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Abstract

We develop a stochastic process that model the adjustment of the mar-
ket price of a traded security involving multiple assets base on information
affecting demand and supply of an asset.This is based on the Walrasian price
adjustment assumption ,that change in price is due to excess demand.When
supply and demand curve are linearised about the equilibrium point,the pro-
cess becomes a logistics form of Brownian motion.
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1 Introduction

This paper build upon the Walrasian-Samuelson model of [5],where the deterministic
and the stochastic case of Walrasian -Samuelson price adjustment model was studied
for security involving one asset.

Here ,we develop the model for pricing option involving multiple assets based on the
Walrasian -samuelson model.

This focus on the possibility of non-linear drifting as market adjust to new value of
asset.The basic driver of such price adjustment is the excess demand over supply at
the trading point[6],[8],[9].

We use a linearised version of this driving force to drive an Ito process that model
price adjustment in non-steady markets.It is a logistic type process with diffusive
Wiener variation referred to as Verhulst -logistic Brownian motion|[5]

2 Model

In different works over the year,the Black-Sholes-Merton model for pricing deriva-
tives has extensively been employed.This model which is built upon the assumption
of geometric Brownian motion process play a leading role in the valuation of finan-
cial derivatives [3]
The equation

ds(t) = ps(t)d(t) + os(t)dW (t) (1)

which is a stochastic differential equation that measure the dynamics of the price
process, where

s(t) is the price of the underlying asset at time t,

i is the growth rate of the asset,

o is a volatility of the asset,and



W is a standard Brownian motion of the asset.

The option price is being determined by observable variables of the asset ; the cur-
rent price s(t) of the underlying asset,the strike price k ,the expiration date T" of
the contract and the interest rate r together with the volatility ¢ of the underlying
asset.

The study of stability of price equilibrium has been carried out over the years with
Walrasian model [1],[6].

We considered the core principle of the standard Walrasian model,that the asset
price are directly driven by the excess demand for asset.

We expect cross asset effect in a multi-security market.The dynamic adjustment of
price in the market may be expressed in continuous-time Walrasian -samuelson form

1 dpi(t) _ KED(PZ(t)) (2)

pi(t) dt 0 if P()=0i=12---n

where ¢ represent continuous time and K > 0 is a positive market adjustment coef-
ficient and ED(Pi(t)) = Qp(Pi(t)) — Qs(P;(t))

is the excess demand taken as a continuous function of P;(t).

Equation (2) can be express as

1 dpi(t)

= K[Qp(Fi(t)) = Qs(Pi(t)]  [4],[9] (3)

2.1 Deterministic Price Adjustment

To make the price adjustment more computational,we considered the supply and
demand function as a fixed function of instantaneous prices P;(t). At equilibrium
asset price point P, demand Qp(F;) is equal to supply Qs(P;").On the assumption
of fixed supply and demand curves, P is constant V.

It is expected that if P;(¢) is not at equilibrium ,then excess demand for the securi-
ties will increase the prices and excess supply will lower the prices.

Thus the sign of the rate of change of price P;(t) will depend on the sign of the
excess demand

If we linearise Qp(P;(t)) and Qg(P;(t)) about the constant equilibrium price P}, the
deterministic model of price adjustment becomes

1 dP(t)
LIONT
where Qp(P;(t)) =a(PF — Pi(t))

Qs(Pi(t)) =—p(PF—Py(t)), @ and § are demand and supply sensitivities respectively.
If r = K(a+ () then (4) become

= K(a+ B)(P — Fi(t)) (4)

LD = (PP - P) =12 @
This is a n-dimensional deterministic logistic first order ordinary differential equa-
tion in P;(t).The logistic equation was first investigated by Pierre-Francois Verhulst
(1838) as an improvement on the Malthusian model of population dynamics ;hence
it is also known as Verhulst- logistic differential equation and it has been applied in



several areas.[4] The solution of equation (5) is given by

P*P(0)
P(0) + (P* — P(0)e—rP"®)
where P(0) is a parameter interpreted as the initial price of the asset.From the above
equation ,it can be observe that as t — oo the term P(t) — PPIZO) = P*
The asset price thus settles into a constant level called a steady state or equilibrium
at which no further changes will occur.

2.2 Logistic Price Adjustment Model For Multiple Assets

P(t) =

Here ,we shall consider the random uncertainty in supply and demand by ran-
dom change da,68 in the respective sensitivities. Let Qp(Pi(t)) and Qg(F;(t))
represent the effect of demand and supply respectively on the price of the asset
at time ¢t and suppose that both curves steepen in response to random observes
trades,cumulatively,they exercise a Weiner diffusion process,then (5) becomes

dPi(t)
P(t)di

= K(a+ 5)(P" = P(t)) + k(da +6)(P" = P(1)) (6)

dPi(t)
Pi(t)(P* — P(1))
Let u = K(a+ ) ,the logistic growth parameter,

and
Let odz= k(da+ §f3) ,the noise precess,then (7) becomes

= (K(a+ )+ k(da+d8))dt (7)

dP;(t)
Bi(t)(P* = P(t))

= p;dt + Z 0, dz; (8)

j=1

This describes an Ito Process evolving SDE
dP,(t) = j; P,(t)(PF — P,(t))dt + Zaz A —P(t)dZ; i=1,2..n (9

(7) is refer to as the Logistic price Adjustment model or Verhulst price adjustment
model
The solution of the 1 dimensional case of (7) by the Ito lemma can be obtained as

P(t Py

ln(m) = ln(m + MP*(t — to) + O'P*Z(t))

P*P(0)
p(o) + (p* _ p(o))ef(up*(t7t0)+aP*Z(t)

P(t) =

This is a price dynamics for Brownian motion of asset prices P(t).
If VeC*2([0,T],9), Let V(S,t) be the value of an option depending on the asset
price S and time ¢, then by Ito lemma, we have [7]

AV (S(t),t) dt + Z 832 Z 882 asj IV s, ids; (10)

7,]—



For logistic Brownian motion ,we have
ds = ps(s* — s)dt + os(s* — s)dz

and
ds® = pus(s* — s)dt + 0*s*(s* — s)%dt

for 1 dimensional case.
We extend this to the n-dimensional case for both Geometric Brownian motion and
the logistic type with more emphasis on the logistic Brownian motion

ij=1
for the geometric Brownian motion,and
dsi(t) = uisi(s ;)dt + Z oijsi(s; — si)dz;(t)
i,7=1
for the logistic Brownian motion
ds® = ds;ds;
dsids; = s;(s; — s;)[pudt + Z Oidzy(t)]s;(s] — s5)[pdt + Z okdzi(t)]
k=1 k=1

dsids; = si(s] — si)s;(s; — 8j)oirosxdt

ij=1,2———-n
Substituting this in (10),we have

n

AV (S(t),t) = —-dt + > a—gj[(uisi(s;* —si)dt + Y oyjsidz;(1)]

i=1 ij=1

I« PV &
+5 (> silsy = si)s;(s5 — 5;)o0dt)
; =1

2 £= 05,05
ij=12———-n
av 1< i i
Z 9, u,sz )+§ Z CijSi(Si_Si)Sj(Sj 83 85‘] dt+z 0ijSi(87—s;)dz;

i,j=1 i,j=1

where Cj; is a covariance matrix.

With this result, we can obtain the multi-dimensional model for pricing derivative
involving multiple assets driven by a logistic Brownian motion

A portfolio I consisting of one option V' and §; of the underlying assets s; is formed

by shorting the contingent claim V' and long d; unit of the underlying asset i.e



=1

1 n . . 0%v
Z D, W isi(st — 50) + 5 2 Cigsils] = 50)s;(s - Sj)asiasj)dt

ij=1
+ Z 0ijsi(s; — s;)dz;] + Z(Si(uisi(s;‘ —s;)dt + Z 0ijsi(s; — s;)dz;(t))
ij=1 i=1 ij=1
This become risk- less when the noise term vanishes.
This is possible if §; = % 1=1,2..n
Then,

n
0%
dll(t Cijsi( St —8;)=——)dt
() ZJZ 1j°1 (j ])652‘83]‘>
As this portfolio is risk-less,it must have the same return as a Bank account,i.e if an
investor deposited my in a Bank account,with risk-less interest rate r over a period
of time ¢,then at time ¢,the investor will have a return of

H(t) = Hoe”
dUI(t) = r(=V + X0, sigs)dt
= _(6_‘/ + 5 Z:L] 1 02]81< - Si)sj(s; - SJ>ds 0s; )dt = T( V+ Zz 1 Slas )dt
= T~ _ZZJ 10”81( Si)sj(sj 83)35135 +rV — Zz 17"3%35 =0
W + 2 Ei,jzl Cijsi(s; — si)sj(sj — )85 s, T > i 7“516 —rV =0
This is the modify Black -Scholes model associated with the Walrasian price adjust-
ment process driven by the logistic Brownian motion.

3 Conclusion

We have relaxed one of the assumptions of the Black-Scholes (1973) and Merton
(1973) and we used the excess demand function to derive a logistic Brownian motion
in terms of the market equilibrium S* and the asset price S at time t to obtain the
multiple assets with the no arbitrage argument.
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