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1. Introduction:

Let E be a real Banach space and E~ be its dual space. The normalized duality mapping: E —2%*
defined by Jx = {f € E*: (x,y) = ||Ix?|| = ||f?||}; for all x€ E where <.,.> denotes the duality
paring between E and E™.

In 1974, Ishikawa [2] introduced an iteration method for finding a fixed point of a Lipschitzain
pseudocontractive mapping as follows.

Theorem 1.1 [2]. Let C be a nonempty compact convex subset of a Hilbert space H, T:C - C

be a Lipschitz pseudocontractive mapping. For a fixed x, € C, define a sequence {x,,} by.

Xnt1 =Xy Xp + (1_°cn)Tyn; Yn = ﬁnxn + (1 - ﬁn) Txn’ (11)

Where {«,,} and {£,,} are real sequences in [0, 1] satisfying the following conditions;
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(i) 1iMpsooBn = 0, (i) Dy Kng, —oo» (i) 0 < 06, < By < 1.

Then {x,,} converges strongly to a fixed point of T.

It is natural to ask a question of whether or not the simple Mann iteration defined by x; € C and

Xp41 =%, X, + (1 —,,)Tx, can be used to obtain the same conclusion as theorem above.
Recently, this question was resolved in the negative by Chidume and Matangadura [3]. They
constructed an example of a Lipschitzian pseudo contractive mapping defined on a compact

convex subset of the Hilbert space R?for which no Mann sequence converges

2. Preliminaries
In the sequel we shall make use of the following lemmas

Lemma 2.1 A mapping T with domain D(T) and range R(T) in Banach space is called

(i) Pseudo contractive [4], if for all x,y € D(T) , there exists j(x —y) € J(x — y) such that

(Tx =Ty, jlx—y)) <llx—yl? (1.1)
Equivalently, for all x,y € D(T)and for all s> 0,
lx—yl<lx—y+slI-T)x—U-T)y] I 12)

(i) A —Strictly pseudo contractive (in the terminology of Browder and Petryshyn) [4] for all
x,y € D(T), there exists j(x —y) € J(x —y) such that
(Tx =Ty, j(x=y)) <lx—=yIP—A(x—=Tx)—(y—Ty) II? (1.3)

(iii) Strongly pseudo-contractive if there exists A € (0,1) for all x,y € D(T) ,there exists
j(x—y) € J(x —y)suchthat (Tx —Ty,j(x—y)) <Alx—vyI?

(iv) L- Lipschitzian if there exists L>0 such that for all x,y € D(T),

I Tx—TylI<SLlx—yl
In 1974, Ishikawa [2] introduced an iteration method for finding a fixed point of a Lipschitz -
pseudo contractive mapping as follows:

Lemma 2.2 (Xu, [5]) Let g > 1 and X be a real Banach space. Then the following statement is

equivalent:-
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X is g-uniformly smooth and for all x,y € X, j,(x) € J;(x),the following inequality holds:
llx + yl1* = [Ix]l? + q{y.jo(x +y)) + [lyll9.
In the sequel we shall make use of the following lemmas.

Lemma 2.3 (Lemma 2.2, [6]). Let {0, } and {B,} be sequence of nonnegative real numbers
satisfying the following inequality:
{Bn+1} S(:l--l_o-n) Bn n = O

If Yo, 0, < oo then lim,,_ B, exists.

Definition 2.4. [7]. Let{T},} be a family of mappings from a subset C of a Banach space E into E
with Ny, F(T,) # ® We say that{T,,} satisfies the AKTT-condition if for each bounded subset
B of C,

0]

> Subsep Il Tourz = Tyz 1< o0

n=1

Remark 2.5. (Lemma 3.2, [7]). Suppose that {T;,} satisfies the AKTT-condition. Then, for each
ye C,, T,y converges strongly to a point in C. Moreover, let T be defined by;
Ty = lim,_T,y for all ye C,

Then for each bounded subset B of C, lim,,_,,sup,ep | T, — T,z I= 0

3. Main results:

Motivated by [8], we have the following lemma.

Lemma 3.1. Let C be a closed convex subset of a Banach space E. Let{T,,};~,:C - Che a
family of A -demi contractive and L- Lipschitzian mappings such that N, F(T;,) #

@ .define a sequence {x,} by x; € C,

Xnt1 =% X + (1 —x,)Tx, foralln>1,
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Where {x,} c [0,1] satisfying Yo ; o, = c0 and Yo, x,P< oo if {T,};-,satisfies AKTT-

condition, then

(1) lim,, o Il x, — p |l exits for all p € F and hence {x,,} is bounded;
(2) lim,, ll x,, — Tyx, I=0

Proof. (1) Let allp € F.then || T,x,, —p <L |l x, —p Il . Moreover,

Il Xps1 =P I <ol xp — p Il +(1—o< ) | Ty, — P IS (ot + (L=<, )L) x, — p I
<@+L)lx,—pl 31

Consequently,

From (3.1), we have, Il X410 — TnXpa1 I < Xpy1 =2 Il FIl P — Toxpeq |l
<@+L) I xper—plIS A+L)2Nx,—pll (3.3)

It follows from (3.2) that
g — X0 1= (A=) I Ty — xp IS (L —<,)(A+L) I x,—p I (3.4)
Since T, is a A -demi contractive mapping, there existsj (x,41 —p) € J(Xps1 — D)
such that
(X1 =TnXn1, J(Xne1 = 0) = AN (opgq = TaXngd) 117,
By Lemma 2.2, (3.1) and (3.4), we have
I Xne1 =2 19 =1 (o — p) + (L — <) (T Xy — x3) 119
=Ny —p 17+ q(L—0, XTyxn — %, j (X1 — P)) + [[(1 — o) (T, — x) 117
=l 2 = p 19+ gL, )Tty = TaX 1, jGnss = 1)) + QL= TaXn g =
Xnt1r] (np1 — P)) + (1 =, )(Xns1 — X, (Xne1 — D))
+(1 = )T — x) 19

<l x, —p 19+ q(1—0¢, )L Il xp, =xp4q Ml (ppr — ) I —q(L—0c, )7 |l

Tnxn+1 — Xniq 19+ q (1—0(?1) I Tnxn — Xn Il Xn41 —P I+ (1 - ocn)”(Tnxn - xn) 1
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<l xp —p 19+ (L= L(L + L) Il xp — p 19— A(1=%p)A Nl TyXnyq —

Xnyq 19 +0(L =o)L + LY Il = p 19+ (1 = o) [T, — %) 119
<lhxt, = p 19+ q(1 =o)L+ L)* 1oty = p 19— q(1=0¢,)A 1l Xy, —

TnXner 19+ (L =)L) 1| %, —p 119 (3.5)

Consequently,

I,y =P 19< (L + q(L =o)L+ L)*) 2 = p 19+((X —o¢,)L ) Il 2 — P 11
From Lemma 2.3 and Z_; «2< oo, we get that lim,_. Il x, —p |l exists and hence {x,}is
bounded.

(2) We first show that lim,,_,o Il X541 — TpXneq I = 0. Suppose that lim,, o | Xpe1 — TnXpeq ll
=0 > 0. There exists N € Nsuch that || x,,,1 — TpXn41 12 % for all n> N since {x,,} is bounded,
put M=sup, e y{ll x, —p I} from (3.5),
X, =P N9l 2y —p 19— q(L = )A N Xy, — TyXpyq NI
+q(L—oc)(L + L)3) Il x, — p 19+1 (T, — ) 19
<l x, —p 19— (1 —oc,)/l% +q(1 —oci )(1 + L)*) M4
+|| T,x,, —p 9 foralln > N
It follows that
(1—0t)A% < (I = 19— Il X, — p 19) +q(L —oc)(L + L)*) M2
+(I Toxn =P 1= Il Tpy1xp,, —p 19)

For any m > N we have,

2
2SS (1 =0¢) S STy (2 = 19 =l X yy — P 19) + q(L+ L)2M2ETL (L—oc?)

ni1
+Eon (N Ty = P IT =l Trpa X, — o 119)

<l xp —p 19+ q(1 + LY’ M?ERLy o<+l Ty — p 117
Because X_; «2< oo we have I_; o, < co which is a contradiction.

Hence lim,_inf Il xp41 — TpXne1 I=0 (3.6)

Consequently, since {x,,} is bounded,

I X1 = TosrXnsr ISI x40 — TuXpgq | Hll TXniq — TngaXnsea |+l Tnxn+1—Tn+1xn+1”
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S Xper = Taxpea I+ SUPze{x,} I T, = Thz .
Using (3.6) and AKTT-condition of {T,,}, we have

Iimn—>ooinf | Xni1 — TnXner 1= 0
This completes the proof.

Theorem 3.2. Let C be a nonempty closed convex subset of real Banach space E.
Let{T,};C - C be a family of A-demicontractive and L-Lipschitzian mappings

withN;, F(T,) # @ for a fixed x, € C define a sequence{x,,} by
Xn+1 =Xp Xp + (1 _ocn)Tnxn

Where {,} is a real sequence in[0,1] satisfying 25—, <, = oo and 27—, «h< oo suppose that
{T,} satisfies the AKTT-condition. Let T:C — C be the mapping defined by Tz = lim,,_,,. T}, 2
for allz € ¢ and suppose that F (T) =F. If there exists a compact subset K of E such

that T,,(c) c k for all ne N then x,, converges strongly to a common fixed point of {T,}.

Proof. From Lemma 3.1, we have lim,_,inf Il X,41 — TpXn4+1 II= 0. Since T,,(c) < k for all
ne N there exists a subsequence {T,, } of {x,} such thatlim;_e Il x,, — Ty, %n, I=0 and
Ty, %n, — q forsome g € c. this implies that x,,, — q. From Remark 2.4, we have T,, q - Tq
and hence,

lg - Tql<Ilq — Xy, I +II Xy, — Tnkiq I+ Tnkiq —Tql-0

Thus g € F(T) = F.From Lemma 3.1, we have lim,_,., Il x,, — g Il exists and hence
Xn, = q € F. If T,, = T, then the existence of a compact subset K of E such that T(c) < k can be
replaced by the demicompactness of the mapping and we immediately obtain the following

corollary.

Corollary 3.3. Let C be a nonempty closed convex subset of a real Banach space E
and T:C - C be a A-demicontractive and L-Lipschitzian mappings withN%_, F(T,) # @ for

fixed x; € C,define a sequence{x,} by
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Xnt1 =Xy Xp + (1 —OCn)Txn,

where {x,,} is a real sequence satisfying Y*_; «,= o0 and I¥_; 1< oo, If T is demicompact,
then {x,,} converges strongly to a fixed point of T.
Recall that T is said to be demicompact if for every bounded sequence {x,} in C such

that {x, — Tx,} converges strongly contains a strongly convergent subsequence.

Remark 3.4. The result of Corollary 3.3 is proved by Chidume et al. [8] only for a strictly
pseudo contractive mapping with a fixed point. It is easy to see that such a mapping is demi

contractive and Lipschitzian. But the converse is not true as shown in the following example.

Example 3.5. Let T: [0, 3] - [0, 3] be defined by;

2x —4 if x € [2,3]
0 ifxef02)

Then T is 1-demicontractive and 2-Lipschitzian but it is not even a pseudocontractive mapping.

x|

To see the latter, letx=3andy=2.Then(Tx —Ty,x —y) =2 £ 1=|x—y| 2

Following Bruck’s idea [9] and [10, Lemma 3.1], we have the following result.

Theorem 3.6. Let C be a nonempty closed convex subset of a smooth Banach space E.
Let{ec,,} < [0,1] satisfying the following conditions:
() X2, o, =oo, (i) ZX, xi< o,Let {si}i., be a sequence of A,-demicontractive and L-
Lipschitzian mappings of K into itself with a common fixed point and inf.{1;:k} € N;=1> 0
Let {x,,} be a sequence defined by x; € ¢ and
Xna1 =0 Xn + (L =) Xiey By sitn, (N2 1), (3.7)
where {[fnk} satisfies conditions (i)—(iii) of Lemma 3.7 If,
(a) there exists a compact and convex subset K of E such thats, (c) < k for all ke N, or
(b) The mapping T : C—C isdefinedby T,x = Y7, B.“six, (x €¢),
then Tx = lim,_,,, T,x and F(T) = NY_, F(T,) = Ny, F(s,). then{x,} converges
strongly to a common fixed point of the family {s; }—,
Proof. We write the iteration (3.7) as

Xnt1 =Ky X + (1_°cn)Tnxn (n = 1)’

ISSN: 2231-5373 http://www.ijmttjournal.org Page 95




International Journal of Mathematics Trends and Technology — Volume 11 Number 2 — Jul 2014
where T, is defined by (3.7). It is clear that each mapping T,, is L-Lipschitzian. By Theorem 3.2,

the conclusion follows.
Example 3.7. Let {8,,“} be defined by;

k_( 27% (k<n)
Bn ‘{zl—k (k = n).

for all n, k € N with k < n. In this case, the sequence {T,,} of mappings generated by {S;} is
defined as follows: For x € C,

Tix = S;x,
1 1
sz = - Slx + - Szx,
2 2
1 1 1
Tix = = Six+= S,x += S3x
3 2 1 4 2 4 3%
1 1 1 1
T4x—551x+152x+553x+554x,

1 1 1 1 1 1

Tnx = E 51x + Z Szx + g S3x +E S4x + -+ an_lx + anx.
Letting Sy = Sy4+1 = Sy42 = ... yields the following result.
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