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1. Introduction

Huang and Zhang [1] recently introduced the concept of cone metric space and established some fixed point
theorems for contractive type mappings in a normal cone metric space. Subsequently, some other authors
[7,8,9] studied the existence of points of coincidence, and common fixed points of mappings satisfying a
contractive type condition in cone metric spaces. Afterwards, Rezapour and Hamlbarani [2] studied fixed point
theorems of contractive type mappings by omitting the assumption of normality in cone metric spaces.

Recently, Stojan Redenovic [10] has obtained coincidence point results for two mappings in cone metric
spaces which satisfies new contractive conditions. The same concept was further extended by Rangamma et
al.[11] and Malhotra et al. [3] and proved coincidence point results and common fixed point results for three
self mappings.

In this paper we improve and generalize the results of Rangamma et al.[11] and Malhotra et al. [3] with a
new type of contractive condition.

The following definitions and results will be needed in the sequel.

Definition 1.1 [1]. Let E be a real Banach space and P be a subset of E. The set P is called a cone if,

i) P is closed, non-empty and P # {0z}, here O is the zero vector of E;
iM) a,b€R, a,b=0, x,y €Pimplies ax + by €P;
iii) x€Pand —x € P = x = 05.
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Given a cone PcE, we can define a partial ordering < with respectto P by x < yifandonlyif y —x € P. We
write x < y to indicate that x < y but x # y, while x < y if and only if for y — x € int P, where int P denotes
the interior of P.

Let P be a cone in a real Banach space E, then P is called normal, if there exist a constant K > 0 such that for all
x,y,€E,

0p < x <y implies |lx|| < Kllyl|.
The least positive number K satisfying the above inequality is called the normal constant of P.

Definition 1.2[1]. Let X be a non-empty set, E be a real Banach space. Suppose that the mapping d: X x X - F
satisfies:

(i) 0z < d(x,y)forall x,y € X andd(x,y) = Oy ifand only if x =y,
(i) d(x,y) =d(y,x) forall x,y € X,
(iii) d(x,y) <d(x,z) +d(z,y)forall x,y,z € X.

Then d is called a cone metric on X, and (X, d) is called a cone metric space.

The concept of cone metric space is more general than that of a metric space, because each metric space is a
cone metric space with E = R and P = [0, +).

Definition 1.3[1]. Let (X, d) be a cone metric space. Let {x,} be a sequence in X and x € X.

i) If for every c € E with O < ¢ there is a positive integer n > n, such that d(x,,x) < c then the
sequence {x,} is said to be convergent and converges to x. We denote this by lim,_x, = x or
X, > Xasn — o,

ii) If for every c € E with O < ¢ there is a positive integer n > n,, such that, d(x,, x,,) < c for all
n, m > n,, then the sequence {x,,} is called a Cauchy sequence in X.

(X, d) is called a complete cone metric space, if every Cauchy sequence in X is convergent in X.

Lemma 1.1[1]. Let (X, d) be a cone metric space, P be a normal cone with normal constant K. Let {x,,} and {y,,} be
two sequences in X.

i) {x,} is a Cauchy sequence if and only if d(x,,x,,) = 0z as n —» .
i) Ifx, > x, y, > yasn - oo, then d(x,,y,) = d(x,y) asn - oo,

Remark 1.1[12]. Let P be a cone in a real Banach space E with zero vector O and a, b, ¢ € P, then;

i) If a<bandb K cthena < c.

ii) If akbandb K cthena < c.

iii) If O < u K cforeachc € intPthenu = 0.

iv) If ¢ € int P and a,, — O then there exist n, € N such that, for all n > n, we have a,, < c.
V) If0; <a, <b,foreachnanda, - a,b, = bthena < b.

Vi) Ifa<Aawhere0O<A<1lthena = 0.

Definition 1.4. Let X be a nonempty set and f, g be self maps on X and x,z € X. Then x called coincidence point of
pair (f, g) if fx = gx, and z is called point of coincidence of pair (f,g) if fx = gx = z.

Definition 1.5. Let X be a nonempty set and f, g be self maps on X. Pair (f, g) is called weakly compatible if
f and g commutes at their coincidence point, i.e. fgx = gfx, whenever fx = gx for some x € X.
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Let E, B be two real Banach spaces, P and C normal cones in E and B respectively. Let" < "and" <" be the
partial orderings induced by P and C in E and B respectively. Let @: P — C be a function satisfying:

i) Ifa,b € P witha < b then @[a] < k@[b], for some positive real k;

i) @la + b] < @la] + @[b] for all a,b € P;

iii) @ is sequentially continuous i.e. if a,,a € P and lim,,_a,, = a, then lim,,_,..0[a, ] = @[al;
iv) If ®[a,,] - 0 then a,, — O, where O and Oy are the zero vectors of E and B respectively.

We denote the set of all such functions by ®(P,C) i.e. @ € ®(P,C) if @ satisfies all above properties. It is
clear that @[a] = O; if and only if a = 0.

Let (X, d) be a cone metric space with normal cone P and @ € ®(P,C). Since d(x,y) < d(x,z) + d(z,y)
forall x,y,z € X, therefore

old(x,y)] < kold(x,2)] + kold(z,y)]. - (1.1)

Example 1.1[3]. Let E be any real Banach space with normal cone P and normal constant K.Define @: P — P by
@la] = a, foralla € P.Then @ € ®(P,C)withE =B,P =Candk = 1.

2. Main Results

Theorem 2.1. Let (X, d) be a cone metric space, and P a normal cone with normal constant K. Suppose f, g, h be
self maps of X satisfy the condition

old(fx, gy)] < a,0[d(hx, fx)] + a,0[d(hy, gy)]
+az@ld(hy, fx)] + a,0[d(hx, gy)]
+as@[d(hx, hy)] forallx,y e X ---mm- (2.1)

where @ € ®(P,C) and a; = 0(i = 1,2,3,4,5) with a; +a, +a; +a, +as < 1. If f(X) U g(X)ch(X) and h(X)
is a complete subspace of X, then the maps f, g and h have a unique point of coincidence in X. Moreover, if (f,h)
and (g, h) are weakly compatible pairs then f, g and h have a unique common fixed point.

Proof. Suppose x, be any arbitrary point of X. Since f(X) U g(X)ch(X), starting with x, we define a sequence
{y,.} such that

Von = fXon = hXxyn 1 and

Yant1 = 9Xan+1 = RXonya,

for alln > 0. We shall prove that {y, } is a Cauchy sequence in X.

If y,, = yn4q fOor somen eqg. if y,, = y,,44, then from (2.1) we obtain

Bld(Vansz: Yane1)] = OLd(f Xan42, 9Xan41)]
< a,0[d(hxansz, fXone2)] + @, B[d(hXon4 1, 9X2n11)]

+a30[d(hxps1, [X2n42)] + aB[d(hXyp 12, 9X2n41)]
+asP[d(hxans 2, hxonsa)]

= a,0[dYVon+1: Yans2)] + a,0[d(Van, Yon+1)]
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+a30[d(V2n, Yant2)] + aBld(Vani1, Yans1)]
+as Pld(Yzn+1,Y2n)]
Since y,, = Yn41, it follows from above inequality that,
Old(Yan+a: Yan+1)] < a1 Bld(Vani1, Yans2)] + az@ld(V2n, Y2n+2)]

Pld(Yzn+2:Yan+1)] < (a1 + a3)B[d(Vans1, Yans2)]

As a, +a; < 1and from (vi) of remark 1.1, we obtain
Bld(Vyns2:Yans1)] = 05 also @ € O(P, C) therefore we have

Ad(Yz2n+2:Y2n+1) = Op 1.8 Yonia = Yons1.

Similarly we obtain that
Yoan = Yons1 = Yoa2z = = = = = — =¥ (say)
Therefore {y, } is a Cauchy sequence.
Suppose y,, # V41 for all n. Then from (2.1) it follows that
Bld(V2n Yan+1)] = OLd(f 20, GX2n11)]
< a,0[d(hxay, fx50)] + a;0[d(hxan11, 9Xon41)]
+a3B[d(hxzni1, fx2n)] + ay@ld(hx2n, gX2n11)]
+as@[d(hxyn, hxani)]
= a;Bld(Y2n-1,Y2n)] + @2 0[d(V2n, V2ns1)]
+a30[d(Y2n, Y2n)] + aBld(V2n-1, Y2ns1)]
+as[d(Y2n-1,Y2n)]
= (a; + ay +as)0ld(yan-1,¥2n)] + (az + a,)B[A(V2n Y2n+1)]

1-a

i.e. Old(yzn, Yans1)] < % Pld(Yan-1,Y2n)]

= A0[d(Y2n-1,Y2n)]

+ag+
where | = £41%*%s
1-a

. <l1(sincea, + a, +a; +a, +as <1).
—u274Usg

Writing d,, = 0[d(y,,, V,+1)], we obtain
TR 7 PSP — (2.2)
Again
Old(Vans2 Yone1)] = OLd(f Xons2, 9X2ns1)]
< a,0[d(hxansz, fXoni2)] + @, B[d(hXyny 1, 9X2n11)]
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+azOld(hxni1, fX2n42)] + a,B[d(hXgpy 2, X0 41)]
+asP[d(hxansz, hxan 1)l
= @, 0ld(V2nt1, Yoni2)] + @ 8[A(V2n Yoni1)]
+a30[d(Y2n Yons2)] + @Bld(Vani1: Vans1)]

+asB[d(Vans1, Y2n)]

= (a; + a3)0ld(YV2ns1, Yons2)]

+(a, +a; + as)Bld(y,n Yons+1)]

az+asz+

i.e. B[d(Vzn42 Yons)] < —_:®[d(y2n+1’y2n)]

1-a,

= uPld(y2ns1,Yan)l

+ag+
where pu = %

, < 1(since a; +a, +az; +a, +as <1).
—d17uU3

Therefore dy,4q < pudy, — -=---m- (2.3)

From (2.2) and (2.3) we get

dop < Adyy_ 1 < Audy,_, < ————< A",
and
dons1 S udy, < Aud,,_ 1 < — — ——< A",
Thus
dop +doppq S AWA +p)d, - (2.9)
dopsr +dopyn < A™Y(A+d, - (2.5)

Let n,m € N, then for the sequence {y, } we consider @[d(v,,, v,,)] in two cases.

If n is even and m > n, then using (1.1) and (2.4) we obtain
BLd W, ym)] < kOLAWn, V1)1 + kB[d (Vns1,Vns2)] +

——————— + k@[d(yTn—ll ym)]

< k[dn+dn+1+dn+2+dn+3 + ____]
.z n+2 n+2
<k[Azuz(l+u)dy+217z pz (L+u)dy,+ ———]

k(4 )%(1+ )
Oldy, ym)] < =2 do.

If n is odd and m > n, then again using (1.1) and (2.5) we obtain
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Bl (. Y)] < kO[d (Yo Yns1)] + kOlAYni1, Yns2)] +

_______ + k(Z)[d(ym_1: ym)]

< k[dn + dn+1 + dn+2 + dn+3 + - - __]

L i ombl,
<k[zpuz A+ Ddyg+A 2z pz T (A+D)dy+ ———]

n-—1

k() 2 (147)
Pld(yn, ym)] < ﬂ_—wdo-

Since A < 1,u < 1 therefore Au < 1, so in both the cases @[d(y,,, v,,)] = 05 asn — oo, and since @ € ®(P,C) we
have d(y,,,V,n) = Oz asn — oo. So by lemma 1.1, {y,} = {hx,,,_,} is a Cauchy sequence.

Since h(X) is complete, there exists 9 € h(X) and u € X such that lim,,_,,y,, = 9 and 9 = hu.

We shall show thatuis a coincidence point of pairs (f, h)and (g, h)ie. fu = gu = hu. If fu # hu then
0z < d(fu, hu). Using (2.1) we obtain

Bld(fu,y2n+1)] = Bld(fu, gxzn41)]
< a,0ld(hu, fu)] + a,8[d(hxzns1, 9X2n+1)]

+a;0[d(hxyp i1, fU)] + a,Bld(hu, gx5011)]
+as@[d(hu, hxyy,q)]

= a,0ld(hu, fu)] + a,8[d(V2n, Yan+1)]
+a30[d (Y20, fW] + @, B[d(hit, Y2n41)]
+agB[d(hu, y,,)]

= (a; + a3)@[d(hu, fu)] + a,d,,.

Since y,,, = hu,dy, = 05, d(fu, Y2n41) = d(fu, hu) as n - oo and @ € ®(P, ), therefore letting n —» o in
above inequality and using remark 1.1 we get

Bld(fu, huw)] < (a; + a3)B[d(fu, hu)]
< @ld(fu, hu)] (since a; +a; <1),
a contradiction. Therefore fu = hu. Similarly it can be shown that gu = hu.
fu=gu=hu=9 ----mmm- (2.6)
Thus 9 is point of coincidence of pairs (f, h) and (g, h). We shall show that it is unique.
Suppose w is another point of coincidence of these pairsi.e. fz = gz = hz =w for some z € X.

Then from (2.1) it follows that

old(w,9)] = old(fz gu)]
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< a,0[d(hz, fz)] + a,0[d(hu, gu)] + a;8[d(hu, fz)]
+a,0[d(hz, gu)] + a;B[d(hz, hu )]
=a,0[d(w,w)] + a,[d(DI,9)] + a;0[d(¥, w)]
+a,0[d(w,9)] + asB[d(w,I)]
= (a3 + a, + as)@0[d(w,9)].
Since a; + a, + as < 1, by remark 1.1 we obtain
Bld(w,9)] = 05 i.e. w = 9. Thus point of coincidence is unique.

If pairs (f,h) and (g, h) are weakly compatible, from (2.6) we have f9 = fhu = hfu = h9 and g9 =
ghu = hgu = h9, therefore f9 = g = h = p (say). This shows that p is another point of coincidence, therefore
by uniqueness, we must have p =9 i.e.

fO9=g9=ho=9.

Thus 9 is unique common fixed point of self maps f, g and h.

Corollary 2.1.
(1) If a; = a, =0 in Theorem 2.1, then we have the Theorem 2.1 of [3].
(ii) Ifa;, =a, =a; =a, =0, Theorem 2.1 is generalization of Theorem 1 of [1], Theorem 2.1 of [4] and
Theorem 2.3 of [5].
(iii) If a; =a, =as =0, Theorem 2.1 is generalization of Theorem 3 of [1], Theorem 2.3 of [4] and
Theorem 2.6 of [2].
(iv) If a;, = a, = as =0, Theorem 2.1 is generalizes Theorem 5 of [1].

Theorem 2.2. Let (X, d) be a cone metric space and P a normal cone with normal constant K. Suppose f, g, h be
self maps of X satisfy the condition.

old(fx, gy)l < a,0ld(hx, hy)] + a,0[d(fx, hx)]
+a;0[d(gy, hy)] + a,0[d(fx, hy) + d(gy, hx)]
forallx,y ex - (2.7
where @ € ®(P,C) and a4, a,,a;,a, € [0,1) satisfying a; +a, +a; +2a,<1. If f(X)U g(X) c h(X) and
h(X) is complete subspace of X, then the maps f, g and h have a unique point of coincidence in X. Moreover, if

(f,h) and (g, h) are weakly compatible pairs then f, g and h have a unique common fixed point.

Proof. Suppose x, be any arbitrary point of X. Since f(X) U g(X) c h(X), starting with x, we define a sequence
{y,.} such that

Von = [Xon = WXonyq AN Voriq = GXons1 = RXgnyo, for alln = 0. We shall prove that {y,,} is a Cauchy sequence
in X.

If y,, = y,,41 for some n, e.g. if y,,, = 5,41, then from (2.7) we obtain
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Old(Yan+2: Yan+1)] = OlA(fXan12, 9X2041)]

< a,Bld(hxypnto hxoni1)] + ayBld(fxgn 40, Axonio)]
+a30[d(gxzn41, hXon11)] + asBld(fX2n40, WXoni1) + d(GXoni1, R0y 2)]

= a;8ld(V2n+1,Y2n)] + @2 0[d(Vant2) Yoni1)]
+a30ld(Van+1, Yon)] + a4@ld(Vant2, Y2n) + AV2ns1, Yansa)l
Since y,, = Y,n4q it follows from above inequality that
BlAVzn+2:Yon+1)] < (@ + a)B[A(V2nt2: Yan+1)]-

As a, +a, <1and from (vi) of remark 1.1 we obtain @[d(Y2p42,V2n+1)] = Og also @ € ®(P, C) therefore we
have d(Y2n42: Y2n+1) = Op i€ Y2ni2 = Yans1

Similarly we obtain that
Von = Yont1 = Yongz = — — — —= U (say)
Therefore {y,,} is a Cauchy sequence.

Suppose y,, # V44 for alln. Then from (2.7) it follows that
Old(Y2n, Yan+1)] = OLA(fx2n, 9Xon41)]
< a,Qld(hxyn, hxani1)] + @, 0[d(fxon, hxyy)]
+az0[d(gxans1, hxons1)] + @, B[d(f x50, hiXonse) + d(gXon41, hX5p)]
= a;0[d(Von-1.Y2n)] + @0[d V20, Y2n-1)]
+a30[d(Van+1,Y2n)] + a4 0[d(Van Y2n) + d(Vani1: Y2n-1)]

< (a; +ay +a)0ld(Yan—1, Y2u)] + (a3 + @) B[ (V2 Y2ars1)]

astax+

i.e. Bld(yzn Yone1)] < T;:Q)[d(yZH—l’yZn)]

1-a
= AQ)[d(yZn—l!yZn)]

ajtaz+ay

where 1 = < 1(since a; + a, + a; +2a, < 1).

—az-a,
Writing d,, = 0[d(v,,, ¥,.+1)], we obtain
R 7 P — (2.8)
Again
Bld(Yan+2: Yane1)] = Bld(fx2ni2, G¥2ns1)]
< a,0[d(hxyns2, hxani1)] + a2 B[A(FXon 42, AXonyo)]

+a30[d(gxzn41, hXon+1)] + asBld(fX2n42, WXoni1) + A(GXon11, R0y 2)]
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= a,0ld(Van+1,Y20)] + @2 0[d(Vant2) Yoni1)]
+a3ld(Van+1, Y2n)] + @4@ld(Vant2, Y2n) + A(V2ns1,Yons1)]
< (a; + az +a)0ld(Vans1, Y2u)l + (a2 + a)Bld(Van+1, Yons2)]

i.e. Old(Yans2 Yons1)] < &ﬁtsqj[d(YZnuxYZn)]

1-a—

= uBld(yzn+1,Y2n)]

where u = La¥astds 1(since a, + a, + a; +2a, <1).
1-az—ay
Therefore Ao Spdy, 0 e (2.9)

From (2.8) and (2.9) we get

dyn < Adyy_y < Audyy_p < — — ——< A"u"d,
and
dypy1 S pdy, < Aud,,_ < — — ——< A"u™t1d,.
Thus
S IR LT ¢ 7)Y Ap— (2.10)
and
U R LTt (1 5 ) 17 PS— (2.11)

Let n,m € N, then for the sequence {y, } we consider @[d(v,,, v,,)] in two cases.

If n is even and m > n, then using (1.1) and (2.10) we obtain
Old(yn ym)] < kLA (Vo Ye1)] + kOLA Vi1, Yia2)] +
——————— + k[d(YVim-1,Ym)]
Skldy +dpyq +Hdpyy tdpyz + ————]

< k[/l% ug(l +u)d, + i M"Tﬂ(l +wd, + —— -]

k()Z(1+ 1)

Q)[d(Ynlym)] < 1_/111 0

Similarly if n is odd and m > n, then again using (1.1) and (2.11) we obtain

KQw) T (1 + A)

Q)[d(Ynlym)] < 1_/111 0

Since A < 1,u < 1 therefore Au < 1, so in both the cases @[d(y,,, v,,)] = 0Op asn — oo, and since @ € ®(P,C) we
have d(y,,,V,,) = Oz asn — oo, So by lemma 1.1, {y,,} = {hx,_,} is a Cauchy sequence.
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Since h(X) is complete, there exists 9 € h(X) and u € X such thatlim,_,.y, =9 and 9 = huWe shall show
that u is a coincidence point of pairs (f,h) and (g, h) i.e. fu = gu = hu.

If fu # hu then 0 < d(fu, hu). Using (2.7) we obtain
Old(fu, yani1)] = Bld(fu, gxani1)]
< a,0[d(hu, hxyn41)] + a,B[d(fu, hu)]
+az@ld(gxan+1, hxani1)] + @, 0[d(fu, hxgpis) + d(gxanes, hu)]
= a;0[d(hu, y,,)] + a,8[d(fu, hu)] + a;0[d (Y2541, Y20)]
+a,0[d(fu, y20) + d(Yans1, ht)]

Since y,,, = hu, d,,, = 0g,d(fU, Y2541) = d(fu, hu)asn - o and @ € ®(P, C), therefore lettingn — oo in above
inequality and using remark 1.1 we get

Bld(fu, hu)] < (a, + a,)B[d(fu, hu)]
< Bld(fu, hu)] (since a, +a, <1),
a contradiction. Therefore fu = hu. Similarly it can be shown that gu = hu.
Therefore,
fu=gu=hu=9 - (2.12)
Thus 9 is point of coincidence of pairs (f, k) and (g, h). We shall show that it is unique.
Suppose w is another point of coincidence of these pairsi.e. fz = gz = hz = w for some z € X.
Then from (2.7) it follows that
old(w,9)] = old(fz, gu)l
< a,0[d(hz, hu)] + a,0[d(fz, hz)] + a;0[d(gu, hu)]
+a,0[d(fz, hu) + d(hz, gu )]
= a,0[d(w,v )] + a,d[d(w,w )] + a;8[d(I,9 )]
+a,0[d(w,9) + d(, w)]
= (a; +2a,)@[d(w,9)]
Since a; + 2a, < 1, by remark 1.1 we obtain
Bld(w,9)] = 05 i.e. w=19. Thus point of coincidence is unique.
If pairs (f,h) and (g, h) are weakly compatible, from (2.12) we have f9 = fhu = hfu = h9 and g9 = ghu =

hgu = hd, therefore f9 = g9 = h9 =p (say). This shows that p is another point of coincidence, therefore by
uniqueness, we must have p =49 i.e.
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f9=g9 =h9=9.
Thus 9 is unique common fixed point of self maps f, g and h.

Corollary 2.2. Let f and h be self maps on a cone metric space X with P be a normal cone and K is normal
constant, satisfying f(X)ch(X) and

Bld(fx, fy)] < a,0[d(hx, hy)] + a,0[d(fx, hx)]
+a30[d(fy, hy)] + a,0[d(fx, hy) + d(fy, hx)]

for all x,y € X,where ¢ € ®(P,C) and a,,a,,a;,a, € [0,1) satisfying a, + a, + a; + 2a, <1. Ifone of f(X)
or h(X) is complete subspace of X, then the maps f and h have a unique point of coincidence in X. Moreover, if
f and h are weakly compatible, then f and h have a unique common fixed point.

Corollary 2.3. Let f be a self map on a cone metric space X with normal cone P and normal constant K satisfying
old(fx, fy)] < a; 8[d(x,y)] + a,0[d(fx,x)]
+az@ld(fy,y)] + a,0[d(fx,y) + d(fy,x)]

for all x,y € X, where @ € ®(P,(C) and a,,a,,as,a, € [0,1) satisfying a; +a, +a; +2a, <1. If f(X) is
complete subspace of X, then f hasa unique fixed point in X.
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