equations of high degrees is majorly
due to using radicalities while adopting particular approaches. In addition, reaching a point of having highly complex outcomes
where the form of resulted equation is far from foreseeing a simplification or reduction; will lead toward conducting exhaustive
change on used approach or even replacing it by adopting a different one.

Adopting a specific approach to solve particular degrees or orders of equations lead toward having limitations in the resulted
forms of equations where simplifications and reductions are harder to be conducted by comparison to the starting point. In
addition, conducted calculations may expand in high rate when searching for the solution while trying different approaches that
may impose restarting calculations from scratch. Furthermore, the induced complexity of resulted forms of equations may lure
toward adopting a narrowed solution to be used on a specific form of polynomials or differential equations that have particular
conditions stated by the values of included coefficients.

As aresult, discovering unified solution formulas for polynomials and differential equations in general forms and in complete
forms is more challenging when relying on a research methodology where calculations and logic may to be restarted from scratch
when the approach is drastically modified or even replaced.

Therefore, we rely on an engineering methodology where we construct the appropriate approach bit-by-bit basing on patterns
and characteristics that should be met. Then, we use this built approach to architect the adequate roots and to structure their
involved terms and sub-terms. Then, we forward logic and calculations toward engineering the mathematical formulas of all
roots, in order to allow the calculation of all expected solutions nearly in parallel.
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Relying on this engineering methodology to solve polynomials and differential equations avoid us restarting the logic and
calculations from scratch, and allow us to keep relying on the exact approach and results of calculations while conducting only
slight modifications, when necessary, toward reaching the final forms of unified formulas. In addition, this engineering
methodology allows us to project the exact approach and extend the same logic toward solving higher orders of differentials and
higher degrees of polynomials.

In this engineering methodology, the axe of focus is building and architecting the necessary formulas according to a scalable
logic where we start from requirements engineering toward designing the starting point, the path, the destination and the structure
of expected final results. As a result, conducted calculations and adopted reasoning follow a pr-designed path toward structuring
the unified formulas of niched roots.

The advantage of this paper is presenting specific theorems listing algebraic formulas designed to solve fourth degree, fifth
degree and sixth degree polynomial equations in general forms by using radical expressions where the possibility of calculating
the values of all roots nearly in parallel. Then, this paper forwards the presented theorems toward solving differential equations
of fourth order, fifth order and sixth order while providing the same convenient of calculating solutions nearly in parallel.

This paper is also presenting the engineered requirements and techniques that lead to architect the results of proposed
theorems, whereas allowing to scale the roots of nth degree polynomial equations toward calculating the solutions of nth order
differential equations.

This paper is a principal step in our work of solving nth order differential equations and nth degree polynomials basing on
projecting the presented methods and results in this paper on other equations where orders and degrees are higher than six, which
will be presented in other articles.

The proposed concept in this article about architecting solutions according to a distributed structure of terms can extend itself
to different problems in geometry, numbers theory and algebra in general; because this concept is introducing an engineering
methodology based on identifying patterns and characteristics that allow forwarding calculations and expressions toward specific
converging points where the results are built step-by-step and not only searched.

This engineering methodology was first used to develop the solutions of quartic polynomial equations in general forms [13],
by building the unified formulas of the four roots of any quartic equation, which allow calculating the four solutions nearly
simultaneously. Then, the same engineering methodology was scaled to solve quantic equations [14] in complete forms by
proposing the necessary unified formulas of roots to calculate the five solutions nearly in parallel. In addition, this engineering
methodology was used to solve sixth degree polynomial equations [15] in complete forms whereas providing the possibility of
calculating the six solutions nearly in parallel. Therefore, this paper is allowing to scale this engineering methodology and its
results on nth order differential equations and nth degree polynomials.

In addition, this paper presents new theorems developed to solve nth order differential equations and nth degree polynomial
equations while providing necessary logic, conditions, parameters and formulas to calculate the solutions nearly in parallel by
extending the proposed methodologies.

Furthermore, this paper presents new additional solutions for nth order differential equations that allow interconnecting
many arbitrary points which open the way to scall up the range of using these differential equations in business analytics, data
analytics predictive analysis and systems control.

Because the content of this paper is original, and it is embedding many new proposed formulas, mathematical expressions
and theorems which are built on extendable logic; this paper will focus on presenting these theorems and their formulas in a
scaling manner whereas relying on relevant proofs from the papers [13], [14], and [15].

The contents of this paper are structured as follow: Section 2 presenting the used engineering methodology and its developed
requirements and techniques to solve nth order differential equations. Section 3, presenting the used methodology to solve nth
degree polynomial equations. Section 4, presenting six theorems developed to solve fourth degree polynomial equations whereas
allowing to determine the amount of complex solutions. Section 5, presenting developed theorems and formulas to solve fourth
order differential equations whereas allowing to determine the amount of expected complex functions among the solution.
Section 6, presenting two theorems developed to solve fifth degree polynomial equations. Section 7, presenting developed
theorems and formulas to solve fifth order differential equations. Section 8, presenting two theorems developed to solve sixth
degree polynomial equations. Section 9, presenting developed theorems and formulas to solve sixth order differential equations.
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Section 10, presenting developed theorem to solve nth degree polynomial equations. Section 11, presenting new developed
theorems and formulas to solve nth order differential equations. Finally, Section 12 for conclusion.

2. Methodology to Solve nth Order Differential Equations

This section presents the requirements, the techniques and the formulas to solve nth order differential Equations according
to an organized method step by step while relying on the proposed methodology in this paper to solve nth degree polynomial
equations.

In addition, this section presents new unified solutions for nth order differential equations that allow interconnecting many
arbitrary points which allow scaling up their use in business analytics, data analytics and predictive analysis by mapping variables
and datums of collected data to each other while tracking macro transitions and micro variations among them.

1. Expressing a differential equation of nth order according to the form Y.c; (EC‘)) = ( where f(gci)) is the derivation of order (i),

whereas c; and C are arbitrary values.

2. Supposing the function f,y is expressed as follows: f) = e*** + b.

3. Expressing the derivative of order (i) of the function f(,) as follows f(gck)) = stes**a where (i > 0).

4. Converting the nth order differential equation to be presented as a nth degree polynomial form, which to be expressed as
follows: e5**® x Y'¢c;s' = C — bc,.

5. In order to identify the value of the variable (b), we consider the equation (bc, + 5% x Y¢c;s' = C) at the point of
calculated root (s = s).

6. Solving the equation (b * ¢, = C) in order to identify the value of the variable (b), which to be as follows: [b = CE] where

0

co # 0.

7. Solving the nth degree polynomial equation Yc;s‘ = 0 in order to calculate » roots which we can present in the form of the
group {Sy; ...; Sp}-

8. Using the proposed engineered methodology to solve the nth degree polynomial equation Y¢;s = 0, or using numerical
analysis.

9. In order to calculate all the roots nearly in parallel for the polynomial equation Y.c;s* = 0, we use the proposed engineering
methodology to solve nth degree polynomial equations.

10. We identify an initialization condition for f{,) where (x = 0).

11. The initialization condition for f,y where (x = 0) should be presented as an arbitrary value, which to be expressed as
follows: f(y=0) = Io-

12. The value of the variable (a) should be calculated by relying on the initialization condition.

13. The value of the variable (a) is to be identified by using the expression a = log(l, — b), which allow calculating the value
of the variable (a) as follows: a = log (10 - Ci) where ¢, # 0.
0

skx+log(10—%)

14. The solution of the nth order differential equation should be expressed as DS, = e +C£, where s;, is a
0

calculated root for the nth degree polynomial equation ¥ ¢;s* = 0.
15. When using the proposed engineering methodology to solve nth degree polynomials, we became able to calculate all the

roots {sy; ...; Sy} nearly in parallel, which allow calculating all the solutions {DS;; ...; DS,,} of nth order differential equation

nearly in parallel.
16. When having a differential equation of nth order (Zci (53 = C), we can identify T arbitrary values {I; |k €

[0,T — 1] and T € [1,n]}, where each arbitrary value I, is identified at a specific referencing point X, by using the
expression f(x;) = I.
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17. If there is an amount of 7 different roots {s, ; Sp,;..; Sp;} for the nth degree polynomial equation Xeist=0)
corresponding to the nth order differential equation (Zci (EC‘)) = C), then we can identify T arbitrary values

{I, | k € [0,T — 1] and T € [1,n]}, where each arbitrary value I, is identified at a specific referencing point x; which to
be logically relevant to the root s,, in term of distribution, behavior or ratio of change.

18. After identifying T arbitrary values {I; | k € [0,T — 1] and T € [[1,n]}, where each arbitrary value I, is identified at a
specific referencing point x;, by using the expression f(x;) = I, we can interconnect these arbitrary points to each other
by using the solutions of the differential equation.

19. Ifthere are two different roots {s,; Sy} for the nth degree polynomial equation (¥c;s = C) corresponding to the nth order
differential equation (Zci f(gg =C ), then we can calculate other new solutions for the differential equation which to be

expressed as {DS,’Pr1 = R'qe?* + (R’(,O) L R’(,l)) e*Sa + %; DSpys = R pe*%a + (R’(,O) —L R(h)) e*Sb +

Co Co
C}
0 ’

20. If there are three different roots {s,; sp; s} for the nth degree polynomial equation (3c;s* = C) corresponding to the nth
order differential equation (Zci (53 =C ), then we can calculate other new solutions for the differential equation which to

c C
be  expressed as  {DSfuiismy = Rayne™ + (Ray = Rap)e™ + (Ray = o = Rlayy ) € + =i where s €
{Sas su; SC}}

21. If there is an amount of 7 different roots {s, ; Sp,;..; Sp,} for the nth degree polynomial equation Xeist=0)

corresponding to the nth order differential equation (Zci (EC‘)) =C ), then we can calculate other new solutions for the

L=T-2
differential equation which to be expressed as {DS('n+i>n) = R'(p€T + szl [(R'(IL) - R’(I(L+1))) exS(L+1)] +
(R/ _E_R’ x51+£. h e . . .

i)~ o () e CO,W ere Si € {Sp,; Sp,; -3 Spr}

3. Engineered Methodology to Solve nth Degree Polynomials
The presented methodology in this paper to solve general forms of nth degree polynomial equations is based on architecting
the roots of these equations according to a distributed structure of terms while relying on radical expressions.

In addition, this engineering methodology is relying on developing specific patterns into the structure of niched roots in
order to help converging calculations whereas eliminating degrees of polynomials.

Furthermore, this developed methodology is built on an engineering logic where roots are predesigned before being
expressed according to unified mathematical formulas, which support the expressions structuring for all expected roots of aimed
polynomial equation.

The presented methodology in this paper lead to define a list of engineered requirements and techniques according to a
scaled logic, which is helping to develop the necessary unified formulas to calculate the roots of nth degree polynomial equations
in general forms whereas enabling to calculate the values of possible roots nearly in parallel.

The results of our engineered requirements, techniques and formulas according to the developed methodology are described
as follow:

1. Roots should be expressed according to a distributed structure of terms {zﬁ:g Ti}, which will be multiplied by each other
during calculations.

2. Each included term in the distributed structure of roots should be expressed according to the simplest possible radicality.
3. Allincluded terms in the distributed structure of roots should either be constants or be radical expressions.

4. The included constant terms in the distributed structure of roots should allow eliminating specific parts with specific degrees
from a polynomial equation.
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. . i=n
We adapt a polynomial equation of nth degree {( Z;Z aiXL) = 0} where {a, # 0} by presenting it as {(Z ﬁXL> =

i=0 %n
o}.

We use the expression {X = % + %} to eliminate the term of degree (n — 1) from a polynomial equation of nth degree
n

i=n
{(Z & x i> = 0} when (n — 1) is an odd value or when this elimination is simplifying calculations.

i=0 %n

All included radical terms in each root should have the same radicality, in order to converge resulted expressions during
calculations. Therefore, we choose them to have a radicality of square root.

Each included radical term in the distributed structure of a root {2;:3 Ti} should be expressed according to a sum of simple
i . i=u
radical terms {(2;;3 TL-) = (z;zg xi) = (Z J yi>} when the degree of polynomial equation is equal four.
i=0

Each included radical term in the distributed structure of a root {zgzg Ti} should be expressed according to a multiplication
of at least two different sub-terms {(zgizg TL-) = (Zi¢ i Xi x]-)} when the degree of polynomial equation is surpassing four.

When the degree of polynomial equation is surpassing four, each included sub-term {x;} in the distributed structure of a root
{(25;3 TL-) = (Zi¢ i Xi x]-)} should appear in multiple distributed terms in order to allow further factorizations.

When the degree of polynomial equation is surpassing four, each included sub-term {x;} in the distributed structure of terms
{(25;3 TL-) = (Zi¢ i Xi x]-)} should be presented according to a radical expression of cubic root, quadratic root or a constant.

Combinations among included sub-terms in a root should allow expressing the values of involved coefficients in a
polynomial equation.

The included sub-terms in the distributed structure of terms should allow neutralizing their contents when they are multiplied
by each other in order to have simplified results.

The included sub-terms in the distributed structure of terms should allow eliminating radicality when they are raised to the
power of higher polynomial degrees.

The included sub-terms in the distributed structure of terms should allow eliminating radicality when they are multiplied by
each other.

The included sub-terms in the distributed structure of terms should allow forwarded calculations to supress terms that are
having odd values of polynomial degrees.

The included sub-terms in the distributed structure of terms should allow forwarded calculations to either supressing terms
of the highest degrees or supressing terms of the lowest degrees.

The distributed structure of terms {(zgizg Ti) = (Z# i Xi x]-)} should include a sub-term {x; } presented according to a radical

3 3

expression of cubic root where (xl = |2 41 3\/—2 + (2)2 + (5)3 + % 3\/_2 - (2)2 + (5)3\ .

The distributed structure of terms should include two sub-terms {x,,x3;} presented according to radical expressions of

. £+x1 £+x1 2 Q2 £+x1 £+x1 2 Q2
quadratic roots where | x, = |-2—+ |[2—] ——— |and | x3 = [-2—— [[2Z—| — )
\ 2 64x1 / \ 2 2 64 4 /
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In order to eliminate high degree expressions in a polynomial equation whereas allowing calculations to converge, we use a
constant value {a,} expressed by using included sub-terms in the distributed structure of root where {a; = ¥x?}.

In order to eliminate average degree expressions in a polynomial equation whereas allowing calculations to converge, we
use a constant value {@,} expressed by using included sub-terms in the distributed structure of root where {az =Yixj x? x]-z}
In order to eliminate low degree expressions in a polynomial equation whereas allowing calculations to converge, we use a
constant value {a3} expressed by using included sub-terms in the distributed structure of root where {a3 = Dix j2k xix]-xk}
In order to eliminate the lowest degree expressions in a polynomial equation whereas allowing calculations to converge, we
use a constant value {a,} expressed by using included sub-terms in the distributed structure of root where
{a4 =Yix jEk=l XiXj Xk xl}-

In order to eliminate odd degrees of expressions in a polynomial equation whereas allowing calculations to converge, we re-
formulate the solution {X = (. ; x; x;)} to be presented as {X = (Tx;)? — ¥x? = (Tx;)? — oy }.

In order to reduce degrees of expressions in a polynomial equation whereas allowing calculations to converge, we re-
formulate the second-degree form {X 2= (Y jXi x]-)z} to be presented as {X? = a, + 2a3(Xx;) + 6a,}.

In order to reduce degrees of complex expressions in a polynomial equation whereas allowing calculations to converge, we
re-formulate the quartic form {X * = (Tisjx x]-)4} to be presented as {X* = 4(Xx;)? a3 + 4a;(Xx;)[a, + 6a,] +

[a, + 6a,]%}.

We use the proposed constants {a,, a,, @3, a,} and the expression {X = (Z# X xj)} in order re-express the polynomial
] i=n 4 oi i=n ;

equation {(Zi:o EXL> = 0} to be represented as {( Zi:o in‘) = O} where {Z = Xx;)}.
When the solution of nth degree polynomial equation is expressed as {X = (Zi¢ X xj)}, we adopt a constant value
{L =—r - V} where I is expressed in function of {(3}x,)},in order to converge calculations during the process of

as iz jrk XiXjXk
equations solving.
The resulted polynomial expression at the final stages of forwarded calculations should have only one unknown variable
expressed by including the use of one sub-term incorporated in the distributed structure of roots which to be considered as
an unknown variable.
The resulted polynomial form at the final stages of forwarded calculations should have less degree than the staring point, or
should not have the term of constant value (the term with zero degree). Otherwise, this resulted polynomial form should not
have any terms with odd degrees.
The included sub-terms {x;} in the distributed structure of a root {(ZTi = Yx;) or (ZTi =Yz jXi Xj )} should also be used
in the calculation of all other roots by changing signs of these sub-terms whereas exploiting the involved coefficients in the
polynomial equation.
Reusing the included sub-terms in the structure of a root while only changing their signs should allow calculating the values
of different roots {Solution, = Y, + T,} nearly in parallel.

4. Solving Fourth Degree Polynomial Equations

This section presents the developed theorems and formulas to solve fourth degree polynomial equations by using the

proposed engineering methodology in this paper to solve nth degree polynomial equations in general forms and in complete
forms.

4.1. First proposed theorem for fourth degree polynomials

This section presents the first developed theorem to solve fourth degree polynomial equations that are expressed according

to the form: x* + cx? + dx + e = 0, by converting this fourth degree equation into the form of a third degree polynomial which

c
we can express as follows: x5 + Exé +

c?-4e

2
o %o~ :—4 = 0. The proof of this theorem is detailed in [13].
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Theorem 1
A fourth-degree polynomial equation under the expression (Equation. 1), where coefficients belong to the group of numbers
R, has four solutions.

x*+cx?+dx+e=0 1
—2[Jx +VE % | =c &)
Ford < 0: —8,/xoVx;Vx; = d 3)
Ford > 0: 8,/xoVx;Vx, = d 4)
-8 1°| D D2 3 1° b D2 c\3 . —27d%-2c3+72 . 3c2+36
xor?*?j‘?* 3+ +EJ_T (5) +6) 1{B=5 0= 0= 2252 )

S P o s B0 AP v M e

If d < 0, and by using the expressions of x; ; in (Equation. 5), ¢ in (Equation. 2) and d in (Equation. 3), the four solutions for
(Equation. 1) are as shown in (Equation. 7), (Equation. 8), (Equation. 9) and (Equation. 10).

Stx Ctxo1)" az Stx, Cixor\ a2
. 5 0,1 5 0,1 5 0,1 5 0,1
SOlllthIl 1: Sl 1 = xO 1 + —2 + (2 ) —_ + —2 —_ (2 ) —_ (7)
’ , 2 2 64x0,1 2 2 64x0,1
. —+xo 1 +x0 1 —+x0 1 —+xo 1
Solution 2: 5, , = xo 1= (8)
2 64950 1 64x0 1
. +x0 1 —+xo 1 —+xo 1 +x0 1
Solution 3: 5 3 Xo1 + 9)
2 64x0 1 64xO 1

<4 € xe N2 2 <, € rxn N2 2
Solution 4: S, , = \[xo; — |—Z-2 + (2 ""'1) - (2 ""'1) -2 (10)

2 2 64x0 1 2 2 64x01

If d > 0, and by using the expressions of x; ; in (Equation. 5), ¢ in (Equation. 2) and d in (Equation. 4), the four solutions for
(Equation. 1) are as shown in (Equation. 11), (Equation. 12), (Equation. 13) and (Equation. 14).

Six Six z daz2 Stx, Six z a2
. 5tXo0,1 >tXo0,1 >1tXo,1 >1TXo,1
SOlllthll 1: 52’1 = — xo'l - —2 2 + (2 2 ) - 64x - —2 2 - (2 2 ) - 64 (11)
0,1 X0,1
Cix Cix 2 a2 Six Cix 2 a2
. 21tXo0,1 Z1tX0,1 51TXo,1 5TXo,1
Solution 2: S, , = — /xg, + |—2 + |2 - + |2 — |2 - (12)
, ’ 2 2 64 o1 2 2 64x0,1
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c c 2 c c 2
>+X0,1 S+Xo,1 d? 5+Xo,1 S+X0,1 d?
Solution 3: S, 3 = /xo, — [—-3——+ [|¥—) - 4 =222 f(22f) 13
2,3 0,1 2 2 64%0,1 2 2 64x0,1 (13)
c c 2 c c 2
. 5+Xo,1 S+X0,1 d? >+X0,1 S+Xo,1 d?
SOlllthIl 4: SZ 4 = XO 1 + —2 + (2 ) —_ — —2 — (2 ) — (14)
; , 2 2 64x01 2 2 64x0 1

If d = 0, and by using the expressions of x, ; in (Equation. 6) and ¢ in (Equation. 2), the four solutions for (Equation. 1) are
as shown in (Equation. 15), (Equation. 16), (Equation. 17) and (Equation. 18).

Solution 1: S5, = /xo, + ’— (% + xo,1) (15)
SOllltiOll 2: 53’2 = _1[xO'1 - - (g + xO'l) (16)

—J%o1+ |~ G + x0,1) 17

SOlllﬁOll 4: 53'4 = .‘[.xo'l - - (g + xO'l) (18)

4.2. Second proposed Theorem for Fourth Degree Polynomials

This section presents the second developed theorem for fourth degree polynomials that are expressed according to the form:
x* + cx? + dx + e = 0. This theorem identifies whether this fourth-degree equation accepts complex solutions with imaginary
parts different from zero. The proof of this theorem is detailed in [13].

Solution 3: S35

Theorem 2

Considering the fourth-degree polynomial equation x* + cx? + dx + e = 0 where all coefficients belong to the group of
numbers R. If e # 0 and ¢ > 0; then, this fourth-degree polynomial equation accepts at least two complex solutions with
imaginary parts different from zero.

4.3. Third proposed theorem for fourth degree polynomials
This section presents the third developed theorem to solve fourth degree polynomial equations that are expressed
according to the form: ax* + bx3 + cx? + dx + e = 0 where a # 0, by converting this fourth degree equation into the form of

2_ 2
a third degree equation which we can express as follows: y3 + 2 yé + % Vo — (2—4 = 0. The proof of this theorem is
detailed in [13].

Theorem 3

A fourth-degree polynomial equation under the expressed form in (Equation. 19), where coefficients belong to the group of
numbers R and a # 0, has four solutions.

ax*+bx3+cx?+dx+e=0witha#0 (19)
p\%  16c p\3 32¢h . 64d b\*  16ch?  64db | 256e
P:_6(;) +T;Q:8(;) Tz +T;R=_3(Z) + ¢ a2 + a (20)
I o . (&)2+(z)3+13_&+ (&)2+(g)3 (pr=l; g o Z@arimen o srtisen)
Yoi =773 T3 2 2 3 3 2 2 3 | T2 T 64 Q= 16
2D
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3
If (& _32d g 64d) < 0, and by using y, ; in (Equation. 21), P in (Equation. 20) and @ in (Equation. 20); the four solutions

a2

for (Equation. 19) are as shown in (Equation. 22), (Equation. 23), (Equation. 24) and (Equation. 25).

P P 2 P P 2
. b 1 1 S+Yo, =+Y0, 2 1 Ziyo, Lo, 2
Solution 1: Sy y = ——+-\/yo1 + [—2 01+\/(2 01> ~ s 3 | 01_\/(2 Ol) ~ (22)
, 4a 4 1Ty 2 2 64y01 4 2 2 64Y01

+YO 1

|
2=
I
<
e
[
|
B

Solution 2: §, , = —— — -

+y Q2 1 P+y P+y 2 Q2
0, 1 5 0,1 5 0,1
o |- (2 - (23)
64-y0 1 4 2 2 64Y01

. b +y
Solution 4: S, , = —— +i [Yor _% _zrYor |

P P 2
. b 1 1 +J’o 1 Z1tYoa1 Q? 1 Z1tYoa Z1tYoa Q?
Solution 3: Sy 3 = — = —-\/Yo1 +7 [~ \] bl 2 - \](2 , > — - (24)

P P 2
+YO 1 Q? 1 ERELES PRELE Q? 25)
64y0 1 4 2 2 64Y0,1

3
If (& _32d g 64d) > 0, and by using y, ; in (Equation. 21), P in (Equation. 20) and @ in (Equation. 20); the four solutions

a2

for (Equation. 19) are as shown in (Equation. 26), (Equation. 27), (Equation. 28) and (Equation. 29).

b 1 1 P+y P+y 2 Q2 1 P+y P+y 2 Q2

>+Yo,1 StYo0.1 StYo0.1 StYo0.1
Solution 1: S, ;, = ———-_/ — o2z =) — _lj_z7er ffZTe1) 26
21 2a VY0173 2 2 64y01 4 2 2 64Y0,1 (26)

b 1 1 E+J’o 1 E+Y0 1 2 Q? 1 E"‘Yo 1 E*’YO 1 ‘ Q2
Solution 2: S,, = ———=_ [y, +- |—-2—+ (2 > - +- [-EF—- (2 > - 27
, 4a 4 , 4 2 2 64yp1 4 2 2 64Y0,1
P P 2 P P z
. b 1 1 +Yo, +Yo, 2 1 >+Yo, 210, 2
SOluthn3:523=__+_ yOl__ —2 01+\]<2 01> - e + - —2 01_\]<2 01> - ¢ (28)
, 4a 4 1y 2 2 64y01 4 2 2 64y0,1
P P 2 P P z
. b 1 1 +Yo, +Yo, 2 1 >+Yo, 210, 2
Solution 4: S, , = ——+=_/y, +~ [—2 01+\]<2 01) S 01—\]<2 01) -2 (29)
, 4a 4 1Ty 2 2 64y01 4 2 2 64y0,1

3
If (E% _Bd g ﬂ) = 0, and by using y, ; in (Equation. 21) and P in (Equation. 20); the four solutions for (Equation. 19)
are as shown in (Equatlon. 30), (Equation. 31), (Equation. 32) and (Equation. 33).

SOlutiOn 1: 53'1 = ——+ yo (g + yo 1) (30)
. b 1 1 P

SOluthn 2: 53'2 = — a - Z yO,l - Z - (E + yo'l) (31)

Solution 3: S35 = — 41 - Yon +1 /- (2 + }’0,1) (32)
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. b 1 1 P
Solution 4: 53’4 = — E + Z,[yorl - Z - (; + yO,l) (33)

4.4. Fourth proposed Theorem for Fourth Degree Polynomials
This section presents the fourth developed theorem for fourth degree polynomials that are expressed according to the form:
ax* + bx? + cx? + dx + e = 0 where a # 0. This theorem identifies whether this fourth-degree equation accepts at least two

2
complex solutions with imaginary parts different from zero by relying on the value (— % + %) The proof of this theorem is
detailed in [13].

Theorem 4
Considering the polynomial equation ax* + bx® + cx? + dx + e = 0 where all coefficients belong to the group of numbers

2
R, if a# 0 and e # 0 and (—ﬁaiz + 1%) > 0; then, this fourth degree polynomial equation accepts at least two complex
solutions, where the imaginary parts are different from zero and dependent on the group of coefficients {a, b, c}.

4.5. Fifth proposed Theorem for Fourth Degree Polynomials
This section presents the fifth developed theorem for fourth degree polynomials that are expressed according to the form:
ax* + bx? + cx* + dx + e = 0 where a # 0 and e # 0. This theorem identifies whether this fourth-degree equation accepts at

2
least two complex solutions with imaginary parts different from zero by relying on the value (— % + 166). The proof of this

e
theorem is detailed in [13].

Theorem 5
Considering the polynomial equation ax* + bx® + cx? + dx + e = 0 where all coefficients belong to the group of numbers
2
R, if a # 0 and e # 0 and (—iiz + %) > 0; then, this fourth degree polynomial equation accepts at least two complex

solutions, where the imaginary parts are different from zero and dependent on the group of coefficients {c, d, e}.

3.6. Sixth proposed Theorem for Fourth Degree Polynomials
This section presents the sixth developed theorem for fourth degree polynomials that are expressed according to the form:
ax* + bx? + cx? 4+ dx + e = 0 where a # 0 and e # 0. This theorem identifies whether this fourth-degree equation accepts

2
four complex solutions with imaginary parts different from zero by relying on the values (— % + %) and (— iiz + %) The
proofs of this theorem are detailed in [13].

Theorem 6
Considering the polynomial equation ax* + bx® + cx? + dx + e = 0 where all coefficients belong to the group of numbers
2 2
R,ifa# 0and e # 0 and (—ﬁaiz + %) > 0 and (—ﬁeiz + %) > 0; then, this fourth degree polynomial equation accepts

four complex solutions with imaginary parts different from zero.

5. Solving Fourth Order Differential Equations
This section presents the developed theorems and formulas to solve fourth order differential equations by using the proposed
methodologies in this paper to solve nth order differential equations and nth degree polynomial equations.

5.1. First proposed Theorem for Fourth Order Differential Equations

This section presents the first developed theorem to solve fourth order differential equations that are expressed according to
the form: a * fP ) +b* fE@) +c* fP ) +d * fD(x) + e * fO(x) = K where a # 0, by supposing that the solution
is expressed according to an exponential form, then converting the fourth order differential equation into an equivalent
polynomial form of fourth degree where we use the presented theorems to solve fourth degree equations in this paper.

Theorem 7
A fourth order differential equation under the expressed form in (Equation. 34) where coefficients belong to the group of
numbers R and a # 0, has multiple solutions presented as f (x) which we can express according to the exponential form shown
in (Equation. 35).
a* fP)+b*fP)+cxfA) +d*fD(x)+e*fO(x) =K wherea#0 (34)
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f(x) =e*** +v (35)

The value of v, which is included in the solution f{x) shown in (Equation. 35), is supposed to be an arbitrary value. We can
calculate the arbitrary value of v by using the shown expression in (Equation. 36).

=k (36)

e

The value of u, which is included in the solution f{x) shown in (Equation. 35), is supposed to be an arbitrary value. We can
calculate the value of u while relying on a condition for initialization value I, which to be identified at the point x = 0. Therefore,
we can use the expression f(x = 0) = I, in order to identify the arbitrary value of # as shown in (Equation. 37).

u=log (I, — g) (37)

By supposing that the solution of the fourth order differential equation is expressed according to the exponential form shown
in (Equation. 35); we can convert this differential equation into the form of a fourth degree equation as shown in (Equation. 38),
where we can use the proposed solutions in Theorem 3 for fourth degree polynomial equations in complete forms.

ax*+ bx®+cx?*+dx+e=0witha # 0 (38)

b\? | 16c 32¢ch | 64d p\*  16cb?  64db | 256e
P——6(g) +_Q_8() T a2 +T'R__3(Z) T PR T a (39)
P17 R R\ 2 o\ 1% m R\ 2 0\3 . P . —27Q2-2P3+72PR . 3P2+436R
va==5+3 -5 +{G) + () +3 [5G + () 1{p = R =TT 0 = -
(40)
_ _§+3/0,1 n §+3/0,1 ’ Q2 41
Vo2 = 2 2 64301 (41)
_ _§+3/0,1 _ §+3/0,1 ’ Q2 4
Vo3 = 2 2 64301 (42)

8b3  32ch | 64d

If (— -z T ) < 0, and by using y, ; in (Equation. 40), y, , in (Equation. 41), y, 3 in (Equation. 42), P in (Equation.

39)and Q in (Equatlon. 39); the four solutions for the fourth order differential equation show in (Equation. 34) are as expressed
in (Equation. 43), (Equation. 44), (Equation. 45) and (Equation. 46).

. K K [_£+l Vo1t Vog +-/Taslx
Solution 1: DS; ;(x) = —+ (10 - ;) el zataVYorty/Yoz t3v Y03 (43)
K+ kY |- o1—/Yoz +5/Yos x
Solution 2: DS, ,(x) = = (10 — ;) el 2a 2V 0,2 7103 (44)
K k [ — Y Ry -2 by ]x
Solution 3: DS, 3(x) = " (IO - ;) el za 2/Yo1t3/Yo2~3/Yo03 (45)
. K k [ b1 Yoz—2 /7 ]x
Solution 4: DS; 4(x) = ot (IO — ;) el zatavY0175yY0275YY03 (46)

3
If (% - 3iCb + 64d) > 0, and by using y, ; in (Equation. 40), y, , in (Equation. 41), y, 5 in (Equation. 42), P in (Equation.

2
39) and @ in (Equation. 39); the four solutions for the fourth order differential equation show in (Equation. 34) are as expressed
in (Equation. 47), (Equation. 48), (Equation. 49) and (Equation. 50).

K [ b L ]x
Solution 1: DS, , (x) = (10 —;)e 3a /Y0102 3/Y03 47)

K
e

b 1
Solution 2: DS, ,(x) = g (10 — g) e[—4a HYo1+3/Yoz +3/Vos |x 8)
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1
Solution 3: DS, 5(x) = <+ (I, — %) el et ion—3Foz 1ol (49)
Solution 4: DS, ,(x) = §+ (IO - %) [—2a+aor+3/Foz—3/oslx (50)

3
If (Sb 32—;]3 + %) = 0, and by using y, ; in (Equation. 40) and P in (Equation. 39); the four solutions for the fourth
order differential equation show in (Equation. 34) are as expressed in (Equation. 51), (Equation. 52), (Equation. 53) and

(Equation. 54).

b1 +1 _(£+ )
2ataVYo1ty 2TYo01

(51

[—rﬁ (52)

)el
Solution 2: DS;,(x) = % g)
K K [ Yo (P+J/o 1) x
Solution 3: DS;5(x) = =+ (Io —;) el * % 2 (53)
b 1 1 P
SOlutiOn 4: DS3'4 (x) — §+ (I() _ S) e[ 4-(1,"'4.\/W:1 4\ (2+y0,1) X (54)

5.2. Second proposed theorem for fourth order differential equations

This section presents the second developed theorem to solve fourth order differential equations that are expressed according
to the form: a* f@ ) +b* fA) +c* fP) +d* fP(x) + e f@O(x) = K where a # 0. This theorem identifies
whether this fourth order differential equation accepts at least two complex functions as solution where the imaginary parts are
different from zero by relying on the value (— = T 16C) The proof of this theorem is relying on the proof of Theorem 4 of this

paper which is detailed in [13].

Theorem 8
Considering the differential equation a * f® (x) + b * f®(x) + ¢ * f@ (x) +d*fO@) +e*fO>) =K where all
coefficients belong to the group of numbers R, if a # 0 and e # 0 and (— — + 160) > 0; then, this fourth order differential

equation accepts at least two complex functions as solutions, where the imaginary parts of these functions are different from zero
and principally dependent on the group of coefficients {a, b, c}.

5.3. Third proposed theorem for fourth order differential equations

This section presents the third developed theorem to solve fourth order differential equations that are expressed according
to the form: a * f@P(xX) + b+ fAP) +c* fFOX) +d * fD(x) + e * fO(x) = K where a # 0 and e # 0. This theorem
identifies whether this fourth order differential equation accepts at least two complex functions as solutions where the
imaginary parts are different from zero by relying on the value (— — +1 ) The proof of this theorem is relying on the proof

of Theorem 5 of this paper which is detailed in [13].

Theorem 9
Considering the differential equation a * f®(x) + b * f&(x) + ¢ » f@ (x) +d* fD) +ex* fO>x) =K where all
coefficients belong to the group of numbers R, if a # 0 and e # 0 and (— — + 160) > 0; then, this fourth order differential

equation accepts at least two complex functions as solutions, where the imaginary parts of these functions are different from zero
and principally dependent on the group of coefficients {c, d, e}.

5.4. Fourth Proposed Theorem for Fourth Order Differential Equations

This section presents the fourth developed theorem to solve fourth order differential equations that are expressed according
to the form: a* fP ) +b* fAP) +cx fPX) +d* fD(x) +e* fO(x) = K where a # 0 and e # 0. This theorem
identifies whether this fourth order differential equation accepts four complex functions as solutions where the imaginary parts
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2 2
are different from zero by relying on the values (— % + %) and (— % + %) The proof of this theorem is relying on the
proofs of Theorem 6 of this paper which are detailed in [13].
Theorem 10

Considering the differential equation a * f®(x) + b * f@P ) +c* fOX) +d * fO(x) + e * fO(x) = K where all

2

%) > 0 and (—ﬁeiz + %) > 0; then, this
ourth order differential equation accepts four complex functions as solutions, where the imaginary parts of these functions are
fourth order diff ial i fi lex functi luti here the imagi f these functi
different from zero.

2
coefficients belong to the group of numbers R, if a # 0 and e # 0 and (— % +

6. Solving Fifth Degree Polynomial Equations
This section presents the developed theorems and formulas to solve fifth degree polynomial equations by using the proposed
engineering methodology in this paper to solve nth degree polynomial equations.

6.1. First proposed Theorem for Fifth Degree Polynomials

This section presents the first developed theorem to solve fifth degree polynomial equations that are expressed according to
the form: Aw® + Bw* + Cw® + Dw? + Ew + F = 0 where A # 0, by converting this quantic equation into the form of a fourth
degree equation which we can express as follows: z* + I32% + I,z2 4+ I}z + T, = 0. The proof of this theorem is detailed in
[14].

Aw® + Bw* + Cw® + Dw? + Ew + F = 0 withA # 0 (55)
x> +cxd+dx?+ex+f=0 (56)
B2 C
c=-105+25 (57)
B3 CB D
4 2
e=—154;+755 — 2505 + 6257 (59)
5 3 2
f=435-255+125°0 — 6252 + 31251 (60)
Z4 + F3Z3 + FzZz + F1Z+ FO = 0 (61)

Theorem 11

After reducing the form of fifth degree polynomial shown in (Equation. 55) to the presented form in (Equation. 56) where
coefficients are expressed in (Equation. 57), (Equation. 58), (Equation. 59) and (Equation. 60); the fifth degree polynomial
equation shown in (Equation. 56), where coefficients belong to the group of numbers R, can be reduced to a fourth degree
polynomial equation, which may be expressed as shown in (Equation. 61). The reduction from quantic polynomial to quartic
polynomial is conducted by supposing x = xyX; + XoX; + XoX3 + X1 X5 + X1 X3 + X,X3 , Whereas supposing z = (x, + x4 +
X, + x3) is the solution for fourth degree polynomial equation in (Equation. 61) by using Theorem 3 to solve quartic polynomials
and by relying on the expression x3 = — % . The variable I'; is the solution for the polynomial equation shown in (Equation. 62),

whereas the coefficients of this equation are shown in (Equation. 63), (Equation. 64) and (Equation. 65). The coefficients [, [}
and [}, of quartic equation (Equation. 61) are determined by using calculated values of I[; and using the shown expressions in
(Equation. 67), (Equation. 68) and (Equation. 69). As a result, we have eight calculated values as potential solutions for fifth
degree polynomial equation shown in (Equation. 56), where many of them are only redundancies of others, because there are
only five official solutions to determine.

The eight solutions to calculate for quantic equation (Equation. 56) are as shown in the groups (Equation. 70) and (Equation.
71).
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The proposed five values as official solutions for fifth degree polynomial equation shown in (Equation. 56) are as presented
in (Equation. 72), (Equation. 73), (Equation. 74), (Equation. 75) and (Equation. 76).

The proposed five values as official solutions for fifth degree polynomial equation shown in (Equation. 55) are as presented
in (Equation. 77), (Equation. 78), (Equation. 79), (Equation. 80) and (Equation. 81).

The group of expressions {F3,1 s I325-T51; —I‘3,2} are the identified four values of the variable I'; by using the presented

expressions in (Equation. 66), which are calculated as solutions for the fourth-degree polynomial equation shown in (Equation.
62).

I —(16d)2/(e—c?/4)
4r3;

We use the expression {a N = in order to simplify calculations, which allow obtaining the quartic
(1T3:)

equation shown in (Equation. 62).

The group of expressions {S(;r3_1,1) ; S&F&l’z); S&F3,1.3) ; S&F&l_ 4)} are the identified four solutions for the fourth degree

polynomial equation shown in (Equation. 61) by using Theorem 3 to calculate these four roots nearly in parallel.

CZ
A, = 1024572, (63)
16
2
e
4
(16 ) d
Ao = —128 sz[f—%]; ©5)
(e-5)
- P P2 i A LA 66
Fg—i\/—;i (;) —4Q'|P—ﬁ andQ_Z (66)
L = (16d)?
> (e (67)
1 3(16d)?
=—-TF +—F——
1 43 16(6_%)1,3 (68)
cd
d)? f—5)a6d)? )t
o = -y — -G ( 2)22 as )
32(e—T> zrg(e—%) 16F§(e—%)
—_ 1 ;2 _ l ;2 _ l .2 _ 1 2 B
Nira) = G [5Tn = @ 315 = @aran] 3 [0 —@arnl 5[5, — e} (70)
— 1 ;2 _ 1 ;2 _ 1 ;2 _ l ;2 B
N{F3'2} - {E [S (T32.1) a(1,r3‘2)] 72 [S (rs2.2) a(l'r3,2)] 72 [S (T3,2.3) a(l'r3,2)] 2 [S (T3,2.4) a(lyl“g,z)]} (71)
1 .
s1= 5[50 0) ~ arsy)] (72)
1ra:2
S2 =3 150,02) ~ A(ursy)] (73)
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3 = §[5;5F3.1r3) - a(l'rs.l)] 74)

S = §[5;5F3_1,4) - a(lrrm)] (75)

o

Solution 1: S; = —% + % [S;%F&Ll) - 0((”3‘1)] (77)
Solution 2: S, = —% + % [S;%sz) - 0‘(1,r3,1)] (78)
Solution 3: S; = — % + % [8;63‘1'3) - O‘(l,l"g,l)] (79)
Solution 4: S, = ==+ =[S o —aqry )] (80)
Solution 5: S = —m (81)

6.2. Second Proposed Theorem for Fifth Degree Polynomials

This section presents the second developed theorem to solve fifth degree polynomial equations that are expressed according
to the form: Ax® + Bx* + Cx3® + Dx? + Ex + F = 0 where A # 0, by converting this quantic equation into the form of a fourth
degree equation which we can express as follows: z* + Y323 4+ Y,z%2 4+ Y;z + Y, = 0. The proof of this theorem is detailed in
[14]. The axe of difference in this theorem is conducting calculations on the fifth-degree polynomial shown in (Equation. 82)

without eliminating the fourth-degree part by avoiding the use of the expression x = _b;y.
x> +bx*+cxd+dx?P+ex+f=0 (82)
b—B _C d—D _E _F
SacspdEpesy =

Theorem 12

The fifth-degree polynomial equation shown in (Equation. 82) is reducible to the quartic equation shown in (Equation. 83),
where coefficients belong to the group of numbers R without the need to eliminate the fourth-degree part. The reduction from
fifth degree to fourth degree is conducted by supposing x = x¢x; + XoX, + XoX3 + X1 X, + X1 X3 + X,X3, whereas supposing z =
(x9 + x1 + x5 + x3) is the solution for fourth degree polynomial equation shown in (Equation. 83) by using Theorem 3. The
variable Y5 is the solution for the polynomial equation shown in (Equation. 87) by using the expression of quadratic solution,

whereas x3 = — %3. The coefficients of shown polynomial in (Equation. 87) are as expressed in (Equation. 88), (Equation. 89)
and (Equation. 90). The value of Y3 is equal to Y3 ;, which is presented in (Equation. 91). The coefficients Y;, Y; and Y, are

determined by using calculated value of Y5 in (Equation. 91) and using the shown expressions in (Equation. 84), (Equation. 85)
and (Equation. 86).

The five proposed solutions for polynomial equation (Equation. 82) are as shown in (Equation. 92), (Equation. 93),
(Equation. 94), (Equation. 95) and (Equation. 96).
Y§, —8bY§,1—[16(d—bc)]2/(e—§)
4Y%

We use the expression {a(LYS D= } in order to simplify calculations, which allow obtaining the

quartic equation shown in (Equation. 87).
The group of expressions {g‘(y3 1) $(¥322) 5 $(¥323) 7 S(¥s 1_4)} are the identified four solutions for the fourth-degree

polynomial equation shown in (Equation. 83) by using Theorem 3 to calculate these four roots nearly in parallel.
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Z4+Y3Z3+Y2Z2+Y1Z+YO =0 (83)
[16(d—bc)]?
Y, =—T—7+4b
© () (84)
1 3[16(d—bc)]?
Y, = =Y + =+ 4bY.
! 43 16(e—§)Y3 3 (85)
Ci CZ

Y, = — Lyt + py2 — Lo@-bor (f_7d+bT)[16(d_bC)]2 b[16(d-bo))? | [16(d-bo)]* (86)

' 10 ’ 32(e_§> ZYZ(e—ﬁ>2 2Y§(e—£) 16 4(e—ﬁ>2

3 4 4 3 .

ﬁZY:;L + ﬁlYéZ + ﬁO =0 (87)
(e_é) (88)

Pa = 102470000

— 2
By, = 512¢ — 40 292 4 1024p2 (39)
e
4
— 2 2 _ 2
e-< <
7y

_ _w ﬂ;z_ ; =B = bo (91)
F3r1_i\] zi\l(z) WNTIM =, and N7 =

Solution 1: §; = %[€(2Y3_1,1) - a(1,Y3,1)] 92)
Solution 2: S, = %[E(ZY&LZ) - “(1,Y3,1)] 93)
Solution 3: S5 = %[5(2Y3_1,3) - “(1,Y3,1)] (94)
Solution 4: S, = %[E(ZY&L@ - “(1,Y3,1)] 95)

Solution 5: S5 = —5152/;354 (96)

7. Solving Fifth Order Differential Equations
This section presents the developed theorems and formulas to solve fifth order differential equations by using the proposed
methodologies in this paper to solve nth order differential equations and nth degree polynomial equations.

7.1. First proposed Theorem for Fifth Order Differential Equation

This section presents the first developed theorem to solve fifth order differential equations that are expressed according to
the form: A * g® () + B+ g® @) + C+ g® ) + D+ gP(x) + E + gV (x) + F * g (x) = K where A # 0, by supposing
that the solution is expressed according to an exponential form, then converting the fifth order differential equation into an
equivalent polynomial form of fifth degree where we use the presented theorems in this paper to solve fifth degree equations.

Theorem 13
A fifth order differential equation under the expressed form in (Equation. 97) where coefficients belong to the group of
numbers R and A # 0, has multiple solutions presented as g(,) which we can express according to the exponential form shown
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in (Equation. 98).
Axg®) +Bxg®P@) +Cxg®@) + D+ gP )+ E+ gV (x) + F»g@(x) =K withA =+ 0 7)

9o = e ™M +v (98)
The value of v, which is included in the solution g(x) shown in (Equation. 98), is considered as an arbitrary value. We can
calculate the arbitrary value of v by using shown expression in (Equation. 99).
K

v=k (99)

The value of u, which is included in the solution g(x) shown in (Equation. 98), is considered as an arbitrary value. We can
calculate the arbitrary value of u# while relying on a condition of initialization value I, which to be identified at the point x = 0.
Therefore, we can use the expression g(x = 0) = ; in order to identify the arbitrary value of u as shown in (Equation. 100).

u=log(Io— %) (100)

By supposing that the solution of the fifth order differential equation is expressed according to the exponential form shown
in (Equation. 98); we can convert this differential equation into the form of a fifth degree polynomial equation as shown in
(Equation. 101), where we can use the proposed solutions in Theorem 11 for fifth degree polynomial equations in complete
forms.

Aw® + Bw* + Cw® + Dw? + Ew + F = 0withA # 0 (101)
x> +cexP+dx?+ex+f=0 (102)

_ B? C
c= _1OF+25X (103)

B3 CB D
d=205-755+125- (104)

B* CB2 DB E
e——15E+75F—250F+625X (105)

BS cB3 DB?2 EB F
f_4E_25F+125?_625ﬁ+3125X (106)
Z4+F3Z3+F222+F12+F0 = 0 (107)

We use Theorem 11 in this paper to solve the fifth degree polynomial equation shown in (Equation. 101).

After reducing the form of fifth degree polynomial shown in (Equation. 101) to the presented form in (Equation. 102) where
coefficients are expressed in (Equation. 103), (Equation. 104), (Equation. 105) and (Equation. 106); the fifth degree polynomial
equation shown in (Equation. 102), where coefficients belong to the group of numbers R, can be reduced to a fourth degree
polynomial equation, which may be expressed as shown in (Equation. 107). The reduction from quantic polynomial to quartic
polynomial is conducted by supposing x = xyX; + XX, + XoX3 + X1 X5 + X1 X3 + X,X3 , Whereas supposing z = (x, + x4 +
X, + x3) is the solution for fourth degree polynomial equation in (Equation. 107) by using Theorem 3 to solve quartic
polynomials and by relying on the expression x; = — %3 . The variable T is the solution for the polynomial equation shown in

(Equation. 108), whereas the coefficients of this equation are shown in (Equation. 109), (Equation. 110) and (Equation. 111). The
coefficients [, I} and [, of quartic equation (Equation. 107) are determined by using calculated values of I'; and using the shown
expressions in (Equation. 113), (Equation. 114) and (Equation. 115).

The proposed five values as official solutions for fifth degree polynomial equation shown in (Equation. 101) are as presented
in (Equation. 116), (Equation. 117), (Equation. 118), (Equation. 119) and (Equation. 120).
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The proposed five functions as official solutions for fifth order differential equation shown in (Equation. 97) are as presented
in (Equation. 121), (Equation. 122), (Equation. 123), (Equation. 124) and (Equation. 125).

The group of expressions {F3,1 s T325-T531; —I‘3,2} are the identified four values of the variable I'; by using the presented
expressions in (Equation. 112), which are calculated as solutions for the fourth-degree polynomial equation shown in (Equation.
108).

ri; —(16d)2/(e—c?/4)
4r3;

We use the expression {“(1,1“3 D= } in order to simplify calculations, which allow obtaining the quartic

equation shown in (Equation. 108).

The group of expressions {S(;r3_1,1) ; S&r&l,z); S&F3,1.3) ; S&r&l. 4)} are the identified four solutions for the fourth degree

polynomial equation shown in (Equation. 107) by using Theorem 3 to calculate these four roots nearly in parallel.

CZ
1, = 102452, (109)
16d
2
Ay =512¢ —40 (16'2 ; (110)
o2
4
_ (164)? cd .
Ao = —128 (e—i)z Lf _7], (111)
4
g P (P Zap pte it 112
s f-b [O ir et i “
I, =00 113
2 = c2
ZFg(e—T) (113)
1 3(16d)?
L =—-T3 +
! 43 16(8——)F3 (114)
cd
1 (16d)2 -5 )16d)? (16d)*
To=—-7T3 — Cz+( 2) oo+ " (115)
32(9—7) 2r§(e—%) 16F§(e—%)
- _2B 1 |g:2 —
S1=— 5t 55 [ — ] (116)
—_B_ 1]g2 _
2= ~ntn [S (T3,12) a(lfs.i)] (117)
— B 102 _
S =~ 55t 10/t ~ )] (118)
—_B 12 _
S4 = 5a T 10 [S (T3,1.4) 0‘(1,1“3,1)] (119)
- __F
S5 = AS1S,53S, (120)
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B 1[a-2
Solution 1: DS, = Ky (Io _ 5) e[_ﬁJ'E[S'(Fs,Ll) _“(1,1"3,1)]]" (121)
F F
B 1[a-2
Solution 2: DS, =X+ (1 _ 5) e[‘ﬁJ'E[S'(Fs,LZ) _“(1,1"3,1)]]" (122)
27 F 0 F
B 1[a-2
&mmn&DS=5+(1_gﬁkaﬁ$vm@ﬂ@uﬂk (123)
37 F 0 F
B 1[a-2
Solution 4: DS, =%+ (1 _ 5) e[‘ﬁJ'E[S'(Fs,L‘t) _“(1,1"3,1)]]" (124)
47 F 0 F
Solution 5: s, = %4. (10 — g) e TSl (125)

7.2. Second proposed Theorem for Fifth Order Differential Equation

This section presents the second developed theorem to solve fifth order differential equations that are expressed according
to the form: A*g®X) +B*gPx)+C*g®P X)) +D*xg@P ) +E+xgW(x) + F+g@O(x) =K where A#0, by
supposing that the solution is expressed according to an exponential form, then converting the fifth order differential equation
into an equivalent polynomial form of fifth degree where we use the presented theorems to solve fifth degree equations in this
paper. The advantage of this second theorem is avoiding the elimination of the fourth order part from the equation.

Theorem 14

A fifth order differential equation under the expressed form in (Equation. 126) where coefficients belong to the group of
numbers R and 4 # 0, has multiple solutions presented as g(x) which we can express according to the exponential form shown
in (Equation. 127).

Ax g +Bxg®P ) +C*g®P) +D*xgP ) +E*gP(x) +F* g®(x) =K withA# 0 (126)

gx)=e**" 4 vy (127)

The value of v, which is included in the solution g(x) shown in (Equation. 127), is considered as an arbitrary value. We can
calculate the arbitrary value of v by using shown expression in (Equation. 128).

K
v=1 (128)

The value of 4, which is included in the solution g(x) shown in (Equation. 127), is considered as an arbitrary value. We can
calculate the arbitrary value of # while relying on a condition of initialization value I/, which to be identified at the point x = 0.
Therefore, we can use the expression g(x = 0) = I, in order to identify the arbitrary value of u as shown in (Equation. 129).

u=log (I, — g) (129)

By supposing that the solution of the fifth order differential equation is expressed according to the exponential form shown
in (Equation. 127); we can convert this differential equation into the form of a fifth degree polynomial equation as shown in
(Equation. 130), where we can use the proposed solutions in Theorem 12 for fifth degree polynomial equations in complete forms
without eliminating the fourth degree part by avoiding the use of the expression x = (=b + y)/5.

x> +bxt*+cexd+dx?+ex+f=0 (130)

>|

d_D. _E. —
=aeTad s

,_B__C
AN

We use Theorem 12 in this paper to solve the fifth degree polynomial equation shown in (Equation. 130).
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The fifth-degree polynomial equation shown in (Equation. 130) is reducible to the quartic equation shown in (Equation.
131), where coefficients belong to the group of numbers R without the need to eliminate the fourth-degree part. The reduction
from fifth degree to fourth degree is conducted by supposing x = xgx; + XXy + XgX3 + X1 X, + X1 X3 + X,%3, whereas
supposing z = (x, + x; + x, + x3) is the solution for fourth degree polynomial equation shown in (Equation. 131) by using
Theorem 3. The variable Y; is the solution for the polynomial equation shown in (Equation. 135) by using the expression of
quadratic solution, whereas x3 = — %3. The coefficients of shown polynomial in (Equation. 135) are as expressed in (Equation.

136), (Equation. 137) and (Equation. 138). The value of Y3 is equal to Y3 1, which is presented in (Equation. 139). The coefficients
Y,, Y; and Y, are determined by using calculated value of Y3 in (Equation. 139) and using the shown expressions in (Equation.
132), (Equation. 133) and (Equation. 134).

The five solutions for polynomial equation (Equation. 130) are as shown in (Equation. 140), (Equation. 141), (Equation.
142), (Equation. 143) and (Equation. 144).

The five proposed solutions for fifth order differential equation (Equation. 126) are as shown in (Equation. 145), (Equation.
146), (Equation. 147), (Equation. 148) and (Equation. 149).

2
Y4, -8bY3 1 -[16(d—-bC)1?/(e—5)
4Y%,

We use the expression {a(l Ys1) = } in order to simplify calculations, which allow obtaining

the quartic equation shown in (Equation. 135).

The group of expressions {g‘(y3 1) $(¥312) 5 $(¥313) 7 S(¥s 1_4)} are the identified four solutions for the fourth-degree

polynomial equation shown in (Equation. 131) by using Theorem 3 to calculate these four roots nearly in parallel.

Z4+Y3Z3+Y2Z2+Y12+Y0:0 (131)
[16(d—bc)]?

Y, =——5-+4b

2 zvg(e—%) (132)
1 3[16(d-bc)]?

Y, = —-Y3 +——>+4bY.

! 43 16(8—%)Y3 3 (133)
cd  bc?

2 f-—+——|[16(d—bc)]? _h2 4
Y, = — Lyt 4 pyz — Le@-pol (r-5+5) . plis@-bol? | [16@-bol* (134)

16 32(e—%) Zyz(e_ﬁ) zvg(e—”—) 16 4(8_5)

3 2 4 3 2

BYi +BiY5 + By =0 (135)
(e—%) (136)

B, = 1024 16(d—bc)

_ 2
By = 512¢ — 402892 | 10242 (137)
P
4

_ [16(d—bc)]? cd | bc? [16(d—bc)]?

Bo= —128——=—|[f ——+ 1 +128b——— (138)

(e-2) (=-5)

M M2 i ) )
F3,1=\]_?+ ’(?) — 4N’ |M'=% and Nv:‘l;—‘z’ (139)
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—1]z2
S1=3 [€(Y3,1,1) B a(”&l)] (140)
—1]z2
$2=3 [€(Y3,1,2) B a(lle.l)] (141)
—1]z2
53=3 [€(Y3,1,3) B a(LYs.l)] (142)
—1]z2
Si=3 [€(Y3,1,4) B a(lle.l)] (143)
___f
S5 = 55,55 (144)
1
Solution 1: pg =X 4 (10 - E) ei[f(zvs,l.i) _“(1.Y3,1)]x (145)
F F
Solution 2: pg, =X 4 (10 - 5) e%[f(zyalrl) _“(1.Y3,1)]x (146)
F F
1
Solution 3: pg, = X 4 (10 — E) ez[f(zvg,i,i) vy )] (147)
F F
Solution 4: pg, =X 4 (10 - 5) e%[f(zyalrl) _“(1.Y3,1)]x (148)
F F
Soluti . K K _—f]x
olution 5: p§. = = + (10 — _) e151525354 (149)
F F

8. Solving Sixth Degree Polynomial Equations
This section presents the developed theorems and formulas to solve sixth degree polynomial equations by using the
proposed engineering methodology in this paper to solve nth degree polynomial equations.

8.1. First proposed Theorem for Sixth Degree Polynomials

This section presents the first developed theorem to solve sixth degree polynomial equations that are expressed according
to the form: Ax® + Bx® + Cx* + Dx3 + Ex2 + Fx + G=0 where A # 0 and B # 0, by converting the sixth degree
polynomial into the form of a fourth degree which we can express as follows: z* + [323 + I,z% + I}z + I, = 0. The proof of
this theorem is detailed in [15].

Ax® +Bx®+ Cx*+ Dx® + Ex2+ Fx + G=0withA# O0Oand B # 0 (150)
x6+bx® +cx* +dx®+ex?+ fx+g=0withb # 0 (151)

B c D E F G
b_X'C_X'd_X'e_X'f_X'g_X' (152)
Z4+F3Z3 +F2Z2+FIZ+F0 = O (153)

Theorem 15

After reducing the form of sixth degree polynomial shown in (Equation. 150) to the presented form in (Equation. 151) where
coefficients are as expressed in (Equation. 152); the sixth-degree polynomial equation shown in (Equation. 151), where
coefficients belong to the group of numbers R, can be reduced to a fourth-degree polynomial equation, which may be expressed
as shown in (Equation. 153). The reduction from sixth degree polynomial to quartic polynomial is conducted by supposing x =
XoX1 + XXy + XoX3 + XX, + X1X3 + X,X3, Whereas supposing z = (x, + X1 + x5, + x3) is the solution for fourth degree
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polynomial equation in (Equation. 153) by using Theorem 3 and relying on the expression x; = — % . The variable I'; is defined

as shown in (Equation. 154) where a5 is presented in (Equation. 155) and I’ is the solution for the polynomial equation (Equation.
156), which relies on the coefficients (Equation. 157), (Equation. 158), (Equation. 159) and (Equation. 160). The shown
coefficients in (Equation. 157), (Equation. 158), (Equation. 159) and (Equation. 160) are expressed by using the constant IV which
is presented in (Equation. 161). The coefficients I3, [, I'; and I}y of quartic equation (Equation. 153), which is used to calculate
z, are determined by using the shown expressions in (Equation. 154), (Equation. 163), (Equation. 164) and (Equation. 165) while
using calculated values of I, and V. As a result, we have twelve calculated values as potential solutions for sixth degree
polynomial equation shown in (Equation. 151), where many of them are only redundancies of others, because there are only six
official solutions to determine.

The twelve solutions to calculate for sixth degree equation (Equation. 151) are as shown in the groups (Equation. 166),
(Equation. 167) and (Equation. 168). The proposed six values as official solutions for sixth degree polynomial equation shown
in (Equation. 151) are as presented in (Equation. 169), (Equation. 170), (Equation. 171), (Equation. 172), (Equation. 173) and
(Equation. 174).

The group of expressions {iI}m Hie VP iF4,3} are the identified values of the variable I,, which are calculated as solutions
for the sixth-degree polynomial equation shown in (Equation. 156) by using the solution of third degree equations which is
presented in (Equation. 162).

dZ
4 4 2 2 v2(f-2
. | 32TG; 8ry; 12dry; serj, (f 4b>
We use the expressions Air,,) = 41 vZpZ Vb " 1’:2 b b in order to simplify calculations, which allow
4 L .
7 4,0

obtaining the shown equation in (Equation. 156).

The value of ¥ shown in (Equation. 161) is used to simplify expressing the formulas during calculations where % =V.
3

The group of expressions {S(r4,1,1) 5 S(ranz) s S(rans)’ S(F4,1.4)} are the identified four solutions for the fourth-degree

polynomial equation shown in (Equation. 153) by using Theorem 3 to calculate these four roots nearly in parallel.

dZ
)
a; = — ] (155)
_f 40d _64—Cd ﬁ
b2 ' b3 b2 b
40960 16384 1536
A3 =— Vip4 v3bp3  v2p2 (157)
245 16384c . 3072d  2048c , 1024
== Y s Yy T Ty (158)
1 = 512d | 1536f |, 28V2f  7v2d%? 96Vf  168d%V  192cdV  192Ve 3456 2  4096cd  1024e  1024c? (159)
1 b b3 b b2 b2 b3 b2 b b* b3 b2 b2
64 2d3 = 64cd?v?  64evid | 128V2 192v2d 128V72c
A= — + - g A ! (160)

b* b3 b2 b b3 b2
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32f 40d? e4cd  e64e
V:_bz b3 bz b

@ (161)

(T R R O e e [

¢ b and Ci = 9¢' — 3b%} (162)
8r?  6d  4c (f—%)"z 8r} (163)
2= Tty T 2612 y2p?
r _ 5[3 | 3vd® 6dly | 4cTy, dcV | eV Tj 83 f—g 2 (164)
17 yp ' ab3r, b2 b b2l, ' bL, 4 VZb2  4T4b
r _ Ty vl 3Vd? _&ri ﬁ cd?v?  cav eV  evid  gVv*
O T 2vb 16 4rZ ' 8b3  4b2 ' 2b ' 8b3[Z 202 ' 2b  4b2rZ ' 2bTZ
2 FEN(2 ez oz za 2 (f‘%)

_ ([ a 2/ 74 V[ T4 4 _ 21 __\ 4bjym2

(4 uld 4br§><4 +V2b2 VB te b2 b 4bT% 4 ) (165)
= [1]¢2 _ Ie2 _ Ilez _ 1]e2 _

Nir,,) = {2 [S(F4,1-1) “(1,1"4,1)] ’2 [S(F4,1r2) a(1,r4_1)] ’2 [S(F4,1r3) “(1,1"4,1)] ’2 [S(F4,1-4) “(1,1"4,1)]} (166)

2 12 12 12
Niry) = G180 = aara)] 35002 —rn] 380y —aara] 580w —aar.} (167)

= 2 _ Ie2 _ Ilez _ 1]e2 _
Nir,4) _{ [S(F4,3-1) a(lrr4.3)]'2[s(r4,3r2) a(l-r4.3)]'2[s(1"4,3,3) a(lrr4.3)]‘2[s(1"4,3-4) a(lﬂ.s)]} (168)
1

$1 =531 — %) (169)

1[a2
8.2 — @] (170)

—1lea2
Ss =5 [3%,3) — Xara) (171)

_1le2
Sa =538 00) — %ara) (172)
_ DS +Sp+S3+Ss | (b+S1+5+53+5,\2 g 173
S5 = 2 \/( 2 ) 5158354 (173)
56 _ _b+51+52+53+54+\/(b+51+52+s3+54)2 _ g (174)

2 2 51525354

8.2. Second Proposed Theorem for Sixth Degree Polynomials
This section presents the second developed theorem to solve sixth degree polynomial equations that are expressed
according to the form: Aw® + Cw* + Dw3 + Ew? + Fw + G = 0 whith A # 0 whereas the coefficient of the fifth-degree part

. . L . . . [-c .
is equal zero. Solving this sixth degree equation is based on using the expression w = o txto induce a fifth degree part,
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then converting the result into the form of a fourth degree equation which we can express as follows: z* + Y323 + Y,z2 +
Y;z + Y, = 0. The proof of this theorem is detailed in [15].

x6+bx®+dx®+ex’+fx+g=0 (175)
-C

b=6 | (176)

d=% == 42 a77)

T 344/154 A

—-c? 3D |-C E
= 4= |— 4= 1
€ 342 A 154 +A (78)

18c% | -C DC 2E |-C F
- _ ’_ _ 2 e ’_ z 179
f 542 4/ 154 542 + A 415 +A ( )
-16C3 pc |[-c EC F |-C G
= - ’— - 4= ’— = 180
9 337543 15424/ 154 1542 +A 154 +A ( )
Theorem 16

In order to reduce the sixth degree polynomial equation Aw® + Cw* + Dw® + Ew? + Fw + G = O with A # 0to the
quartic equation shown in (Equation. 181), where coefficients belong to the group of numbers R we first replace w with

(w = ’% + x> in order to obtain the fifth degree equation shown in (Equation. 175) where the coefficients are as expressed in

(Equation. 176), (Equation. 177), (Equation. 178), (Equation. 179) and (Equation. 180). Then, the reduction from sixth degree to
fourth degree is conducted by supposing x = (xox; + XoX, + XoX3 + XX, + X1X3 + X,X3), whereas supposing z = (x, + x; +
X, + x3) is the solution for fourth degree polynomial equation in (Equation. 181) by using Theorem 3 and relying on the
expression x3 = — 2—3. The variable Y; is defined as shown in (Equation. 182) where a3 is presented in (Equation. 186) and Y,
is the solution for the polynomial equation (Equation. 187), which relies on the coefficients (Equation. 188), (Equation. 189),
(Equation. 190) and (Equation. 191). The shown coefficients in (Equation. 188), (Equation. 189), (Equation. 190) and (Equation.
191) are expressed by using the constant VV, which is defined in (Equation. 192). The coefficients Y3, Y,, Y; and Y, of quartic
equation (Equation. 181) are determined by using calculated value of Y, and using the shown expressions in (Equation. 182),
(Equation. 183), (Equation. 184) and (Equation. 185).

The six proposed solutions for polynomial equation x¢ + bx> + dx3 + ex? + fx + g = 0 shown in (Equation. 175) are as
shown in (Equation. 194), (Equation. 195), (Equation. 196), (Equation. 197), (Equation. 198) and (Equation. 199).

The six proposed solutions for polynomial equation Aw® + Cw* + Dw3 + Ew? + Fw + G = 0 with A # 0 are as shown
in (Equation. 200), (Equation. 201), (Equation. 202), (Equation. 203), (Equation. 204) and (Equation. 205).

The group of expressions {iI}M Hie ol VP iF4,3} are the identified values of the variable I, which are calculated as solutions
for the sixth-degree polynomial equation presented in (Equation. 187) by using the solution of third degree equations shown in
(Equation. 193).

dZ
ve( 42
4 32Y5 8Y§ 124v} (f 4b>

* V22 Vb 4'Y2”2 b in order to simplify calculations, which allow obtaining the
4

We use the expressions { a; =

quartic equation shown in (Equation. 187).
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The value of ¥ shown in (Equation. 192) is used to simplify expressing the formulas during calculations where % =V.
3

The group of expressions {€(Y4,1,1) 3 S(a1.2) 5 $(Yar,3) S (Yas ,4)} are the identified four solutions for the fourth-degree

polynomial equation shown in (Equation. 181) by using Theorem 3 to calculate these four roots nearly in parallel.

Z4+Y3Z3+Y222+Y12+Y0:0 (181)
4a
d2> 2
2 — |V 2
_s_ea, () v (183)
27 vp b2 2bY2 Vv2p?2
dZ
3 3 3 _
Y _sra 3vd*  6dY, | eV Yi 8Y; S35, (184)
17 vb " ab3y, b2 bY, 4 VZbZ @ 4Yub
d? a2
Y. = Y v2ad 3va2_3avi+ﬂ_ evid | gv? Y_ﬁ_l_sz—E Y3, 8y} _2Y§+E_ U 2 (185)
07 2v  1eb*YZ ' 8b3 4b2  2b  4b2YZ  2bY% 4 4bY? J\ 4 ~ Vv2b2 VB = b2  4bY?
2
4 f—Z—b>
Ha = — Ya—7 (186)
3 32f (40d?  ede
bz ' b3 b
6 4 2 —
B3Yy +BYy + 1Yy +Bo=0 (187)
40960 16384 1536
Bs =~ Vip4 v3p3  v2p2 (188)
24576d  3072d | 1024
= - +— 189
G2 v2pt Vb3 v (189)
B, = 512d | 1536f , 28V2f  7v2d%?  96Vf  168d%V  192Ve  3456d? 1024e (190)
1= b b3 b b2 b2 b3 b b* b2
B, = 64v2d3 64ev3d | 128V%g = 192v2df (191)
0~ b* b2 b b3
32f ,40d?  6e
V= -t (192)
daz2
{r-a)
b

R CEC R R CRC RIS PR P e R

2b* = 9¢i b and Ci = 9¢i — 3b'%} (193)
1rz2

517 2 [f(Y‘mrl) - a(l'Y‘m)] (194)
1rz2

S2 = 2 [€(Y4,1v2) - a(er4,1)] (195)
1rz2

§3= 5 8(v,13) ~ Fvan)] (196)
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54 =580 04) — Uavan)] (197)

5 = _b+51+s;+s3+s4 _ J(b+51+S§+53+S4)2 _ 515295354 (198)

5 = _b+51+s;+s3+s4+\/(b+51+S§+S3+S4)2 _515295354 (199)

Solution 1 : § = \/g +2 [£0, 01) — Uavan)] (200)

Solution 2 : §} = \/g + 2180 12) — X)) (201)

Solution 3 : §} = \/1‘;‘; +2 (€0, 03) — Uavan)] (202)

Solution 4 : §} = \/g +3 [0, 0a) — Uavan)] (203)

Solution 5 : 51 = \/% _ b+sl+s§+s3+54 _ \/(b+51+S§+S3+S4)2 _ 5152515354 (204)
Solution 6 : 51, = \/g_ b+51+s;+s3+s4 n \/(b+51+s§+s3+s4)2 _ 5151354 (205)

9. Solving Sixth Order Differential Equations
This section presents the developed theorems and formulas to solve sixth order differential equations by using the proposed
methodologies in this paper to solve nth order differential equations and nth degree polynomial equations.

9.1. First proposed Theorem for Sixth Order Differential Equations

This section presents the first developed theorem to solve sixth order differential equations that are expressed according to
the form: Ax HO(x) + Bx HO(x) + C* HP () + D+ HO () + Ex HP(x) + F* HV(x) + G * HO(x) = K where A #
0, by supposing that the solution is expressed according to an exponential form, then converting the sixth order differential
equation into an equivalent polynomial form of sixth degree where we use the presented theorems to solve polynomial equations
in this paper.

Theorem 17

A sixth order differential equation under the expressed form in (Equation. 206) where coefficients belong to the group of
numbers R and A # 0, has multiple solutions presented as H (x) which we can express according to the exponential form shown
in (Equation. 207).

AxHOM) +B+HO) + CxHP )+ D« HO) + ExHP(x) + F* HY(x) + G « HO(x) = K with A # 0
(206)

Hey = et 4y (207)
The value of v, which is included in the solution H(x) shown in (Equation. 207), is considered as an arbitrary value. We
can calculate the arbitrary value of v by using shown expression in (Equation. 208).

K
v== (208)

The value of u, which is included in the solution H(x) shown in (Equation. 207), is considered as an arbitrary value. We
can calculate the arbitrary value of # while relying on a condition of initialization value I, which to be identified at the point
x = 0. Therefore, we can use the expression H(x = 0) = [, in order to identify the arbitrary value of u as shown in (Equation.
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209).
u=log (I, — g) (209)
By supposing that the solution of the sixth order differential equation is expressed according to the exponential form shown

in (Equation. 207); we can convert this differential equation into the form of a sixth degree polynomial equation as shown in
(Equation. 210), where we can use the proposed solutions in Theorem 15 for sixth degree polynomial equations in general forms.

Ax®+Bx5 +Cx*+Dx3 +Ex?+Fx +G=0withA+ OandB # 0 (210)
x®+bx®+cx*+dx®+ex?+ fx+g=0withb # 0 (211)

B c D E F G
b_X'C_X'd_X'e_X'f_X'g_X' (212)
Z4+F3Z3 +F222+F1Z+F0 =0 (213)

We use Theorem 15 in this paper to solve the sixth degree polynomial shown in (Equation. 210).

After reducing the form of sixth degree polynomial shown in (Equation. 210) to the presented form in (Equation. 211) where
coefficients are as expressed in (Equation. 212); the sixth-degree polynomial equation shown in (Equation. 211), where
coefficients belong to the group of numbers R, can be reduced to a fourth-degree polynomial equation, which may be expressed
as shown in (Equation. 213). The reduction from sixth degree polynomial to quartic polynomial is conducted by supposing x =
XoX1 + XXy + XoX3 + XX, + X1X3 + X,X3, Whereas supposing z = (x, + X1 + x5, + x3) is the solution for fourth degree
polynomial equation in (Equation. 213) by using Theorem 3 and relying on the expression x; = — % . The variable I'; is defined

as shown in (Equation. 214) where a5 is presented in (Equation. 215) and T’ is the solution for the polynomial equation (Equation.
216), which relies on the coefficients (Equation. 217), (Equation. 218), (Equation. 219) and (Equation. 220). The shown
coefficients in (Equation. 217), (Equation. 218), (Equation. 219) and (Equation. 220) are expressed by using the constant IV which
is presented in (Equation. 221). The coefficients I3, [, I, and I}y of quartic equation (Equation. 213), which is used to calculate
z, are determined by using the shown expressions in (Equation. 214), (Equation. 223), (Equation. 224) and (Equation. 225) while
using calculated values of T, and V.

The proposed six values as official solutions for sixth degree polynomial equation shown in (Equation. 211) are as presented
in (Equation. 226), (Equation. 227), (Equation. 228), (Equation. 229), (Equation. 230) and (Equation. 231).

The proposed six functions as official solutions for sixth order differential equation shown in (Equation. 206) are as presented
in (Equation. 232), (Equation. 233), (Equation. 234), (Equation. 235), (Equation. 236) and (Equation. 237).

The group of expressions {iF4_1 Hi o VPR il"4y3} are the identified values of the variable I[,, which are calculated as solutions

for the sixth-degree polynomial equation presented in (Equation. 216) by using the solution of third degree equations shown in
(Equation. 222).

d2>
4 4 2 2 vZr-So
, 3204, sra; 12ar3; scr?; (f b
41 TyZp2 Vb | p2 b b

in order to simplify calculations, which allow

We use the expressions < =
P (1r4) 4[“2“.

obtaining the shown equation in (Equation. 216).

The value of V' shown in (Equation. 221) is used to simplify expressing the formulas during calculations where % =V.
3

The group of expressions {5"@4,1,1) ; 5"(“'112) ; 5"(”’1,3) ; 5"(“'114)} are the identified four solutions for the fourth-degree

polynomial equation shown in (Equation. 213) by using Theorem 3 to calculate these four roots nearly in parallel.
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_ 4as
b

a2
41"4( _E)
b
32f 40d? e4cd  64e

2 T3 Tz T

(X3=—

40960 16384 1536

A3 = Vipt v3p3  v2p2
24576d 163 3072d 2048c 1024
== Yo Y T T
Veb Veb Vb Vb 14

512d +1536f +28V2f 7v2d?  96Vf  168d%V |, 192cdV  192Ve  3456d? +4-096cd 1024e  1024c?

(214)

(215)

216)

17)

(218)

(219)

(220)

(221)

A =—
1 b b3 b b2 b2 b3 b2 b b* b3 b2 b2
1= 64v2d3 +64-cd2V2 64eV2d | 128V3g +192V2df 128V2cf
0~ p* b3 b2 b b3 b2

32f 40d2 e64cd  64e
V= _22 5 Tz Th

= -

(%)

3
v 17 D D2 N3 1% b D2 c\3 A . A . Ao . . 3
Zi=7+3 -2+ [(5) +(5) +; [-2-JG) + () 1{p=2.¢=2 andd' =32}{D' = 27d" + 2b"° - 9
, 3 3 2 2 3 3 2 2 3 A3 A3 A3

cband C'=9c — 3b;2}

d?\.
82 6d | 4c (f—E)V 8r?

27 vb b2 b 2bT2 V2p2

d2
F1=5r:°; 3vd?  6dl, , 4cT, dcV | eV T3  8T3 +f_EV2

Vb | 4b3T, b2 b b2l, ' bL, 4 VZb2 ' 4Tb

r$ v2d3 | 3vd? 3dr% | cr? | cd?v?  cav

FO =

4pr?2 J\ 4 " Vv2p2 VB b2 b 4bT?

2 az 2 2 2 (f—ﬁ)
_<%+sz—n><r_4+ o} _&+2_2_c__4bvz>

S1= % [S%r“,l) - a(l,l"4,1)]
Sy = % [S%r“,z) - a(l.l"4.1)]
S3 = %[S%r“s) - a(l'l"4,1)]

Sa = %[anﬁ) - a(l'r4.1)]

S — b+S1+S,+S3+S, (b+51 +S,+S3 +S4)2 g
5 2 2 51525354
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T 2vb  16b*TZ ' 8b3  4b2  2b = 8b3[2  2b2

ev evZd

2b  4b2I2

(222)

(223)

(224)

gv?

2bT%

(225)

(226)

(227)

(228)

(229)

(230)
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56 _ _ b+S1+5,+53+5, + \/(b+51+52+s3+54)2 _ g (231)
2 2 51525354
1 -
Solution 1: DS, = K + (IO _ E) eE[S%I‘zl-,l.l) _a(l.l"4,1)]x (232)
G G
1[ -
Solution 2: pg, = X 4 (10 _ 5) eE[Sfm,Lz) ‘“(1.r4,1)]x (233)
G G
1 -
Solution 3: pg, = X 4 ( I — E) ea[sfu,l.s) e (234)
G G
1 -
Solution 4: DS, = K + ([0 _ E) eE[S%I‘4,141) _“(1,1"4_1)]7‘ (235)
G G
b+S1+S2+S3+S b+S1+S2+S3+54\?
Solution 5: L ) B v o v (236)
DSs==+(l,—%)e
5 — E 0 E
b b 2
Solution 6: (-5 LTI, J( i) slsfs3s4jx (237)
6= ¢ 0~ 7)€

9.2. Second proposed Theorem for Sixth Order Differential Equation

This section presents the second developed theorem to solve sixth order differential equations that are expressed according
to the form: A+ HO@) +C+HP @) +D+HPO ) +E+H®P () + F+ HO(x) + 6 * HO(x) = K where A # 0, by
supposing that the solution is expressed according to an exponential form, then converting the sixth order differential equation
into an equivalent polynomial form of sixth degree where we use the presented theorems to solve polynomial equations in this
paper. The axe of difference in this form of sixth order differential equation is having a value of zero for the coefficient of fifth
order part.

Theorem 18

A sixth order differential equation under the expressed form in (Equation. 238) where coefficients belong to the group of
numbers R and A # 0, has multiple solutions presented as H (x) which we can express according to the exponential form shown
in (Equation. 239).

AxHOX) +C+HPx) + D+ HPX) + E«xHO () + F+ HV(x) + G * HO(x) = K withA # 0 (238)

H(x) =e™*% 4+ v (239)
The value of v, which is included in the solution H(x) shown in (Equation. 239), is considered as an arbitrary value. We
can calculate the arbitrary value of v by using shown expression in (Equation. 240).

v==2 (240)

The value of u, which is included in the solution H(x) shown in (Equation. 239), is considered as an arbitrary value. We can
calculate the arbitrary value of # while relying on a condition of initialization value I, which to be identified at the point x = 0.
Therefore, we can use the expression H(x = 0) = I, in order to identify the arbitrary value of u as shown in (Equation. 241).

u=log (I, — g) (241)

By supposing that the solution of the sixth order differential equation is expressed according to the exponential form shown
in (Equation. 239); we can convert this differential equation into the form of a sixth degree polynomial equation as shown in
(Equation. 242), where we can use the proposed solutions in Theorem 16 for sixth degree polynomial equations in general forms.

Aw® + Cw* + Dw3 + Ew? + Fw+ G = 0with A+ 0 (242)
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x6+bx®>+dxd+ex?+fx+g=0 (243)
b=6|— (244)

d=2 125 +2 (245)

e="C 42 =€ 41 (246)

18 2 |-C DC 2E | —C F
- _ ’_ _ 2t 4z ’_ = 247
f 542 4/ 154 542 + A 15 +A ( )
-16C3 DC ,—c EC F ,—c G
— _ R T R Tl 248
9 337543 1542415 15 2 +A 154 +A ( )

We use Theorem 16 in this paper to solve the sixth degree polynomial shown in (Equation. 242).

In order to reduce the sixth degree polynomial equation Aw® + Cw* + Dw3 + Ew? + Fw + G = 0with A # Oto the
quartic equation shown in (Equation. 249), where coefficients belong to the group of numbers R we first replace w with w =

=<
154
245), (Equation. 246), (Equation. 247) and (Equation. 248).  Then, the reduction from sixth degree to fourth degree is conducted
by supposing x = (xox; + XgX, + XoX5 + XX, + X1 X3 + X,X3), whereas supposing z = (x, + x; + x, + x3) is the solution

+ x in order to obtain the shown equation in (Equation. 243) where coefficients are presented in (Equation. 244), (Equation.

for fourth degree polynomial equation in (Equation. 249) by using Theorem 3 and relying on the expression x; = —2—3. The

variable Y; is defined as shown in (Equation. 250) where a; is presented in (Equation. 254) and Y, is the solution for the
polynomial equation (Equation. 255), which relies on the coefficients (Equation. 256), (Equation. 257), (Equation. 258) and
(Equation. 259). The shown coefficients in (Equation. 256), (Equation. 257), (Equation. 258) and (Equation. 259) are expressed
by using the constant V, which is defined in (Equation. 260). The coefficients Y3, Y,, Y; and Y, of quartic equation (Equation.
249) are determined by using calculated value of Y, and using the shown expressions in (Equation. 250), (Equation. 251),
(Equation. 252) and (Equation. 253).

The six proposed solutions for polynomial equation x¢ + bx> + dx3 + ex? + fx + g = 0 shown in (Equation. 243) are as
shown in (Equation. 262), (Equation. 263), (Equation. 264), (Equation. 265), (Equation. 266) and (Equation. 267).

The six proposed solutions for polynomial equation Aw® + Cw* + Dw3 + Ew? + Fw + G = 0 with A # 0 are as shown
in (Equation. 268), (Equation. 269), (Equation. 270), (Equation. 271), (Equation. 272) and (Equation. 273).

The six solutions for sixth order differential equation are as shown in (Equation. 274), (Equation. 275), (Equation. 276),
(Equation. 277), (Equation. 278) and (Equation. 279).

The group of expressions {iI}M Hile VP iF4,3} are the identified values of the variable I;, which are calculated as solutions

for the sixth-degree polynomial equation presented in (Equation. 255) by using the solution of third degree equations shown in
(Equation. 261).

2 p_d”
4 =321(1 8 =1201\(2 v ( 4b>
We use the expressions { a; = v2p2 Vb 4Y2”2 b in order to simplify calculations, which allow obtaining the
4

sixth degree equation shown in (Equation. 255).
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The value of ¥ shown in (Equation. 260) is used to simplify expressing the formulas during calculations where % =V.
3

The group of expressions {€(Y4,1,1) S S(¥an2) 5 S(Yar3)5 § (Y41,4)} are the identified four solutions for the fourth-degree

polynomial equation shown in (Equation. 249) by using Theorem 3 to calculate these four roots nearly in parallel.

Z4 + Y3Z3 + YZZZ + le + YO = 0 (249)
4a
2\ ,
_8Y; ed (f‘E)V 8Y?} (251)
27 vp b2 2bY?2 Vv2p2
3 2 3 3 f dz
5T 3vd 6dY. VoY 8Y -3
Y, = 2% _odts €V Ya SYa | Tapy2 (252)
Vb 4b3Y, b2 bY, 4 V22 4Yub
dZ
4 2 2 2 2 —_
y.= Yo _ V243 +3Vd2 _3ag e ev2d + av? sz 4b 4+ ovi _ 220G 3d_ (f “’)Vz (253)
07 2vb  16b*YZ ' 8b3 4b2 ' 2b 4b2YZ ' 2bY2 4bY?Z v2b2 VB = b2 4bY?2
2
4 f—Z—b>
Qo= — 5 (254)
3 32f L40d?  ede
b2 ' p3 b
6 4 2 —
B3Yy +BYy +BiYi +Bp=0 (255)
40960 = 16384 1536
Bs=—Yar Y vam " vme (256)
24576d |, 3072d | 1024
= — — 257
b v2p4 e Ty (257)
B, = 512d | 1536f , 28V2f  7v2d%?  96Vf  168d%V  192Ve  3456d? 1024e (258)
1= b b3 b b2 b2 b3 b p* b2
B, = 64v2d3 64ev3d | 128V%g = 192v2df (259)
0~ p* b2 b b3
32f ,40d? |64
V= - 260
- 2
I o

b

o T 2 T et e o) sorim e

2b* = 9¢i b and C' = 9¢' — 3b%} (261)
=5 8 ) — ¥va)] (262)
112 — Aavan) (263)

53 = 5 (60, 13) — F(1xs)] (264)
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_1rg2
S4 =3 [f(y4,1,4.) - 0-’(1,Y4_1)] (265)
S = — b+sl+s§+s3+s4 _ J(b+51+S§+53+54)2 - Sgs _ (266)
1929394
_ _bESi#S+Sssy (b+51+SZ+S3+S4)2 g 267
S6 = 2 2 51525354 (267)
1 —C 1 2
S1= 12 T2 80 — @@, )] (2638)
Sp= |[ZEttpez - (269)
27 154 ' 2 [€(Y4,1v2) a(er4,1)]
1 —C 1 2
S3 = | T3 B (vans) — ¥@yan)] (270)
I -C 1 2
Sy = /a 56000 ~ 2ar,)] (271)
i _ [ =€ b+S14S;+S3+Ss  [(b+S1+Sp+S3+S4\% g 272
S5 = 154 2 \/( 2 ) 5155354 (272)
_ 2
s = ﬁ_ b+51+S;+S3+S4 + \/(b+51+S§+S3+S4) - Si _ 273)
1922324
-C 1
Solution 1: DS, = Ky (10 _ 5) e \/;5[5(2\(4,1,1) ~1y, 1) [¥ (274)
G G
-C
Solution 2: DS, = K + (lo _ 5) e \[;%[f(zm,l,z) —0!(1,\(4,1)]]76 275)
G G
-C
Solution 3: DS, = Lo (lo _ 5) e \[;%[5(21(4,1,3) —0!(1,\(4,1)]]76 (276)
G G
-C 1
Solution 4: DS, = %_,_ (10 _ g) e[\/;+§[€(zy4_1,4) ~1y, 1) [¥ Q277)
—C b b 2
Solution 5: K K \/%_ +51+S§+S3+S4 _\/( +Sl+s§+53+54) _51555354Jx (278)
psg=%+(I,—%)e
—C  Db+S1+Sy+S3+S b+S1+S2+S3+54\?
Solution 6: B PR J( . _slsfs3s4jx (279)
DSy =2+ (lo—%)e

10. Solving nth Degree Polynomial Equations
This section presents the developed theorem and formulas to solve nth degree polynomial equations by using the proposed
engineering methodology in this paper.
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10.1. Proposed theorem for nth degree polynomials
This subsection presents the developed theorem to solve nth degree polynomial equations that are expressed according to

the form: {( > ZI(:I AX i) = 0} where Ay # 0, by converting this nth degree polynomial into the form of a reduced polynomial

equation with inferior degree which we can express as follows: {( Z 2:1: IZ ") = 0} where N>M.

{(ZngiXi) = 0} with A, # 0 (280)

i:N A .
Z Aiyi) =0l with 4, # 0 (281)
i=0 4n

j=n .
if(N >7and N =1MOD[2]) = {(Z a—’XJ) = 0} where {(n = N + 1); (a, # 0); (a, = 0) and (aj+; = 4j50)}

j=0 n

(282)

jen g
if [N<7o0r (N =0MOD[2])] = {(Z a—ij> - 0} where {(n = N) and (a, # 0)and (q; = A;))}  (283)
j=0"m

{X = % + %} to eleminate the part with the degree (n — 1) (284)
{X = ’;(27:1_(_111)—;) + x} to create the part with the degree (n — 1) (285)
{X = x} to keep the same form of polynomial (286)
i=n i .
{(Zi:o bix‘) = 0} withb, = 1 (287)
{x = XIZUT, = Y=t x;} if the degree of polynomial equation is n = 4 (283)
{x =T, = YixjXi xj} if the degree of polynomial equation isn =5 (289)
{2;:3’ T;z' = 0} where (n' <n)and (T, = 1) (290)

., i=u'
2= n=) % (291)
i=

o R R R CLER e A e N

F+x1 A 293
x, = |- 4 |(22) - (293)
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P P 2
_ >+x1 =+x1 Q2
X3 = _22 - <22> " 6axg (294)
{al ZX } {‘ZZ Z#] } {(Z3 Zli ]ikx x]xk} {0!4 Zl¢ ]ikilx x]xk xl} (295)
X =Cx)? —a}; (X% = ap + 2a3(Xx) + 6a,}; {(X* = 4(Tx;)* af + 4a;(Tx)[az + 6a,] + [, + 6a,]%}
(296)
(Zi=v' A T2 = 0} where (v' < g) (297)
r
{v= a—S} (298)
A= gi(V) (299)
L= fiIV) (300)
Grou K={5" ;5 ;...;5.~ ,} 301
PR 0m)? Tenea) 5 o) (oD
1 1]

{S = =3 [S(F 1) —aq, F)] [S(F 2) a(lyp)] HTT Sn’ = B [SEF,H’) - a(l_r)]} (302)

(3
jz;_,— = (303)

H]‘:1 (X—S]')
{S(nl+1) N S(nl+2); ey S(n)} (304)
{S1=5,553=Sy5.; S)r = Spr; s Sy = Sp} (305)

an-1 —an-1 S2 ~An-1 Sp! . . or _ —Gn-1 Sn
{sl_n— PSp= Ty RS s g Sl s = e + ) (306)
an-1 —Qan-1 . —0an-1 1 —Qan-1
51 ’n(n Do +5,; 8, = / oy — + Sy /n(n 2)an Sy = /—n(n—z)an + Sn} (307)
Theorem 19

1. We Consider the nth degree polynomial equation {( > ::SIAiX i) = 0} where A, # 0 and N = 4 and all coefficients belong

to the group of numbers R as shown in (Equation. 280).

2. We first adapt the nth degree polynomial equation {(ZZS’ A X ") = 0} shown in (Equation. 280) to be as presented in
(Equation. 281) by dividing it on the coefficient A,, where 4,, # 0.

i=N
3. [Ifthe degree N of the polynomial equation {( E %X i> = 0} is an odd number and if it is equal or superior than seven,
i=0 An

j=n o,
then we can multiply this polynomial form by X to obtain the polynomial equation {(Z Z—’X’ ) = 0} shown in
j=0 n

(Equation. 282) where {(n =N+1); (a, # 0); (a; = 0) and (a]-+1 = A]-EO)}.

i=N
4. If the degree N of the polynomial equation {(Z %X i> = 0} is less than seven or if it is an even number, then we can
i=0

j=
adapt this polynomial form to be presented as {(Z 4 X]> = 0} where {(n = N)and (a, # 0) and (a] = ]>0)} as

j=0 %n
presented in (Equation. 283)
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If the degree n of the polynomial equation {( "4 X! > } is even, then there is the possibility to eliminate the part

= =0 %n

of the degree (n-1) by using the expression {X oy } shown in (Equation. 284).

j=
It is optional to create the part of the degree (n-1) in the polynomial equation {(Z Z’ X/ > = O} by using the expression
j=o0"mn

{X = /n(zna(—’ll)z) + x} shown in (Equation. 285), which also allows eliminating the part with degree (n-2).

. —a(n- . [-2
If we do not use the expression {X =toon %} nor the expression {X = n(na(—rll):) + x} then we rely on the use of the
n

nan

expression {X = x} as shown in (Equation. 286), in order to reach the presented form in (Equation. 287).

j=n

We adapt the nth degree polynomial equation {(Z Lx ]> = O} to be presented as {( Z :Z bixi) = O} where b,, =

j=09n
and all coefficients belong to the group of numbers R as shown in (Equation. 287).

Considering the resulted nth degree polynomial equation {( > i:g bixi) = 0} where b, = 1 and all coefficients belong to
the group of numbers R as shown in (Equation. 287); we can reduce this polynomial equation into an inferior
polynomial degree {z;ﬁzg’ Iz = 0} where (n’ < n) and (Iy = 1) as shown in (Equation. 290).

The reduction of the polynomial equation from the nth degree to the inferior degree n’ is conducted by supposing

{x = XZUT; = =¥ x;} when n = 4 as shown in (Equation. 288), or supposing {x =T, = YixjXi xj} whenn > 5 as
presented in (Equation. 289), whereas supposing the expression {z = f }f xl} shown in (Equation. 291) is the solution for

(u -1

the polynomial equation of degree n’ shown in (Equation. 290) by relying on the expression X,/ = which will

eventually lead to use the solutions of quartic equations.

The value of x; is expressed according to the solution of third degree polynomial equations where x; =

_?b +§3\]—§ + @)2 + (5)3 + § 3\/—%— @)2 + (5)3 as presented in (Equation. 292)

The wvalue of x, is expressed according to the solution of quadratic polynomial equations where x, =

Pix Pix 2 Q2
21 271
— + —
2 2 64x,

The value of x5 is expressed according to the solution of quadratic polynomial equations where x3; =

2
§+X1 §+X1 Q2 . .
—2%—— [l 32— | — ——as presented in (Equation. 294)
2 2 64 1
We rely on using the constant values {a; = Yx?}; {ay = Xz jx7 %7} {a3 = Tis jur xix5% } and {a, =
Yix kel XiXj Xy xl}, which are shown in (Equation. 295), in order to converge calculations toward reducing the degree of

polynomial.

We rely on using the expressions {X = (Xx;)? —ay}; (X% = ay + 2a3(3x;) + 6a,} and {X* = 4(Tx;)? a3 +
4a;(3x)[ay + 6a,] + [ay + 6a,]%}, which are shown in (Equation. 296), in order to converge calculations toward having
simplified forms.

The variable T is the solution for the polynomial equation (Equation. 297), which relies on the coefficients {1y; A;; ...; 4.}
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The value of V' shown in (Equation. 298) is used to simplify expressing the formulas during calculations where aL =V.
3

Each coefficient {4;} is among the group {4y; 4;; ...; 4.} and it is calculated according to the shown expression in (Equation.
299) by relying only on the coefficients {bgy; by; ...; b,} and the calculated constant value of V which is presented in
(Equation. 298).

The polynomial equation {2;:3’ A2 = O} where (v’ < g) has (2#*v') roots which we can express as
{20, 5 20,5 il"rv,}.

1

We can select one root among the group {£[}. ; £I} ; iI‘rv,} to be considered as the principal root value I'.

55

Each coefficient {I;} is among the group {I}; I}; ...; I/} and it is calculated according to the shown expression in (Equation.
300) by relying only on the coefficients {by; by; ...; b, } and the calculated values of I" and V.

We use the expressions {a(Lr) = L(V, F)} shown in (Equation. 301) to calculate the value of a; only by using the coefficients
{by; bs; ...; by} and the calculated values of I' and V, which allow simplifying calculations toward obtaining the shown
equation in (Equation. 297).

The group of roots {+I} ; £I}, ;...; I} ,} identified for the polynomial equation {zﬁzg' A T2 = 0} will allow to calculate
an amount of (2 * v") groups of roots for the polynomial equation {2;:3' Iz = O} where each group of roots will be

consisting of n’ roots as shown in (Equation. 301)

Each group of roots for the polynomial equation {zﬁzg' Iz = 0} is calculated while relying on a specific value of root
{xI}, } for the polynomial equation {zgzg' A2 = 0}; whereas all groups of roots of the polynomial equation
{2;:3’ I; z' = 0} will have redundancies among them.

In order to identify all roots, we can eliminate the redundancies of values among calculated groups of roots for the polynomial
equation {2;:3’ Izl = 0} where each group of roots is calculated by using a different value of {I}, } among the identified
group of roots for the polynomial equation {2;:3’ AT = O}

We calculate the group of roots {S¢r1y; Sqray; - S(F,n')} to be the solutions of the polynomial equation {zﬁzg’ T z' = 0}
shown in (Equation. 290)

We calculate the group of roots {S(r1); S(r.2); - S(F,n')} nearly in parallel to be the solutions of the polynomial equation

{zﬁzg' I; z' = 0} by changing the signs of the included subterms in one solution {S,) = ¥ + T;}

) 1re 1rea 1 -
We calculate a group of n’ roots {Sl = ;[Sfm) —aap]; S = E[S%r,z) —agp)e; Sy = ;[Sﬁr.n') - a(1,r)]} as
expressed in (Equation. 302) to solve the polynomial equation {( > i:g bixi) = 0}, which is presented in (Equation. 287)

We can calculate the rest of roots for the polynomial equation {( ZE:Z

(e .

j_n,( ) = 0 shown in (Equation. 303) while relying on the calculated group of roots {S1 = %[S%F 1y~ a(1,r)] ; Sy =
H];l x—Sj )

%[S%r,z) —agp); e Sy = %[S%nnr) - a(1,r)]} which is presented in (Equation. 302)

<Z%=: bixi>

iz
—=
iy (x=sj)

{St'+1) 3 S(n'+2)i 3 Sau} shown in (Equation. 304).

bixi) = 0} by solving the polynomial equation

We solve the polynomial equation = 0, which has a degree of (n —n'), in order to identify the group of roots
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i=n .
(o)
=0
P
jZy (x=s;)

equation is expressed according to a second degree form.

i=n )
(Zooo)
=0
il
mjZy (x=s)

is expressed according to a third degree form.

(50

—n!
jZy (x=s)

31. We solve the polynomial equation = 0 shown in (Equation. 303) by using quadratic terms if this polynomial

32. We solve the polynomial equation = 0 shown in (Equation. 303) by using cubic terms if this polynomial equation

33. We solve the polynomial equation = 0 shown in (Equation. 303) by repeating the same engineered methodology

()

to solve nth degree polynomial equations if the degree of the equation szil‘,(x_s )
j=1 J

= 0 is equal or higher than four.

34. By identifying the group of roots {S(;y; S(z); ---; S(nr)} and the group of roots {S(nr+1) ; S(nr+2); s Sy t» we will have all
the n roots for the nth degree polynomial equation {( > i:g bixi) = 0} shown in (Equation. 287)

35. The group of roots for the polynomial equation {( > :g’ A X ") = O} shown in (Equation. 280) will be {S(;); S(oy; 3 S(ny}

where {S('i) = S(i)} as presented in (Equation. 305) in case we used the expression (X = x) shown in (Equation. 286)

36. The group of roots for the polynomial equation {( > i:g’AiXi) = 0} shown in (Equation. 280) will be {S(;) ; S(oy; s S(ny}

—-a

where {S('i) =fn-1 15(0} as presented in (Equation. 306) in case we used the expression {X =" 4 f} shown in
nan n nan n

(Equation. 284)

37. The group of roots for the polynomial equation {( Z:g’ A X ") = O} shown in (Equation. 280) will be {S(;); S(z); s S(ny}

r —2an—3 ) . . . . _ —2a(n-2)
where {S(i) = ’—n Dan + S(l)} as presented in (Equation. 307) in case we used the expression {X = / T Dan + x} shown

in (Equation. 285)

11. Solving nth Order Differential Equations
This section presents the developed theorems and formulas to solve nth order differential equations by using the proposed
methodologies in this paper.

11.1. First proposed Theorem for nth Order Differential Equations

This subsection presents the first developed theorem to solve nth order differential equations that are expressed according
to the form: {( > i:i)v A;xHO® (x)) =K } where Ay # 0, by supposing that the solution is expressed according to an exponential
form, then converting the nth order differential equation into an equivalent polynomial form of nth degree where we use the
presented theorems to solve polynomial equations in this paper.

Theorem 20

The nth order differential equation under the expressed form in (Equation. 308) where coefficients belong to the group of
numbers R and Ay # 0, has multiple solutions presented as H (x) which we can express according to the exponential form shown
in (Equation. 309).

(ZZ’OV AHO () = K with Ay # 0 (308)

Hpy = et +p (309)
(%)

The value of v, which is included in the solution H(x) shown in (Equation. 309), is considered as an arbitrary value. We can
calculate the arbitrary value of v by using shown expression in (Equation. 310).

v==X (310)
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The value of u, which is included in the solution H(x) shown in (Equation. 309), is considered as an arbitrary value. We can
calculate the arbitrary value of # while relying on a condition of initialization value I/, which to be identified at the point x = 0.
Therefore, we can use the expression H(x = 0) = I, in order to identify the arbitrary value of u as shown in (Equation. 311).

u = log (lo—ﬁ) G11)

By supposing that the solution of the nth order differential equation is expressed according to the exponential form shown in
(Equation. 309); we can convert this differential equation into the form of a nth degree polynomial equation as shown in
(Equation. 312), where we can use the proposed solutions in Theorem 20 for nth degree polynomial equations in general forms.

{(Zi:gAiX") = 0} with 4, # 0 (312)

We use Theorem 20 to solve the nth degree polynomial equation shown in (Equation. 312) in order to calculate all n roots
nearly in parallel. Otherwise, we can use numerical analysis to calculate all these roots.

After identifying the group of n roots {S('l) ; S('z) H S('n)} for the nth degree polynomial equation shown in (Equation. 312),

we calculate the group of # solutions {DS ,El) ; DS ’Ez); w.; DS ’En)} for the nth order differential equation by relying on the

identified roots and the shown expression in (Equation. 309), which allow calculating each solution for the differential equation
(Equation. 308) as shown in (Equation. 313).

7 K ! K
DS(y = (Io _E) eSix 4 £ (313)

11.2. Second proposed Theorem for nth Order Differential Equations
This subsection presents the second developed theorem to solve nth order differential equations that are expressed according

to the form: {( Zi::)vAi * H® (x)) =K } where Ay # 0. This Theorem is identifying new additional solutions for nth order

differential equations by combining the use of two different roots to express the new solutions, which allow interconnecting two
arbitrary points {(xo, ly) ; (x1,11)}.

Theorem 21
Supposing having the nth order differential equation {( Z;:gAiH ) (x)) =K } which is characterized by the nth degree

polynomial equation {( > i:g’AiX i) = 0} where A,, # 0 and all coefficient are from the group of numbers R.

Supposing the group of nroots of the nth degree polynomial equation {( > iinXi) = 0} which to be expressed as

{S('l) ; S('z) H S('n)}, whereas the group of n solutions for the corresponding nth order differential equation
{( Z;:SIALH(") (x)) = K} is to be expressed as {DS('D ; DS('Z); s DS('n)} where each solution of the differential equation is

calculated by using the identified roots as follows: DS('L-) = (IO - Aﬁ) eSi* + Aﬁ.
0 0

If there are two different roots {S, ; S; } among the group of n roots {5(,1) ; 5(,2); e S('n)} of the nth degree polynomial
equation, then we can use the nth order differential equation to interconnect two arbitrary values {I; ; I; } identified at two
arbitrary points {(xq, 1) ; (xq,1;)}. The new solutions of the differential equation are determined by using the new functions
expressed in (Equation. 314) where the coefficients {R’(,O) s Ry } are as expressed in (Equation. 315) and (Equation. 316).

’ ’ K K
{Ds(n+i>n) = R’(11)eszx + (R o) ™ 45— RI(h)) e + 4 s Where Sy € {Sa; Sb}} (14
K Sqx 1 Sox, S1x

, IO—A—(l—e 1 0)—R (11)(8 2%X0—g”1 0)
R’y = —22 o (315)

K Sqx ’ Sqx

, 11—A—(1—e 1*¥1)-R (1gye 11
R ) = : eS2X1_gS1%1 (316)

11.3. Third proposed Theorem for nth Order Differential Equations
This subsection presents the third developed theorem to solve nth order differential equations that are expressed according

to the form: {(ZE:IJALH (i)(x)) =K } where Ay # 0. This Theorem is identifying new additional solutions for nth order

differential equations by combining the use of three different roots to express the new solutions, which allow interconnecting
three arbitrary points {(xg, I) ; (x5, 1) ; (3, )}
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Theorem 22
Supposing having the nth order differential equation {( Z;:gAiH ) (x)) =K } which is characterized by the nth degree

polynomial equation {( > i:g’AiX i) = 0} where A,, # 0 and all coefficient are from the group of numbers R.

Supposing the group of nroots of the nth degree polynomial equation {( > iinXi) = 0} which to be expressed as

{S('l) ; S('z) H S('n)}, whereas the group of n solutions for the corresponding nth order differential equation
{( Z;:SIALH(") (x)) = K} is to be expressed as {DS('D ; DS('Z); s DS('n)} where each solution of the differential equation is

calculated by using the identified roots as follows: DS('L-) = (IO - Aﬁ) eSi* + Aﬁ.
0 0

If there are three different roots {S, ; S, ; S.} among the group of n roots {S, ('1) ; 5(,2); e S('n)} of the nth degree polynomial
equation, then we can use the nth order differential equation to interconnect three arbitrary values {I, ; I; ; I,} identified at three
arbitrary points {(xo, ;) ; (x1,1;); (3, 1,)}. The new solutions of the differential equation are determined by using the new
functions expressed in (Equation. 317) where the coefficients {R'(,O) s Ry R'(,z)} are calculated by using shown expressions
in (Equation. 318), (Equation. 319) and (Equation. 320).

{DSturism = Rpe™s + (Ruy = Rp)e™ + (Riuy = 5 = Rayy) €55 + -5 where Sy € (Sa; Sy 5.} } (317)
R = AT ) (e o)

R'ay = Il_ﬁ(l_esm)_R;(ézzs_l:sljUZ)(esm_esm) (319)

R4, = ’2‘%(1—«351"2)—R;(;Zlezs_1:522;1z’(,1)(e52"2—e51x2) (320)

11.4. Fourth proposed Theorem for nth Order Differential Equations
This subsection presents the fourth developed theorem to solve nth order differential equations that are expressed according

to the form: {(ZE:IJALH (i)(x)) =K } where Ay # 0. This Theorem is identifying new additional solutions for nth order
differential equations by combining the use of four different roots to express the new solutions, which allow interconnecting four
arbitrary points {(xo, lo); (x1,11) 5 (x2,12) 5 (x3,13)}-
Theorem 23

Supposing having the nth order differential equation {( Zi:gAiH ) (x)) =K } which is characterized by the nth degree

polynomial equation {( Z i:g’ A X ") = O} where A,, # 0 and all coefficient are from the group of numbers R.

Supposing the group of nroots of the nth degree polynomial equation {( > ZSIAL-X") = O} which to be expressed as

{5(,1) ; S(Iz) H S('n)}, whereas the group of n solutions for the corresponding nth order differential equation
{( ZZ:S’AL-H Q) (x)) =K } is to be expressed as {DS(yy; DS(yy; ...; DS(p)} where each solution of the differential equation is

calculated by using the identified roots as follows: DS(;) = (10 - AL) eSi* + Ai.
0 0

If there are four different roots {S,; S, ; S.; Sy} among the group of n roots {S('l) ; S('z) H S('n)} of the nth degree
polynomial equation, then we can use the nth order differential equation to interconnect four arbitrary values {I,; I, ; I, ; I3}
identified at four arbitrary points {(xo,I;); (xq,1;); (x5, 1,); (x3,13) }. The new solutions of the differential equation are
determined by using the new functions expressed in (Equation. 321) where the coefficients {R’(,O) s R'ays Ry R'(,3)} are
calculated by using shown expressions in (Equation. 322), (Equation. 323), (Equation. 324) and (Equation. 325).
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7 ! ! ! ! ! ! K ! K
{Ds(n+i>n) =R'ge™ + (R, — R'up)e™ + (R'qyy — R'ayp)e™ + (R ) "4 R (11)) et + - where S, €
{Sa; Sp; S Sd}} (321)

lo=4c(1-e51¥0)—R! (1 (e52¥0-¢51%0) R (1 (5370 52%0) R/ ;) (e S4¥0 - S3¥0)

! —
Ry = (322)
) B Il—f—o(l—eslxl)—R’(,O)eslxl—R’UZ)(653X1—esle)—R’(,3)(eS4x1—es3x1)
R ) — eS2X1_gS1X1 (323)
) B 12—f—o(l—eslxz)—R’(lo)eslxz—R’Ul)(eszxz—eslxz)—R’(,3)(eS4x2—es3x2)
R I2) — eS3X2 _pS2X2 (324)
' 13=0(1-e5173) =R/ 1)eS1¥3 R/ (1) (5243 -¢51%3) R/ (1 (¢53%3 -¢52%3)
R Us) = eS4X3 _S3X3 (325)

11.5. Fifth proposed Theorem for nth Order Differential Equations
This subsection presents the fifth developed theorem to solve nth order differential equations that are expressed according

to the form: {(ZE:IJALH (i)(x)) =K } where Ay # 0. This Theorem is identifying new additional solutions for nth order

differential equations by combining the use of T different roots to express the new solutions, which can allow interconnecting T
arbitrary points.

Theorem 24
Supposing having the nth order differential equation {( Z::)V A;H® (x)) =K } which is characterized by the nth degree

polynomial equation {( Z i:g’ A X ") = O} where A,, # 0 and all coefficient are from the group of numbers R.

Supposing the group of nroots of the nth degree polynomial equation {( > iinXi) = 0} which to be expressed as

S(1y; Sio; o Sipy), whereas the group of n solutions for the corresponding nth order differential equation
@ 2@ (n)

{( Z;:SIALH(") (x)) = K} is to be expressed as {DS('D ; DS('Z); s DS('n)} where each solution of the differential equation is

calculated by using the identified roots as follows: DS('L-) = (IO - Aﬁ) eSi* + Aﬁ.
0 0

If there are T different roots {Sy, ; Sp,;...; Sp,} among the group of n roots {S('l); 5(,2); e S('n)} of the nth degree
polynomial equation, then we can use the nth order differential equation to interconnect T arbitrary values {I; ; ...; I_, } identified
at T arbitrary points {(xy,ly) ; ... ; (xr—1, Ir—1)}. The new solutions of the differential equation are determined by using the new
functions expressed in (Equation. 326) where the values of the coefficients {R’(,O) s Ry s s Rlap 1)} are calculated by using
shown expressions in (Equation. 327) whereas the used parameters R(y,), O, x)» P(x,) are as shown in (Equation. 328),
(Equation. 329) and (Equation. 330).

DS! =R xST 4 k:H[(R' = Ragenny) €50 ) + (R = 2= = R'gy) ) €751 + s where S €
(n+i>n) = N (Uroq)€ - 1) ~ M leery) ) € o) ~ 7 ~ )€ a0 wnere o;

{Sps3 Spys s Sprl } (326)

K S1x
Ik—A—O(l—e 1 k)—R(xk)+O(1k’ xx)

Ry = (327)

Lge7m)
R = R \eSi%k 4 jo_lR, (eSi%k — 5) 328
wo = Rape i e € (328)

0 _ R'(pe*, k=0 o

(g, xK) — RI(Ik)(eSk+1Xk _ eskxk)‘ k>0 ( )
eStk k=0

P(.X'k) = {(esk+1xk _ eskxk)’ k>0 (330)
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11.6. Sixth proposed Theorem for nth Order Differential Equations
This subsection presents the sixth developed theorem to solve nth order differential equations that are expressed according

to the form: {( ZE:;IAI' * H (i)(x)) =K } where Ay # 0. This Theorem is identifying new additional solutions for nth order

differential equations by combining the use of T’ different roots {T € [[2,T]} to express the new solutions, which can allow
interconnecting T arbitrary points {(xgp o) 5w (qu,, Irr_)}

Theorem 25
Supposing having the nth order differential equation {( Z::)V A;H® (x)) =K } which is characterized by the nth degree

polynomial equation {( Z i:g’ A X ") = O} where A,, # 0 and all coefficient are from the group of numbers R.

Supposing the group of nroots of the nth degree polynomial equation {( > ZSIAL-X") = O} which to be expressed as

i=N

{5(,1) ; S(Iz) H S('n)}, whereas the group of n solutions for the corresponding nth order differential equation {(zi:O A; *

H (i)(x)) =K } is to be expressed as {DS('l) ; DS('Z); s DS('n)} where each solution of the differential equation is calculated by

. . . . r_ K S-’X K
using the identified roots as follows: DS;) = (IO - A_o) e~i* + 0

If there are T different roots {Sy, ; Sp,;...; Sp,} among the group of n roots {S('l) ; 5(,2); e S('n)} of the nth degree
polynomial equation, then for each value of T' (2 <T'<T), we can select a specific group of T’ different roots
{Sq v qu H SqT,}, then we can use the nth order differential equation to interconnect T' arbitrary values {Iy;...;I7/_}
identified at T' arbitrary points {(xq,Iy) ; ...; (x77_1,I77_1)}. The new solutions of the differential equation are determined by
using the new functions expressed in (Equation. 331) where the values of the coefficients {R’(,O) s R apys s Ry, 1)} are
calculated by using shown expressions in (Equation. 332) whereas the used parameters R(y,y, O(,, x,)» P(x,) are as shown in
(Equation. 333), (Equation. 334) and (Equation. 335).

L=T"-2
’ _ xS, S K S K.
{Ds(n+i>n) =R e + ZL:l [(R’(IL) - R'(I(LH))) e’ ““)] + (R'(Io) T R'(zl)) ™t + - -;where S €

{S‘h; qu; N SqT/}} (331)

, IL—f_O(l_eSLXL)_R(xL)+0(1L. xL)
Rap= P, (332)

T'-1

Rex) = R gpe™ + ijl R (5%t — %) (333)
Oy »py = R'pe™™, L=0 (334)

(I, xL) R’(IL) (eSL+1xL —eS*L), [ >0

eSL, [ =0
P(xL) = {(eSL+1xL _ eSLxL), L>0 (335)

12. Conclusion
This paper presents new engineered methodologies to solve nth order differential equations and nth degree polynomial
equations step by step while providing the necessary logic, expressions, conditions, and formulas to solve these equations.

This paper presents the results of deploying the proposed engineered methodologies into solving fourth degree, fifth degree
and sixth degree polynomial equations in general forms while presenting the results according to specific theorems and formulas.

This paper also presents the results of deploying the proposed engineered methodologies into solving fourth order, fifth order
and sixth order differential equations in general forms while presenting the results of this deployment according to specific
theorems and formulas expressing the solutions of these differential equations.
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In addition, this paper presents generalized theorems along with specific formulated solutions which we propose to solve nth
order differential equations and nth degree polynomial equations in general forms and in complete forms.

Furthermore, this paper presents new theorems expressing new additional solutions for nth order differential equations in
order to allow the use of these differential equations and their roots into interconnecting many arbitrary values accorded to specific
points, which open the way toward scaling up the use of these differential equations and their solutions in business analytics, data
analytics predictive analysis and systems control.
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