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Abstract
In this paper we prove that cycle of cycles C'(Ch,. Cp,. .. ., C'n, ) is graceful, when
t
t=0(mod2),n;=0(mod4) (1<i<{)and 37, n; = 2:_1 n;. We also prove
—2
that cycle of the complete bipartite graph C'(1/,, ) (f is an even integer) is graceful

and C(tCy) is cordial, ¥V t,n € N — {1, 2}.
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1 INTRODUCTION

Let G = (V. E) be a simple, undirected graph of size (p,q). ie. |V]|=p and |E| = q.
For all terminology and notations we follows Harary (Harary 1972). We will give brief
summary of definitions which are usetul for this paper.

Definition—1.1: A function f is called graceful labeling of a graph G = (V, E) if
f:V —{0,1..., q} is injective and the induce function f* : £ — {1.2,....¢}
defined as f*(e¢) = |f(u) — f(v)] is bijective for every edge ¢ = (u,v) € E. A graph G is
called graceful graph if it admits a graceful labeling.
Definition—1.2: A function f:V — {0,1} is called binary vertex labeling of a graph G
and f(v) is called label of the vertex v of G under f.

For an edge ¢ = (u,v), the induced function f* : E — {0.1} defined as f*(e) =
|f(uw)—f(v)]. Let v(0), ve(1) be number of vertices of G having labels 0 and 1 respectively
under f and let ¢,(0), ¢;(1) be number of edges of G having labels 0 and 1 respectively
under f*.

A binary vertex labeling f of a graph G is called cordial labeling if |vp(0) —vp(1)] < 1
and |ef(0) —ep(1)] < 1. A graph which admits cordial labeling is called cordial graph.

For detail survey of graph labeling refer Gallian (Gallian 2013) in which vast amount
of literature is available on different type of labeling. The graceful labeling was introduced
by Rosa (Rosa 1967, p. 349 — 355).

Kaneria, Makadia and Jariya (Kaneria et al. 2014) introduced cycle of graphs C'(G, G,
... Gy) replacing each vertices of €, by connected graphs G, Gy, ..., G,. They have
proved that C(tC),). the cycle graph with ¢ copies of €, and C(tK,,), the cycle graph
with # copies of symmetric complete bipartite graph I, ,, are graceful.

Definition—1.3: For a cvele C), each vertices of €, is replace by connected eraphs
! n n 1 ) graj

If we replace each vertices by a graph G i.e. Gi =G, Go =G, ... G, = G, such cycle of
a graph G, we shall denote it by C'(nG).

In present paper we have proved that cycle of cycles C(C,,. Ch,. . ... Oy, ) and cyele of
t copies of the complete bipartite graphs C'(t1,, ;) are graceful graphs. We also proved

that cycle of cycles C(tC),) is cordial.
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2 MAIN RESULTS :

Theorem—2.1 : Cycle of cycles C‘(C’m Chgseos Ch, ) is graceful, when ¢ = 0 (mod 2),
n; =0 (mod 4) (1 <7< 1) and Ez Ly =Y

& T

2

Proof : Let (¢ be the graph C(C,,,. C,,.....C,,) with £ = 0 (mod 2), n; = 0 (mod 4)

(1<i<t)and Zz Ny = Z;:L n;. Let u;; (1 < 7 < ny) be the vertices of the cycle €7,
2

Vi=1.2,.... t. We join w;p, with g, V=12, .. t —1 and w,,, with wy; to form

the cycle graph C'(Ch,, Oy, o0, Chy )-

Since n; = 0 (mod 4). V2= 1.2,... .1, we know that each (7, 's are graceful graphs
with graceful labelings f; : V(C,,) — {0.1,.. ., n;} (1 <7 <t) defined as follows:
filuig) = % Vji=13....,n,—1 wheni < §or
V=13, % —1when:> %
= % Vi=%+1L%+3..., ni — 1, when i > §
= n; — % Vi=24,...,%, wheni < % or
Vy=24,..., .ng.when @ > 5
= n; — % Vi=%+2%+4..., ng, when @ < §
Le. filu;) = % when j =1.3.....n;, — 1
=n; — % when j =24, ..., 5
= n; — % when j =5 +2, %+ 4, ...y
Vi=1,2,.... % and
filui;) = % when j =1,3,... .3 -1
= % when j =5+ 1.5 +3,.... ni — 1
= n; — % when 7 =24, ... ny;
Vi=g+1l.5+2....t
Let ¢ is the number of edges for the cycle of cycles C(C,,, Chy, o .- . ). Note that
g=Y4_ (ni+1). Take Iy = q —ny, I; =0,
E«;_G’—azs L e —n— (i —1), Vi=2,3,..., 5
HED R Vi=23,....3
lj—g——z“’ln n;— (5 +1). Vi=gi+1.5+2,....1
L=l (-5 1), Vi=i+1,tb+2,...¢
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We define the labeling function f : V(G) — {0,1,....q}. where g = 3!, (n;+1)
for the graph G = C(Ch,. Ch,, .. -, Cy, ) as follows:
flug ;)= filwi ) + f; when 7 =1 (mod 2)
= filuwi;) + 1, when 7 = 0 (mod 2), Vi=12 .. 1
Ahove labeling pattern give rise graceful labeling to the graph G

Ilustration—2.2: C'(Cy, Chg, Cy, Cha, Cs, Cy) and its gracetul labeling shown in following

figure.

@
45 44 43
42
38 39 40
@

Theorem—2.3 Cycle of complete bipartite graphs C(t/,,,). t =0 (mod 2), m.,n € N is
eraceful.
Proof : Let G = C(tK,,,) be a graph which contains ¢ copies of the complete bipartite

graph K, . where t = 0 (mod 2) and m.n € N. Letw;; (1 <7 <m)andw,;; (1 <7 <n)

be vertices of i copy of Kpn, Vi=1.2...., t. Now join w;, with w419 (1 <0 < %— 1),
join Wt with WE 4,1 join w; , with w;qqq (% +1<e<t—1) and join wuy, with uy; by

an edge to form cycle of graphs G = Cy(I,;, )

We define the labeling function f : V(G) — {0.1,..., q}. where ¢ = (mn + 1)t as

follows:
flug;)=7—1. Vi=12 .m
flwy;)=q— (5 —1)m, ¥Yi=1.2.....n
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Flurg) = f(ui—im) + Js Vi=1,2..., m, ¥V 1=23....%
Flwg) = flwrin) —1—=(G—1m, VYi=12....n¥I=23. 1
lugyy ;) = Fwe ) — (1+7). Vyi=12....m

flwe g ;) = flug ) + 140G =Lm, Vji=12...n

Jlug) = Jlu—1m) = 7. Vi=12,....ml=5+25+3..., t
flw) = flw—in) + 1+ (G —Lm), Vi=L12.. .. nl=5+25+3 ..., t

Above labeling pattern give rise graceful labeling to the graph G'= C(t K, ,,).

Ilustration—2.4: C(8K34) and its graceful labeling shown in following figure.

Theorem—2.5 C(tC,,) is cordial, ¥V £,n € N — {1.2}.
Proof : Let (i be the cycle of cycle C'(tC,). Let u;; (1 < 7 < n) be vertices of it copy
of the cycle C,,, Vi=1,2,..., t. Now join u;,, with w414 (1 <0 <t —1) and join uy,

with w11 by an edge to form the cycle of cycle C(tCh).
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To define the labeling function f : V(G) — {0, 1}. we consider following four cases.
Case—I : n =3 (mod 4).

flug ;) =0, when 3y =1,2 (mmod 4) and ¢ = 1 (mod 2) or

7 =0.3 (mod 4) and : =0 (mod 2)
when 3 = 0,3 (mmod 4) and « = 1 (mod 2) or
j=1,2 (mod 4) and : =0 (mod 2};

Vi=12...nVYi=12..,2 |4,

flugn) =0, when t is odd
flug;) =0, when 7 =0,1 (mod 4) and ¢ is odd
=1,

when j =23 (mod 4) and ¢ is odd
Vij=12,....n—1.

Case—II : n =0 (mod 4).
f(u.z:.j‘) =0,

when j =1,2 (mod 4) and ¢ = 0,1 (mod 4) or

7=0,3 (mod 4) and : =2.3 (mod 4)

when 7 = 0,3 (mod 4) and 2 = 0,1 (mod 4) or
J=1.2(mod 4) and : = 2,3 (mod 4);

Vi=12..., nVi=12,...,1.

Case—IIl : n =1 (mod 4).

f'('ua-_i) = 0

when 7 =0.1 (mod 4) and : = 1 (mod 2) or

J=2.3 (mod 4) and 2 =0 (mod 2)
when 3 = 2,3 (mod 4) and ¢ = 1 (mod 2) or

7 =0,1(mod 4) and : =0 (mod 2};
Vi=12....nVYi=12...1t—-1

flug1) =0,
flug;) =0, when 7 = 2,3 (mod 4)
=1,

when 7 = 0,1 (mod 4);
Vji=23,....n
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Case—1V : n =2 (mod 4).

Fluin) =0, fluin) =1, ¥i=1,2,... .1

flu;;) =0, when 7 = 1.2 (mod 4) and : =1 (mod 2) or

7=0.1(mod 4) and : =0 (mod 2)
when 7 = 0.3 (mod 4) and : =1 (mod 2) or

7 =23 (mod 4) and : =0 (mod 2);
Vi=34 ..., n.Ni=12_ . t—1.

when 7 = 0.1 (mod 4) and ¢ is even or

j=2,3 (mod 4) and ¢ is odd

when j

2.3 (mod 4) and £ is even or

7 =0,1 (mod 4) and { is odd;

Above labeling pattern give rise cordial labeling to the given graph G| as it satisfies
|op(0) —0p(1)] £ 1 and |ef(0) —ey(1)] < 1 in above cases. Thus G = C(tC),) is a cordial
graph, ¥V t,n € N —{1,2}.

Tustration—2.6: C'(5Cg) (it is related with case-1V) and its cordial laheling shown in
following figure.
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Hlustration—2.7: C'(4C'5) (it is related with case-II) and its cordial labeling shown in

following figure.

o o0 1t 1 ¢ 0 11 0 o0 1 1 C o 1 1
it 1 g 0 | 1 0 g 1 1 0o g 1 1 0 0
1 1 g 0 1 1 0 g it 1 0 0o 1 1 0 o
0o 0o 1 g 0o 11 o 0 1 1 o 0 11

3 CONCLUDING REMARKS :

We discussed here graceful labeling for cycle of cycles and cycle of complete bipartite
graphs. We also discussed cordial labeling for eycle of cycles. The present work contribute
three new results. The labeling pattern is illustrated for derived results. Kaneria, Makadia
and Jariva (Kaneria et al. 2014) proved C(tC,) is graceful which is particular case
of Theorem—2.1 by taking n; = n, V1 = 1,2...., t and C(tl,,) is graceful which is

particular case of Theoremm—2.3 by taking m = n.
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