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Abstract: Let G(V, E)be a graph with p vertices and g edges. A ( p, q) graph G(V, E) is said to be a square difference
graph if there exists a bijection f :V (G) —{0,1,2,..., p —1}such that the induced function f*:E(G) - N, N is
a natural number, given by f *(uv)=|[f (u)]’ —[f (v)]*| for every edges uv in G and are all distinct and the

function f is a called Square difference labeling of the graph G. In this paper, we prove
P,uUP,.P,uUC P, US P, U(C06K,), (P,6K,)UP,. (P,OK,)UC, (P,BGK,)US,  (POK,)UL,

(P,OK,)U(P,6K,) . .(P,OK,)U(C,0K,) and (P,OK,) U (L,OK,)arethe square difference graphs.
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1. INTRODUCTION

All graphs in this paper are finite, simple and undirected
graphs. Let (P, Q)be a graph with p =|V (G) |vertices

and  =| E(G) | edges. Graph labeling ,where the vertices

and edges are assigned real values or subsets of a set are
subject to certain conditions. A detailed survey of graph
labeling can be found in [ 2]. Terms not defined here are
used in the sense of Harary in [3].There are different kinds
of labelings in the graph labeling such as Graceful,
Harmonious, Cordial, Fibonacci, Square sum, etc. The
concept of square difference labeling was first introduced in
[1] and some results on square difference labeling of graphs
are discussed in [1,4]. In this paper we investigate some
more graphs for square difference labeling. We use the

following definitions in the subsequent sections.

Definition 1.1[1]:A graph G(p, q) is said to be a square
difference graph if there exists a bijection f : V(G)
—1{0,1,2,..., p-1} such that the induced function f*: E(G) —
N given by f*(uv)=|[f(u)]? -[f(v)] for every edges uv in G

and are all distinct and the function f is a called Square
difference labeling of the graph G.

Definition 1.2[2]: The corona G,®G, of two graphs G,

and G is defined as the graph G obtained by taking one
copy of Gy(which has p points) and p copies of G, and then
joining the i point of G, to every point in the i copy of G,.

Definition 1.3[2]: A complete bipartite graph Kl,n is

called a star and it has N + 1 vertices and n edges and also
it is denoted as S,.

2. Main Results

Theorem 2.1: The graph P, \U P, is a square difference

graph.

Proof: Let Pm be the path graph with M vertices and
M —1 edges. Let F’n be the path graph with N vertices
and N—1 edges. Let V(P,)={u; : 1<i<m}.
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Let V(P,)={v, : 1<i<n}. Therefore

V(P,uP)={u, :1<i<m ;v, :1<i<n}.

Let E(P,)={u,u,

i+1

11<i<m-1}.

Let E(P,)={vv,

i+l

:1<i<n-1 }

uu,, 1<i<m-1
vV, 1<i<n-1~

Vil

Then E(P,, U Pn)={

Thenwe have |V (P, UP,)|=m+n and
|E(P, WP,))|=m+n-2.

Define a bijection from the vertices of P, U P,
to {0,1,2,...,m+n—1} asfollows:

fu)=i-1ifl<i<m;
f(v,)=m-1+i if 1<i<n.
Let f* be the induced edge labeling of f.

The induced edge labels by f* as

follows: f *(u,u;,,)=2i—-1if1<i<m-1;

f*(vy,,)=2m-1+2i if 1<i<n-1.

Theorem 2.2: Any graph Pm ) Cn admits a square

difference labeling.

Proof: Let Pm be the path graph with M vertices and
M —1 edges. Let Cn be the cycle graph with N vertices
and N edges. Let V(P )={u; : 1<i<m}.

Let V(C,)={v, : 1<i<n}. Therefore

V(P,uC)={u, : 1<i<m; v, :1<i<n}

Let E(P,)={uu,,,:1<i<m-1}.

i+1

Let E(C,)={v,v

i+l
Therefore
uu,.,:1<i<m-1

E(P UC )= [ E
T vy, 1<i<n=1; vy,

1<i<n-1;vyv, }.

Thenwe have |V (P, UC,)|=m+n and
| E(P, WC,)|=m+n—1. Define a bijection from
the verticesof P, U C, 10{012,...,m+n-1}

asfollows: f(u;)=i—1 if1<i<m ;
f(v,)=m-1+i if1<i<n.
Let f* be the induced edge labeling of f.

The induced edge labels by f* as follows:

)=2i-1 if 1<i<m-1;
)=2m-1+2i if 1<i<n-1;

f*(uu
f*(vv

i+1

f*(vyv,)=(n-)(2m+n-1) .

Theorem 2.3: All the graph Pm ) Sn is a square
difference graph.

Proof: Let Pm be the path graph with M vertices and
M —1 edges. Let S, be the star graph with N +1
vertices and N edges. Let V (P, )={u; : 1<i<m}.

Let V(S,)={Vv, : 1<i < n+1} Therefore
V(P,US,)={u, :1<i<m; v, :1<i<n+1}
Let E(P,)={uu,, : 1<i<m-1}.

i+1

Let E(Sn)z{vivm—l
E(P,uS,)={uu
Thenwe have |V (P, US,)|=m+n+1 and

: 1<i<n} Therefore
1<i<m-1;vyv

i+1 i n+l

1<i<n}

|E(P, wS,)|=m+n-—1. Define a bijection from
the verticesof P, US, 10{0,1,2,....m+n}

asfollows: f(u;)=i—-1 if 1<i<m;
f(v,)=m-1+i if 1<i<n+1l.

Let f* be the induced edge labeling of f. The induced edge
labels by f* as follows:

f*(uu,,)=2i-1 if 1<i<m-1;

f*(viv,,)=02m+n-1+1)(n+1-1)if 1<i<n
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Theorem 2.4: Every graph P, U (C,OK,) is asquare

difference graph.

Proof: Let Pm be the path graph with M vertices and
m —1 edges. Let C,OK be the crown graph with 2n

vertices and 2N edges.

Let V(P,)={u; : 1<i<m}.

Let V(C, 0K, )={v, ,w,:1<i<n}.

u:1<i<m
Therefore V (P, U (C,0OK,)) = .
Vi, W, :1<i<n

Let E(P,)={uu;,; : 1<i<m-1}.

vV, VY, s 1<i<n-1

Let E(Cn@Kl):{VW_ eicr

Therefore
| |+l 1 =m- 1
E(P,U(C,OK,))=qVV,, :1<i<n-1
Vv, 5 w, t1<i<n

Thenwe have |V (P, U (C,OK,))|=m+2n and
|E(P, U(C,OK)))|=m+2n-1.

Define a bijection from the vertices of P, (C, OK,)

to {0,1,2,....,m + 2n —1} as follows:

fu)=i-1 if 1<i<m;

f(v,)=m-1+i if 1<i<n;
f(w)=m+n-1+iif 1<i<n.
Let f* be the induced edge labeling of f.

The induced edge labels by f* as follows:
f*(uu,,)=2i-1if 1<i<m-1;
f*(vv,,)=(2m-1+2i) if 1<i<n-1;

f*(vyv,)=(n-D@2m+n-1) ;
f*(viw,)=n(2m+n-2+2i) if 1<i<n.
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Example 2.5: A square difference labeling of
P, U (C,,©®K,) is shown in the Figure 2.1.

Figure 2.1

Theorem 2.6: The graph (P, ®K,) U P, isasquare

n
difference graph.
Proof: Let P ®K | be the comb graph with 2m vertices
and 2m —1 edges. Let P, be the path graph with n

vertices and N —1 edges.

Let V(P,OK,) ={u; , w, :1<i<m}.

Let V(P,) ={v;, :1<i<n}. Therefore
V((P.OK,)UP) U, W :1<i<m
W =
mUYTIM y, d<i<n

| |+1 1< <m-1
Let E(P,OK,))=
uw, 1<i<m

Let E(P,) ={v,v;,; :1<i<n—1} Therefore

Ul :1<i<m-1

E((P,OK,) UP,))=<u,w,
vv., 11<i<n-1

ivi+l

Then |V ((P,®K,)UP,)|=2m+n and
|E(P,®K,)UP)|=2m+n-2.
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Define a bijection from the vertices of (P, ®K,) U P,
t0 {0,1,2,....,2m +n —1} as follows:

f(u)=2i-2if 1<i<m ;
f(v.)=2m-1+2i if 1<i<n;

f(w)=2i-1if 1<i<m.
Let f* be the induced edge labeling of f.

The induced edge labels by f* as follows:

f*(uu,,)=81-4if 1<i<m-1;
f*(uw )=4i-3if 1<i<m;
f*(vv,,)=4m-1+2i if1<i<n-1.

i+1

Theorem 2.7: Any graph (P, OK,) UC, admitsa

square difference labeling.

Proof: Let P, ®K be the comb graph with 2m vertices

and 2m —1 edges. Let C, be the cycle graph with N

verticesand N edges.
Let V(P,OK,) ={u; , w, :1<i<m}.

Let V(C,) ={v; :1<i<n}. Therefore
u,, W, :1<i<m

V((P,6K)VC,) Z{V_ 1<i<n

uu,, 1<i<m-1
Let E(P,OK,)) = Lwl<i<m

Let E(C,)={vv,, :1<i<n-1; vv, }.

i+l
Therefore
uu,, 1<i<m-1

E(P,OK,)UC,)=quw, 1<i<m
Vv, 1<i<n-1; vy,

Then |V ((P,®K,) UC,)|=2m+n and
|E((P,0K,)uUC,)|=2m+n-1.

Define a bijection from the vertices of (P,,@K,) U C,
t0 {0,1,2,....,2m + n —1}as follows:

f(u)=2i-2 if 1<i<m ;
f(v,)=2m-1+2i if 1<i<n;

fw)=2i-1if 1<i<m.

Let f* be the induced edge labeling of f.

The induced edge labels by f* as follows:

f*(uu,,,)=8i—-4if 1<i<m-1;
f*(uw,)=4i-3if 1<i<m;
f*(vyv,,)=4m-1+2i if 1<i<n-1;
f*(vyv,)=(M-)(@4m-1+n).

Theorem 2.8: The graph (P, ®K,) U S isasquare
difference graph.

Proof: Let P, ®K| be the comb graph with 2m vertices

and 2m —1 edges. Let S, be the star graph with N +1

vertices and N edges.
Let V(P,OK,) ={u; , w, :1<i<m}.
Let V(S,) ={v; :1<i < n+1} . Therefore

U, W :1<i<m
v, :1<i<n+1

V((Pm®K1)USn)={

uu,,1<i<m-1
Let E(P,OK))) = .
uw; l1<i<m

Let E(S,) ={v,v,,; :1<1i<n }.Therefore

n+l

uu, :1<i<m-1
E(P,OK,)US,)=quw;, :1<i<m
ViV, :1<i<n

i'n+l

Then |V ((P,®K,)US,)|=2m+n+1and
|E((P,OK,)US,)|=2m+n—1.Definea

bijection from the vertices of (P,@K,)U S, to
{0,1,2,....,2m + n} as follows:

f(u)=2i-2 if 1<i<m ;
f(v.)=2m-1+2i if 1<i<n+1;

ISSN: 2231-5373

http://www.ijmttjournal.org

Page 84




International Journal of Mathematics Trends and Technology — Volume 11 Number 2 — Jul 2014

f(w,)=2i-1 if 1<i<m . Letf*bethe induced
edge labeling of f. The induced edge labels by f* as
follows: f *(u;u;,,) =8i—4 if 1<i<m-1;
f*(uw)=4i-3 if 1<i<m
f*(vv,,)=@m+n-1+i)(n+1-i)if1<i<n

Example 2.9: A square difference labeling of
(R,OK,) U S,; is shown in the Figure 2.2.

0 2 4 6 8 10 12 14
1 3 5 7 9 1 13 15
16
28 17
7 18
29
% » *19
25
20
24 a
23 2
Figure 2.2

Theorem 2.10: The graph (P, ®K,) U (P,OK)) isa
square difference graph.

Proof: Let P, @K be a comb graph with 2m vertices

and 2m —1 edges. Let P,OK| be another comb graph
with 2N verticesand 2N — 1 edges.

Let V(P,OK,)) ={u; , w, :1<i<m}.

Let V(P,OK,)) ={v, , z; :1<i<n}
Therefore
V((P-OK,) U (P.OK.)) U, W 1<i<m
W =
m v,z <i<n

uu,, 1<i<m-1
Let E(P,OK,)) = .
uw, :1<i<m

v.v. . 1<i<n-1

Vil

Let E(Pn@)Kl)):{V.Z. fien

Therefore

E((P,OK,)uU (P.OK,)) uw; 1<ism
u =
m 1 n 1 Ivi+1:1£i£n—1
vz 1<i<n

Then |V ((P,®K,) U (P,0K,)) |=2m+2n and

| E((P,0K,) U (P.OK,))|=2m+2n-2.

Define a bijection from the vertices of

(P,®K,) U (P,6K)) to
{0,1,2,....,2m + 2n — 1} as follows:
f(u)=2i-2 if 1<i<m;

f(v,)=2m-2+2i if 1<i<n;
f(w)=2i-1 if 1<i<m;

f(z)=2m-1+2i if 1<i<n.

Let f* be the induced edge labeling of f.

The induced edge labels by f* as follows:
f*(uu;,,)=8i—-4 if 1<i<m-1;
f*(uw)=4i-3if 1<i<m;
f*(vyv,,)=402m-1+2i) if 1<i<n-1;

f*(viz;)=4m-3+4i if 1<i<n.

Example 2.11: A square difference labeling of
(P,OK,) U (P,®K,) is shown in the Figure 2.3.

0 2 4 6 8 10 12
> >
1 3 5 7 9 11 13
14 16 18 20 22 24 26 28 30 32
» »
15 17 19 21 23 25 27 29 31 33
Figure 2.3
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Theorem 2.12: The graph (P, @K,) U (C,OK,) isa

square difference graph.

Proof: Let P, @K be a comb graph with 2m vertices
and 2m —1 edges.

Let C,®K, be the crown graph with 2N vertices and
2N edges.

Let V(P,0K,))={u, , w, :1<i<m}.

Let V(C,0OK,))={v, , z; :1<i<n}.

Therefore

V((P.OK,)U(C.0K.)) U, W, 1<i<m
W =
met ot v,z :1<i<n

uu,, 1<i<m-1
Let E(P,OK,))= .
uw, 1<i<m

Vv, 1<i<n-1
Let E(C,0K,)) = .
V)V, i v,z 1<i<n

nt i<

.Then

uu. . :1<i<m-1

i+l
uw, 1<i<m
v.v. . 1<i<n-1

iVi+l

E((P,0K,)V(C,0K,)) =

A

n* "1~

Then |V ((P,,®K,) U (C,BK,)) |=2m+2n and
|E((P,OK,)uU(C,0OK,))|=2m+2n-1.

Define a bijection from the vertices of
(P,GK,)uU(C,BK)) to
{0,1,2,....,2m + 2n — 1} asfollows:
f(u)=2i-2 if 1<i<m ;
f(v,)=2m-1+2i if 1<i<n;

f(w)=2i-1 if 1<i<m
f(z;)=2m+n-1+i if 1<i<n.
Let f* be the induced edge labeling of f.

The induced edge labels by f* as follows:

ISSN: 2231-5373

v.z.:1<i<n
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f*(uu;,)=8i—-4if 1<i<m-1;
f*(uw,)=4i-3 if 1<i<m;
f*(vyv,)=(M-D)(Am+n-1);
f*(vvi,)=4m-1+2i if 1<i<n-1;

i+l

f*(v,z;,)=n(dm+n—-2+2i)if 1<i<n.

Theorem 2.13: The graph (P, ®K,) UL, isasquare
difference graph.

Proof: Let P, @K, be the comb graph with 2m vertices
and 2m—1 edges. Let L, be the ladder with 2n
vertices and 3N — 2 edges.

Let V(P,OK,)={u, , z; 1<i<m}.

Let V(L,)={v; , w; :1<i<n}. Therefore

V((P.OK,)UL.) u,,z;:1<i<m
W =
T v, w s 1<i<n

uu,,1<i<m-1
Let E(P,OK,)= .
U;z; 1<i<m

L E(Ln)I{ViVi+l : Wi\-NM 1<i<n-1
v,w,:1<i<n

Therefore
uu,, 1<i<m-1
u;z, A<i<m

E(P,OK,)uUL,)=qVvyv,, 1<is<n-
ww,,, 1<i<n-1
VW, 1<i<n

Then |V ((P,OK,) UL, )|=2m+2n and
| E((P,®K,)UL,)|=2m+3n—3. Define a

bijection from the vertices of (P, @OK,)UL, to
{0,1,2,....,2m+2n—1} asfollows:

f(u)=2i-2 if 1<i<m;
f(z)=2i-1if 1<i<m;

f(v,)=2m-1+i if 1<i<n;
f(w)=2m+2n—i if 1<i<n.
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Let f* be the induced edge labeling of f.The induced edge
labels by f* as follows:

f*(uu,,)=81-4 if 1<i<m-1;
f*(u;z;)=4i-3 if 1<i<m;

f*(vyv,,)=4n-1+2i if 1<i<n;
f*(ww,,)=4m+4n-1-2i if 1<i<n;

f*(v,w;)=(4m+2n-1)(2n+1-2i) if1<i<n
Theorem 2.14: Every graph (P, OK,) U (L, OK,) is

a square difference graph.

Proof: Let P,,®K be the comb graph with 2m vertices
and 2m —1 edges.

Let L, @K, be the graph with 4N vertices and 5n — 2
edges.

Let V(P,OK,)={u; , x, 1<i<m} Let

V(LOK)={v, , W, Y, z:1<i<n}.Then
u,,X :1<i<m

V((P,OK,)U(L,OK,)) =<v;, w, :1<i<n
yi,z;:1<i<n

uu,, 1<i<m-1
Let E(P,OK,)= .
u, X, 1<i<m

Vv, 1<i<n-
ww,,, 1<i<n-
Let E(L,OK,)=1v,w;, :1<i<
vy, 1<i<n
w,z, 1<i<n
Then
Uu,, 1<i<m-1
ux, :1<i<m
vv,,, 1<i<n-1
E((P,OK,) U (L,OK,)) =4 ww;,, :1<i<n-1
v,w, 1<i<n
v;y, 1<i<n
w;z, 1<i<n

Then |V ((P,OK,) U(L,BK,))|=2m+4n and

|E((P,0K,) U (L,OK,))|=2m+5n-3.

Define a bijection from the vertices of

(P,GK,)U(L,0K,) to
{0,1,2,.....,2m + 4n—1} asfollows:
f(u)=2i-2 if 1<i<m;

f(x)=2i-1if 1<i<m;
f(v,)=2m-1+i if 1<i<n;
f(w)=2m+2n-i if 1<i<n;
f(y,)=2m+2n-1+i if 1<i<n;
f(z,)=2m+4n—i if 1<i<n.

Let f* be the induced edge labeling of f.The induced edge
labels by f* as follows:

f*(uu,,)=81—-4 if 1<i<m-1,

i+1

f*(u;x)=4i-3 if 1<i<m;
f*(vv,,)=4n-1+2i if 1<i<n;

f*(ww,,)=4n+4n-1-2i if 1<i<n;

f*(vw,)=(4m+2n-1)(2n+1-2i)if1<i<n
f*(v,y;)=(4n)2m+n-1+1i) if 1<i<n;

f*(w.z,) =(4n)(2m+3n—i) if 1<i<n.

Example 2.15: A square difference labeling of
(P,OK,) U (Ly®K, ) is shown in the Figure 2.4.

0 2 4 6 8 10 12 14 16 18

20 21 22 23 24 25 26 27 28

37 36 35 34 33 32 31 30 29

Figure 2.4
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3.Conclusion

In this paper, we investigated the square difference
labeling behavior of some union related graphs. We
have planned to investigate the square difference
labeling of some more special graphs in the next
paper.
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