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Abstract- The purpose of this work is to present some existence results of solutions for a class of systems of mixed monotone
mappings in partially ordered metric spaces. The results of this work are extensions and generalizations of known coupled and
tripled fixed point results. The methods of proofs used in this work, show that most of new coupled and tripled fixed point
results are merely reformulation of some fixed point results in the literature. As an interesting application of our results, we

discuss the existence and uniqueness of solutions for a class of systems of nonlinear integral equations.
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1. Introduction

In 2004, Ran and Reurings published a fixed point theorem for contractive type mapping in partially ordered metric spaces [20]
and Bhaskar and Lakshmikantham [9] introduced the concepts of coupled fixed point and mixed monotone property for
contractive operators and established some interesting coupled fixed point theorems under a weak contractivity.

Definition 1.1. An element (X, y) € X xX is called a coupled fixed point of the mapping f : X xX — X if f(x,y)=x

and f (y,x)=y.
Definition 1.2. Let (X, <) be a partially ordered set and f: X x X — X. The mapping f is said to has the mixed monotone
property if f is monotone nondecreasing in its first argument and is monotone nonincreasing in its second argument, that is, for
anyx, y € X,

X, X5 € X, X, < Xy 2 (X, ) < f(X,,Y)

Y1.Y2 € X.y1 Sy, = f(x y1) > f(x,y2)
Recently, Harjani, Lépez and Sadarangani [12], Amini-Harandi and Emami [5], Harjani and Sadarangani [13], Nieto and

Rodfiguez - L6opez [17] proved some fixed point theorems for nondecreasing mappings in partially ordered metric spaces.
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Lakshmikantham and Ciri¢ [15] extended the results of Bhaskar and Lakshmikantham for a mixed monotone linear contractive
mapping and to generalize the notion of a mixed monotone mapping.

Berinde [7] obtained the coupled fixed point theorems for mixed monotone operators which is essentially different and more
natural. Luong and Thuan [16] presented some coupled fixed point theorems for a mixed monotone operator in a complete
metric space endowed with a partial order by using altering distance functions.

Also Borcut and Berinde [10], Amini-Harandi [4] introduced the concept of tripled fixed point for nonlinear mappings in
partially ordered complete metric spaces and obtained some existence and uniqueness theorems for contractive type mappings.
Karapinar and Berinde [14] obtained existence and uniqueness results for quadruple fixed points of operators F : X* — X. Very
recently, Berzig and Samet [8] introduced the concept of fixed point of n-order for mappings F : X® — X, where n > 2 and X is
an ordered set endowed with a metric d and proved n-order fixed point theorems. For some other papers devoted to the same or
related topics, see [3, 11, 18, 21]. On the other hand, authors illustrated these important results by proving the existence and

uniqueness of the solution for a periodic boundary value problem of the form.

X' (1) = f(t,x (1)), (12
and the general form of integral equations.
x(t) = fOTG(t, 8) [f(s,u(s)) + ru(s)]ds, 1.2)
x(t) = h(t) + fOT[Kl(t, ) + K, (t, )1 [f (5, x(s)) + g(s,x(s))]ds. (1.3)

In this work, we present some existence theorems for solution of a system of mixed monotone mappings in partially ordered
metric spaces and the obtained results are extensions and generalizations of known coupled and tripled fixed point results in [4,

10, 15, 20]. Finally, as an application, we investigate the problem of existence of solutions for the system of integral equations.

x;(t) = f, (t,xl(t), oy X (0, faﬁi(t) gi(t,s,xl(s), ,xn(s)) ds), (1.4

where € R, f; , g; and B;satisfy in special conditions.

2. Main Results

In this section we introduce the concept of (4, B) - mixed monotone property for mappings of the form F : X™ — X and present
some existence theorems for solution of a system of mixed monotone mappings in partially ordered metric spaces. We start by
introducing some definitions. Here after by the set 2, we mean

0, ={4,B)lAuB={12,..,.n},AnB = ¢}, forallne N.

Definition 2.1. Let (X,<) be a partially ordered set and (A, B) € Q,,. We say that F : X® — X has the (A B) -mixed monotone
property if F is nondecreasing in the A argument and nonincreasing in the B argument, i, e.,

If (X0, %5, 000 Xn) » (V1. Va0 oa V) € XBX; < y; fori € Aand x; = y; for i € B then we have

F (X1, Xz, Xn) S F(Y1,Y2,00Yn) -

Note that if A = {1},B = {2}, n = 2, then Definition 2.1 reduces to Definition 1.2.
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Definition 2.2. Let (X, <) be an ordered set and F : X® — X be a given mapping having the (A, B) mixed monotone property, an
element (X;,X,,...,X,) € X" isan n-order fixed point of F : X" — X if there exist n maps @;: {1...,n} - {1...,n} such that.
@i(A) =A

@i(B) =B

?,(A)cB (2.1)

p,(B)SA

i€eA {
ieB {
and
F(xwi(l),xwi(z), ,xwi(n)) =x;, forall 1 < i< n. Alsoan element x € X is called a fixed point of Fif F(x, X, ...,X) = X.
Definition 2.3. Let @ denote all functions @ : [0, )" — [0, o) which satisfy:
(i) nondecreasing in each argument.
i) 0G4 + Vg, X +Y0) S OXq o, X)) F B (Y11, Vi),
(iii) Jliirgo@(xl,m, v Xp,M) =0 & X, > 0asm s ooforalll<i<n.
For example, functions @, (t,,...,t,) = XL, t;and @,(t, ..., t,) =max;(t;) satisfy in Definition 2.3.
Definition 2.4. Let(X, d) be a metric space and @ € ®. We define a function Dy: X" x X" - [0, o) by
Dg(X.Y) = Do((y, e Xn), ¥, . Yn)) = B(dXy, Y1), .., d (X, Vi)
such that X = (X, ..., Xp), Y = (Vq,...,Y,) € X" .
Proposition 2.1. If (X, d) is a complete metric space and @ € @ then (X®,Dg) is a complete metric space.
Proof. The proof is obvious, we omit it. m
Definition 2.5. Let (X, <)be a partially ordered set. We say that X has a condition H if X has the following properties:
(i) If (x,) is a nondecreasing sequence that is convergent to x then x,, < x for all n,
(ii) If (y,) is a nonincreasing sequence that is convergent to y then y,, =y for all n.
Now, we are ready to give our first main result. The following fixed point theorem will help us to do it. Incidentally, our method
of proof shows that how we can establish an n-order fixed point result from a fixed point result.
Theorem 2.2. [20] Let (X, <)be a partially ordered set and suppose there is a metric d on X such that (X, d) is a complete
metric space. Suppose f is a nondecreasing mapping with
d(f x,fy) < kd (x,y), forall x,y € X, x <y, where 0 < k < 1. Also suppose either:
(a) f is continuous or,
(b) If (x,) is a nondecreasing sequence that is convergent to x then x,, < x for all n.
If there exists x, € X with x, < f(x,) then f has a fixed point.
Theorem 2.3. Let (X, d, <) be a complete partially ordered metric space, (A,B) € Q, and F;: X® > X (i = 1,...n)be an

operator such that F; is a (A, B) -mixed monotone property for i € A, F; is a (B, A)- mixed monotone property for j € B and
d(Fi(XL o Xn), Fiyg, o ,yn)) < kmiaX{d(Xi,yi)}, (2.2)

forall (x,,....X,), (y1,....Y,) € X" withx; < y; fori € Aand x; =y, for i € B, where 0 < k < 1. Also suppose either:

(a) F; is continuous, or

(b) X has condition on H.

If there exists X, = (x?,x9,... ,x%) € X" such that

x? < Fi(x¢,... ,x%)and X]-O 7 €FR(x), ... . xD), (2.3)
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foralli € Aandj € B then there exist (x;, X3, ...,X5) € X" such that foralll <i<n

Fi(X), %3, 0, X5) = X

Proof. We define G: X® — X" by

G(Xg, o, Xn) = (F1(Xq, e, X))y ooy Fu (X, o, X)) (2.4)

It is straightforward to show that G has a fixed point in X® if and only if there exist (X}, X, ..., x%) € X® such that for all
1<i<n

Fi(X3, %3, X5) = X5

Consider Dg: X® x X" — [0,00) which is defined by Definition 2.4, @(t, ..., t,) = max;(t;). From Proposition 2.1, (X", D) is
a complete metric space. Now, we establish a new order ” <, gy ” on X" by

X <Y, ieA
(Xl an) <(A,B) (yl ryn) 4 {X: = y: I €EB

It is easy to see that (X“, Dy, <(A,B)) is a complete partially ordered metric space. We show that G is a nondecreasing operator.

To do this fix arbitrary (X, ..., X,), (y; ..., Yn) € X" such that (X, ..., X,) <(ap) (V1 ... Yn) then we have
<Yi i€A
(Xl'“rxn) <(A,B)(Y1---’Yn) i {))2 >§: i:B
{ Fi(X1..%n) <Fi(y1..yn)  i€A (2.6)
Fi(X1...Xn) ZFi(y1.-:Yn) ieB
= G(X1....Xn) <G(y1.Yn)

It follows that G is a nondecreasing operator. Moreover, by (2.2) we have

max{d(F; (X, - %), Fiys .. Yn))} < k max{d(x;, )} @7

And D4(G X, G Y) < kDy(X, Y), for all X,Y € X", X a5 Y. Now, if there exists X, = (x{,x$, ..., x3) € X" satisfying (2.3)
then from (2.5) and definition of G we get X, <(ag) G(Xo).

Also, if F; is continuous, or X has condition H, then we have either (a) or (b) in Theorem 2.2. Since operator G satisfies all the
conditions appearing in Theorem 2.2 so, G has a fixed point and the proof is complete. m

In [17] the authors also considered some additional conditions to ensure the uniqueness of the fixed point.

Theorem 2.4. [17] In addition to hypotheses of Theorem 2.2, suppose that for each x,y € Xthere exists z € X which is
comparable to x and y, then f has a unique fixed point.

Similarly, we can prove the following uniqueness theorem for n-order fixed points.

Theorem 2.5. In addition to hypotheses of Theorem 2.3, suppose that for every X,Y € (X, <(A,B)) (" <@p) ”) is given by
(2.5)), there exists Z € X" that is comparable to X,Y then F; has a unique n-order fixed point.

Corollary 2.6. (Theorem 2.1, 2.2 of [9]) Let (X, <) be a partially ordered set and suppose there exists a metric d on X such that

(X, d) is a complete metric space. Let f: X x X — X be a mixed monotone property on X such that there exists ak € [0, 1) with

d(f(x, y), f(u,v)) < g[d(x, u) + d(y, V)]

Forall x > uandy < v. Also suppose either:
(a) f is continuous or,

(b) X has the following properties:
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(i) If (x,) is a nondecreasing sequence that is convergent to x then x,, < x for all n,

(ii) If (y,,) is a nonincreasing sequence that is convergent toy theny, >y for all n.

If there exist two elements x,,Y, € X with X, < f(Xg,Y,) and y, = f(y,, X,) then there exist x,y € Xsuch thatx = f(x,y) and
y = f(y.%).

Proof. In the special case n = 2,F,(x,y) = f(x,¥),F,(x,y) = f(y,x),A = {1} and B = {2}. Using assumptions of

corollary there exists a k € [0,1) with

A ), 1)) < 5 dGc ) + d(y.v))

forallx > uandy < v ,so

d(F,(x,y),Fi(u,v)) < ;[d(x, u) +d(y,v)] < kmax {d(x,u),d(y,v)}

forallx > uandy < v, Also, since

A0y, 9, £, 1)) < 1) + d(v.y))

forallx >uandy <v ,so

d(F2(x.y),F2(uv)) < ;[d(u, x) +d(v,y)] < k max {d(x, u), d(y,v)}
forall x > uandy < v which proves that f verifies the contraction condition (2.2) in Theorem 2.3. Now, the proof follows
from Theorem 2.3. m
The following corollary generalized some main results appearing in [4, 20, 8].
Corollary 2.7. Let (X, d, <) be a complete partially ordered matric space and (A,B) € Q,. Let F: X® — Xbe a mapping
having the (A, B)-mixed monotone property such that
d(F (X1, . %), F (s, - Yn)) < kmax{d(x;.y)}, (28)
forall (X, ...,Xp), (Y1, ....Yn) € X2 withx; <y;fori e Aandx; =y;for i €B,where0 < k < 1. Also suppose either:
(a) F is continuous, or
(b) X has condition H.
If there exists X, = (x?,x9,...,x9) € X" such that
X < F(X3, (1. X3, my)and xP = F (xgl_(l), y .,xgl_(n)), (2.9
foralli € Aandj € Bwhere @;:{1--- ,n} > {1--- ,n} satisfy condition (2.1) forall 1 < i < nthen F has an n-order fixed
point.
Proof. We define F;: X® — X by F;(Xy, ..., Xn) = F(Xg, (1), - Xg,m) )-
Now, we show that F; is a (A, B)-mixed monotone mapping for all i € A and F; is a (B, A)-mixed monotone mapping for all
i € B To do this fix arbitrary i, € Aand (X, ...,Xp), (Vy, ....Yn) € X™ such that (X, ..., X,) <cag) V1. ....Yn)- Since iy € Aso
by using (2.1) we have
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Care ) <amy G y) = P00 1SR
N {mio(xi) < @io(yi) ieA
8, () = 0, (y) i€B
= F(Bi,(x1), .., 03, (xa)) < F(@; (Y1), ..., By (Yn))
= F (X1, Xn) < Fi (Y, Yn)

Therefore F; is a (A, B)-mixed monotone mapping for all i € A. By similar reasoning one can show that F; is a (B, A) -mixed
monotone mapping for all i € B. It is easy to verify that (2.8) and (2.9) imply (2.2) and (2.3), respectively. Then the proof is
completed. m

Agarwal, EI-Gebeily and O'Regan in [1] presented the following result for mappings satisfying a ¢ - contraction in the setting
of complete partially ordered metric spaces.

Theorem 2.8. Let (X, <) be a partially ordered set and suppose there is a metric d on X such that (X, d) is a complete metric
space. Suppose f is a nondecreasing mapping with

d(fx, fy) < e(d(xy)), forallx,y € X,x <y, where ¢ : [0,00) — [0, ) isanondecreasing and continious function such
that @(t) < t forall t> 0and ¢(0) = 0. Also, suppose either:

(a) f is continuous or,

(b) If (x,) is a nondecreasing sequence that is convergent to x then x,, < x for all n.

If there exists x, € X with X, < f(X,) then f has a fixed point.

Besides, if for each x,y € Xthere exists z € X which is comparable to x and y, then f has a unique fixed point.

Now, we present an n-order fixed point result for mappings satisfying a ¢q-contraction in the setting of complete partially
ordered metric spaces.

Theorem 2.9. Let (X, d, <) be a complete partially ordered metric space, (A,B) € Q, and Fj: X" - X (i =1,--,n) bean

operator such that F;is a (A, B)-mixed monotone property for i € A, F; is a (B, A)- mixed monotone property for j € B and

d(Fi(s, o %), FiYn, o Yn)) < @ (max{d(x, y2)}) (2.10)

forall (x,,....%X,), (y1,....Y,) € X" withx; <y, forje Aandx; =y, fori € B, where ¢ : [0,0) — [0, ) is a nondecreasing
and continious function such that @(t) <t forall t> 0 and ¢(0) = 0. Also, suppose either:

(a) Fyis continuous, or

(b) X has condition H.

If there exists X, = (x9,x9,+++,x9) € X™ such that

x? < F(xd,-+- ,x%) and x]-° = F]-(xf,--- ,X9), (2.11)
foralli € Aandj € B then there exist (x},x3,---,X;) € X® suchthatforalll < i < n

F(Xi G, X5) = X
Besides, if for each x,y € X there exists z;,z, € X suchthatz; < x <z, andz; < Y < Z,, then (x{,x3, -+, X;,) is uniqueness.
Proof. Define G : X™ —» X" as in the proof Theorem 2.3 by which is given by (2.4). We know that G has a fixed point in X" if
and only if there exist (x},x3,-+,X}) € X® suchthatforall1 < i < n

Fi(Xp, %3, X5) = X
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Consider Dg: X" x X" — [0,0) which is defined by Definition 2.4, @(t,, ..., t,) = max;(t;) and <4 gy by (2.5). From the

assumptions we get
Ds(GX,GY) < ¢(Dp(X,V)).

Using Theorem 2.8 and in a manner similar to the proof of Theorem 2.3, we can prove that G has a fixed point. Also for the
uniqueness of n-order fixed point the the proof is similar to the proof of Theorem 2.5. m

In [2] Aghajani et al. proved that for every nondecreasing and upper semicontinuous function ¢: R, — R, the following two
conditions are equivalent:

() (t) <t foranyt> 0.

(m limy_, @™ () = 0, forany t > 0.

Thus Theorem 2.9 is true if (1) is replaced by (I1). Furthermore, notice that in place of "max;{d(x;,y;)}".

if " Il dxiyi) - be
n

Then Theorem 2.9 will still be true.

Corollary 2.2 of [15] is a special case of the following corollary.

Corollary 2.10. Let (X,d, <) be a complete partially ordered metric space and (A,B) € Q. LetF: X" —» X" be a mapping

having the (A, B)-mixed monotone property such that

d(FOy, e Xn) O, e, Yi)) < @(maxi{d (x;, )}, (212)

for all(Xy, ..., X)), (Y1, ..., Yn) E X" withx; <y; fori € Aandx; =y; fori € B, where ¢ : [0,0) — [0,00) isa

nondecreasing and continuous function such that ¢(t) < t for all t > 0 and @(0) = 0. Also, suppose either:

a) F is continuous, or

(b) X has condition H.

If there exists X, = (x9,x9,+++,x9) € X™ such that

X0 < F(XG. 2y 1 X3 my) @NA X = F(xgj(l),"- ,Xgl.(n)), (213)
foralli € Aandj € B where @;:{1---,n} - {1---, n} satisfy condition (2.1) for alll < i < n then F has an n-order fixed
point.

Proof. The logic of the proof is similar to the proof of corollary 2.7. m

3. Application

In the following section, we considered the space X = C[a, b] of continuous function defined on [a, b] with the standard metric

given by d(x,y) = sup |x(t),y(®)], for x,y € C[a,b].
tefa,b]

This space can also be equipped with a partial order given by

X,y € Clab], x<yex®) <y(t), foranyte [ab].

Moreover, in [17] it is proved that (C[a, b], <) with the above mentioned metric satisfies condition H.
Now, we formulate our result.

Theorem 3.1. Assume that the following conditions are satisfied:

@) Bi: [ab] = [ab](i = 1,2,--- ,n) are continuous functions.

@i)fi: [ab] xR* xR - R (i = 1,2, ,n) are continuous and nondecreasing on R" and R such that
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It g, - X, U) = Fi(E Y, o, Y, VI < Npi(max;x; — yi]) + |u = v, (3.1)

forall (x,, -, %,), (¥4, -, ¥,) € R* with x; <y; , where nondecreasing functions ¢: R, — R, satisfy the hypotheses of
Theorem2.9and 0 < Ay, -+ A, < 1.

(iii) g;:[a,b] x [a,b] *x R* - R (i = 1,2,---,n) are nondecreasing on R" such that

l9i (t.s, X1, Xn) = Gi (L, S, Y1, -+, yn)| < &Bi(max;lx; —y;1), (3.2)

for all (xq, -+, Xp), (Y1, -+, Yn) € R™ with x; <y; , where nondecreasing functions 9; : R, —» R, satisfy the hypotheses of
Theorem2.9and0 <&, - ,§, < 1.

(iv) There exists x? € C[a,b](i = 1,-:- ,n) such that

x? < (X2, . x3(®. [PV g, (6.5, x0(5), - x2(s))ds). (33)
(V) Forall i = 1,--- ,n
A+ (b—a) <1 (3.4)

Then the system of integral equations (1.4) has a unique solution in the space C[a, b]".
Proof. We define the operators F;: C[a, b]* — C[a, b] by
Filke, ) = £ (653 ), Xa(®), L7 05 (6 5,%, ), %y (5))ds),
forallt € [a,b] and 1 <i < n. Let us fix arbitrarilyl < i < n. Since f;, g;, X; and B; are continuous, so F; is continuous operator
from C[a, b]" to C[a, b]. Moreover, F; has the (A, B)-mixed monotone property such thst A = {1,---,n} an B = @. Now, we
show that F; satisfies the hypothesis (2.10) of Theorem 2.9. To do this, take X;, y; € C[a, b] such that x; < y; forallj = 1,---,n.
Then we have
d = d(Fi(q - Xp), Fi(Ya, - Yn))
= sup |F;(xq, -+, X )(®) = iy, =, yn) D]

te[a,b]

= sup
te[ab]

Bi(t)
fi <tr Xl(t)r an(t)rf gi (tx erl(s)r Ty Xn(S))dS>

Bi(t)
R CY M T AORRAC
a
Due to (3.1), (3.2) and since ¢;and 9; are nondecreasing, we have

d < sup & (miaXIxi(t) ~yi®l)

te[ab]

Bi(t) Bi(t)
[ sx® x@ds = [ 0 tsya(s) e ya©)ds

+ sup
te[ab]

)

Bi(t)
f 9i (t:5,%,(8),++ Xn (8)) = (L5, Y1 (), -+, Yn($))ds

< N <m_ax||xi — vyl + sup
i te[a,b]

b
S A; (miaXIIxi — Vi II) + f §i9; (miaXIIxi — Vi II) ds

a

< Ao (miaxllxi -V ||) + (b — a)§;9; (miaxllxi - inI).

If we define @ = max{@,, -, @y, 91, -+, 9, ) then the last inequality and assumption (v) give us
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d(Fi(Xlr o X ), Fi(yg, o ryn)) <o (miaX”Xi - yi”)-
Therefore, F; satisfies (2.10). Finally, let x9,x3,---, x2 be the functions appearing in assumption (iv), so by (iv), we get
x? < Fi(x9,--,x2)

The conclusion follows now from Theorem 2.9. m

Example 3.1. Consider the following system of functional integral equations

ot | I, (t) + X%, (1) + x5 (1) 1 (" —t X, (8) + X, (s) + %5 (s)|
O =557 < 3 ”)*E T ) 66 F 6O
3Ix, (|
X,(t) = et + e lez al +f 1655+ T (x1(8) + x,(s) +x5(s))ds

0
t2

X3 (t) = log(t) +f sZIn([x, (s) + x,(s) + x3(s)| + L)ds,
0
fort € [0,1]. Observe that Eq. (3.5) is a special case of Eq. (1.4) where

B, (D) = t,B,(t) = Vt,B5(t) = t2,

t? 1
£, (t X1, X5, X3, Y) :mln <§|x1 + X, + X3| + 1) +y

3|X2|
——'-y’
4lx,| + 4

f3(t,X;,X2,X3,y) = logt +y,

f,(t, X1, X5, X3,y) =€t +

(t ) 1 I+ xp+xl
\S Xq, X, Xz) = -=set———— ==
G DRI 14 Xy + Xy + X

s(X; + X, + X3)
16s+1
g3 (t, S, X1, X5, %3) = S2In(|x; + X, + %3] +1)

From the definitions of B; hypothesis (i) of Theorem 3.1 are obviously satisfied. Also, we have

02(t, S, X, X5, X3) =

|f1(t1X11 X2, X3, U) - fl(trylry21y31v)| <

tZ l tZ l
< —t4+lln<§|xl+x2+X3|+1)+u—t4+lln<§|y1+y2+y3|+1)_V
t? 1%, + X, +Xq| + 1
b e
th+1 3ly; +y, +ysl+1
1 Llx; + %, + X3l = ly; +y, +
S—‘ln(—ll 2 sl=lys +v, Y3|+1>‘+|u_v|
217\3 ly, +y, +ysl+1
1 X; = Vq| + Xy = Vo | + |X5 —
SE‘In<|1 yil |23Y2| x5 y3|+l>‘+|u—v|

< ; In(max|x; — y;| + 1)|u — vl.
1
Similarly,

3 max|x; -yl

— <1 = 4 —

fo (1, X1, X2, X3, U) fz(t’yl’yz’y3’v)_4m_ax|xi—yi|+l lu—vl
1
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[f5 (L Xq, X5, X5, W) — 2 (Y, Y5, Y3, W] < Ju—v|
1 max|x; —y;l
1

|gl(tx ererZrXS) - gl(txsrylreryS)l S 4 miaxlxi _ y1| + l

3
l92(t, 5, X1, %2, X3) — 92(,8,y1, Y2, Y3l < 16 miaxlxi =il

|g3(tr SrX11X2rX3) - gS(trsry11y21y3)| < In(miaxlxi - yll + l)
Thus, by taking

01(0) = 05(8) = In(t+1), @, (1) = 0, (1) = 7, @5 () = 0, () =St Ay =52, = $ A3 = 0,817, §- ; andgy_1, the
functions f; and g; satisfy assumptions (ii) and (iii) of Theorem 3.1 and the hypothesis (3.4) holds. Finally, if we consider
X, (1) = x,(t) = x3(t) = 0 then the hypothesis (3.3) holds. Hence by using Theorem 3.1 the system of integral equations (3.5)

has a unique solution in the space C [0,1]3.
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