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Abstract: Let S} («,s,t) be the class of normalized analytic

functions defined in the open unit disk satisfying

- < (s—1)(D}, /(=)

D?,,Lf(sz)—D;uf(tz)) >a,lt|<1,s#t

for some a(0 < a < 1) and DY

A, 1s a linear multiplier differ-

ential operator defined by the author in [8]. The object of
the present paper is to discuss some properties of functions
f(z) belonging to the classes S} (a,s,t) and T} («a,s,t) where

f(z) € T} (@, s,t) if and only if 2f(z) € S}, (a, s,1).
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1. INTRODUCTION

Let A denote the family of functions f of the form

(1.1) f(2) = 2 + X5 pan2"

which are analytic in the open unit disc U = {z : |z| < 1}. For f(z) belongs to
A, the multiplier differential operator DY , f(2) was defined by the authors in [8] as
follows DY ,f(2) = f(z)

D3 =Dauf(2) = X(f(2))" + (A= p)(f(2)) + (1= A+ p)f(2)

D3, f(2) = Dxu(D3 . f(2))

Dy, f(2) = Da (D3, f(20))
where A\ > > 0 and n € Ny = NUO.

If f is given by (1.1)then from the definition of the operator D}  f(2) it is easy to
2



see that

(1.2) D3 f(2) = 2+ [+ Otk + A — ) (n — 1)]"a, 2"

It should be remarked that the D:"u is a generalization of many other linear operators
considered earlier by different authors. In particular, for f € A we have the following
DY f(z) = D" f(z) the operator investigated by Salagean.

DY ,f(z) = Dy f(z) the operator studied by Al-Oboudi.

DZ\"M the operator firstly considered for 0 < p < A < 1, by Raducanu and Orhan.

A function f(2) € A is said to be in the class S} (a, s,t) if it satisfies

13) " ( (s = t)(D3,.f(2))

D3 (52) - Dxuf(m) >l < ls At

for all 2 € U and some a(0 < a < 1). We also denote by 7Y ,(«, s,t) the subclass
of A consisting of all functions f(z) such that zf'(z2) € S% .(a,s,t). The class
SY .(a, s,t) was introduced and studied by Owa et. al. [8] and by taking t=-1, the
class ST ,(a,s,t) = S()\) was introduced by Sakaguchi [8] and is called Sakaguchi
function of order «, where as S,(0) = S is the class of starlike functions with
respect to symmetrical points in U. Also we note that S} ,(a,1,0) = S*(a) and
17 ,(a, 1,0) = C*(a) which are respectively the familiar classes of starlike functions

as order a(0 < a < 1) and convex functions of order a(0 < o < 1).



2. Sy, (a,s,t) AND T (a, 5, 1)

Theorem 2.1. If f(z) € A satisfies

(2.1) S {lk — (s, )] + (1 = @)lues, )} < 1 —a

k=2

(uk(s, t) = Z sk_jtj_1>

for some a(0 < o < 1) then f(z) € S}, (a, 5,t) where Af = [1 + (A\pk + X — p) (b — 1)]".

Proof. To prove Theorem 2.1, we show that if f(z) satisfies (2.1) then

‘ (s—0)=(D} £(2))’

Dy f(s2)-Dj f(tz) 1‘ <l-a

Evidently, since

1

(=000 | s SEbapt
D;’#f(sz) — Dgyuf(tz) 24> e, kA, 2k

R (k—ug)Alagzh !
T4, Agukakzk—l

we see that,

(52D, ) | « Eitp Ablk—unlla]
DY f(s2)=D% |, (t2) = 1= ko Aflulllax]

therefore, if f(z) satisfies (2.1), then we have

) (s—)=(D} , £(2)')

Dy f(s2)-Dy  f(tz) 1) <l-a.



This completes the proof of Theorem 2.1. O

Theorem 2.2. If f(z) € A satisfies
Dok = u(s, )] + (1= a)|ur(s, )| Hax] <1 -«

where

(2.2) (uk(s,t) = Zsk_jtj_1>

for some a(0 < o < 1)

then f(z) € T{ (o, s,t), where A} = [1 + (Ak + X — p)(k — 1)]".

Proof. Noting that f € TY («,s,t) if and only if sf’ € S} ,(a,s,t), we can prove
Theorem 2.2.

We now define
Soaula, s, t) ={f € A: fsatisfies(2.1)}

and

Soaula, s, t) ={f € A: fsatisfies(2.1)}

This completes the proof of Theorem 2.2. O



(3.3)

3. COEFFICIENT INEQUALITIES

Applying Caratheodory function P(z) defined by

(3.1) Pz)=1+ Zpkzk

in U, we discuss the coefficient inequalities for the functions f in the subclasses

S (s, t) and TR (a8, t).

Theorem 3.1. If f(z) € S} ,(«a, s,1), then

3 T RN
o < {148 TR ) D
k| Vk 7j=2 Y J2>41 j1=2 U1 Via

k—1 2 k—

P

J3>j2 j2>j1j

3 k—1
U]lU]2UJ3| + . +ﬂk_2 H‘ ﬂ‘}
=2

— |07, V5

where

(3.2) B=2(1—-a),v=k— ug.

Proof. We define the function P(z) b

1 (s =) (DX ,.f(2)) _ -
P(z) = 1~ a (Dﬁ{uf(sz) — Diuf(tz) - oz) =1+ Zpkzk




for f(z) € SI

& ot~ Then P(z) is a Caratheodory function and satisfies

Ipe] <2(k>1)

since
(1= 1)2(D3 ,.f (2))" = [DX .f (s2) = D} . f(t2)][a + (1 — a)p(2)],

we have

Z 4+ Z kAYagzt = (2 + Z kAZukakzk> (1 +(1—a) Zpkzk>

=2 k=2 k=1
Where
<uk(s,t) =3, sk_jtj_l).
So we get
(3.4) :

11—«
.5 Ak — uy) (Pr A} uk—108-1 + P2 AR gUk—20k-2 + ... + P2 A5 U202 + Pr-1).
k

From Eq. (3.5), we easily have that



— | (=) 2(1-a)
|as| = A ‘ < AR 2—ua]
2(1 — «) 2(1 — «) |us|
< — (A% << ——[1+2(1—
‘a3‘ = Ag|3—U3|( 3]u2a2]+ ) = Ag‘3—U3| + ( a)|2_u2’

and

22— «) { ( |us | |us| ) 2 2 |ugus| }
| < ———<314+2(1l — + +2°(1 — «
] An|d — uy ( ) 12— us| |3 — ug ( ) 12 — us[3 — us|

Thus, using the mathematical induction, we obtain the inequality (3.2).

Remark 3.2. If we write « =t = s =n = 0 in Theorem 3.1 then we have well

known the result
finS* = |ag|,

where S* 1s the usual class of starlike functions.

Remark 3.3. If we write a = %,t =0,s=0n=1,A=1,u=0 in Theorem 3.1

then we obtain

1

Remark 3.4. If we write « = 0,t = —1,s = —1,n = 1, in Theorem 3.1 then we

obtain



where A =1+ (Auk + X —p)(k—1) and A > p > 0.

Remark 3.5. If we write A\ = p =1 in Remark 3.4 then we obtain

lak| < -

Remark 3.6. Equalities in Theorem 3.1 are attended for f(z) given by

(=0(D3, /() 1+(-2a):
DY f(sz)=D%  f(tz) T 1—z

Theorem 3.7. If f(z) € T} («a, 5,t),then

k—1 || k—1 k-2 |U U |
k j=2 7 jo>jr p=2 |12

+ﬁ3 Z Z |Uj1Uj2Uj3| 4. +ﬁk—2]ﬁ| %|}

e L £ V5, V5, Vs, ’ :
ja>ja jo>j1 j1=2 | J17J2 Jd| j=2 J

where

(3.6) B=2(1—a),v =k — ug.
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4. DISTORTION INEQUALITIES

For the functions f(2) in the classes 57, ,(a,s,t) and T, ,(a,s,t), we derive

Theorem 4.1. If f(z) € 5§, ,(«a,s,t), then

J J
(4.1) 2l = D lanl21* = Bylzl ™! < J2f + ) lawl|2][* + Byl
k=2 k=2

where

1 _ _ J An _ 1 .
(4.2) B; = - E=2 Wk — ug] + (n o) lug| }ak| G>2).
(.7 +1-— Oé’Uj+1’)Aj+1

Proof. From the inequality (2.1) we know that

D Ak —wl + (1 - @)ul}a] <1-a

k=+1

7o Ap{|k — we] + (1 — o) ug| }Ha-
On the other hand
{1k —uk| + (1 — o) ug|} — auyl,

and k — auy| is monotonically increasing with respect to k. Thus we deduce
(41— o) A% S5 laul < 1—a = Y20y AR{lk — wil + (1 — )luel}al,

which‘implies that

o

(4.3) > la] < By

k=-+1

Therefore we have the following



11

F(2)] < J2] + 20y lagl|2[F + Byl 2
and
1f(2)| > |2 = S0, lax]|2]F — Byl 2+

This completes the proof of the Theorem. ]
Theorem 4.2. If f(z) € T3, ,(, s,t), then

J J
(4.4) 2l = D lawllzl* = Clal ™! < o+ ) lawl|z][* + Cylzl+

k=2 k=2
and
(45) 1= Klag|lz/*" = Dyl < [f(2)] <14+ klag||z|[*~" + Dy|z]
k=2 k=2

where

1—a—YY_ kAM|k— 1—
@e) = ittt U= lullla] (5 )
G+ 1)+ 1 — afuiq|AT,

w7 D= Lo Tk Alk -l 0 - oulllad
: (J +1—alujn|)A7, -

Remark 4.3. If we choice n=0, s=t=-1, j=2 in Theorems 4.1 and 4.2, then we get

the results given by Cho et. al. [8]
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5. RELATION BETWEEN THE CLASSES

By the definitions for the classes S”

orpula, s, t) and T (a, s,1), evidently we have

Sty (a,s,t) C S (a8, t) 0<p<a<pf<l)

0\ 0,0,
and
Tg)w(oc,s,t) C Tgﬁ#(a,s,t) 0<p<a<pf<l).

Theorem 5.1. If f(z) € Ty, (v, 5,t), then f(z) € Sy (52, 5,1)
Proof. Let f(2) € T (o, s,t). Then if f(z) satisfies

[k = + (1= B)lue] _ | [k = we] + (1 = B)[ul
1-3 = 1-3

(5.1)

for all k > 2, then we have that f(z) € ST, ,(3,s,t). From 5.1, we have

B (1 — )|k — uyl
klk — i) + (1 —a)(k — 1)|ug|

(5.2) g<1

Furthermore, since for all £ > 2

|h—up| <

klk—ug|+(1—a)(k—1)|ug| B

11
k= 27

we obtain

f(z) € Sg/\,M(HTa, s,t).
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