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Abstract

We will study the integral of Aumann when the values of
multifunctions are subsets of a quasy-Banach separable space.
Initially we will see the extension of the Aumann integral in the case
of multifunctions with values in quasy-normed spaces and in some
instances of its existence illustrating with examples.

We will see the following relation between measurable and
integrable of multifunctions according to Aumann and some various
operations which do not bring us out of class by Aumann integrable
multifunctions. Here we can mention that, if the union action of
integrable multifunctions by Aumann is again integrable, for cutting
can’t say the same thing. We see also that is true the property of
linearity of the Aumann's integral.

Finally we are shifting focus to the limit and note that there is a
rather interesting statement that in the case when the space X which
defines sequence of multifunctions F, is finite measure allows us to
say that: Not only the limit of a sequence of integrable multifunctions
by Aumann is the integrable multifunction but it’s true the equality
JFdu = lim,_, o [ F,dp. This assertion is also based on a similar
theorem known Fatou theorem, which noted that, can be extended to
our case.

Keywords: Aumann integral, quasy-Banach space, convergence
theorem of multifunctions

Introduction

A relation F: XY is a subset of XxY. Otherwise, F can be
considered as a function of X in all subsets of the set of Y.
Domain of F is the set Dom (F) = {x € X: F(x) # 0}, the
image of F is the union of the images F(x) when x ranges over
X, Rang (F) = Uxepom(r) F(x) while graph of F is the set
Graph (F) ={(x,t):t € F(x),x € Dom(F)}.

If we want to emphasize the properties of F as a subset of
XxY, referring to it’s graph [1].

A multifunction is a relation with domain X. We denote it
F:X3Y or F:X—2Y.

Let X and Y be topological spaces.

(i) A multifunction F:X—2" is called with closed, open or
compact valued if, for every xeX, F (x) is respectively, a
closed, open or compact set in Y. Moreover, if Y is a
topological vector space and for every xeX, F (X) is a convex
set on Y, then F is called with convex values.

(i) A multifunction F:X—2Y is called closed, open or
compact if the Graph(F) is respectively, a closed, open or
compact set according to the product topology of XxY.

Moreover, if X and Y are topological vector spaces, then F is
called convex if its graph is a convex set by product topology
XxY.

In multifunctios  (relations) collection determined various
mathematical operations.

Let's say we have the operation * that is defined as follows: F,
« F2: X— Fy(X) = F2(X). In this way we can determine Fin F; ,
FiuU F,, Fi+ F, (in vector space), F; x F, etc. Similarly, if the
function a: 2¥—2" determine o(F):x—a(F(x)). For example,
will use the notation F, for the multifunction x—F(x) where,
F(x) is denoted the closure of set F(x).

Also for multifunctions as for functions, we study continuity,
their measurement and integration.

There are two ways to define the inverse image of a subset M
by a multifunction F.
(i) F(M)={xeX:F(x) nM # ¢}
(i) F*(M) ={x e X: F(x) c M}
The subset F~(M) is called the invers image of M by F and
F*(M) is called the core of M by F.

A relation (multifunction) is called measurable (weakly
measurable, B-measurable, K-measurable) only when the
inverse image F~(B) is measurable for every closed set
(respectively open set, Borel’s set and compact set) B of Y.

Let F,: X - 2Y be a sequence of multifunctions. Easily shown
that, for every subset ACY is true the equality (U, E,)” (4) =
Uy, F; (A).

So, the following proposition is true:

Proposition 1

If E,:X—>2Y are measurable (weakly measurable, B-
measurable, K-measurable) multifunctions then U, E,: X —
2Y is also a measurable (weakly measurable,B-measurable,K-
measurable) multifunction.

We note also that a similar statement is true for the cutting of
multifunctions.

Proposition 2

If E,:X—>2Y are measurable (weakly measurable, B-
measurable, K-measurable) multifunctions then the
multifunction N, F,:X - 2¥ is also a measurable (weakly
measurable, B-measurable, K-measurable) multifunction.
Proof

Easily shown that, for every AcY we can write
(N2 E)*(4) = N, B (4) (D).
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On the other hand, for every neN is true the equality
E;(4) = X\E}(Y\4) (2).

Since for every neN the multifunction F, is measurable
(weakly measurable, B-measurable, K-measurable) then
E7 (M) is measurable for every closed (open, Borel’s set)
subset McY.

From equality (2) it follows that for every neN the set
E}(Y\M) is measurable. The set Y\M is open (closed, Borel’s
set) and the equality (1) allows us to say that the set
(N,,E)*(A) is measurable for every open (closed, Borel’s
set) subset AcY.

Applying equality (2) for the multifunction N, E, conclude
that, the set (N, E,)~(4) is measurable for every closed
(open,Borel’set) subset ACY.

Measurable of multifunctions is closely associated with the
concept of measurable of his selections.

For a given multifunction F:X—2" called selection a function
f:X—Y such that f(x)eF(x) almost everywhere in X.

Let (X,Z,u) be a complete o-finite measure space and Y a
separable quasy-Banach space.We denote by F the set of all
integrable selections of F, so

F={felXXY,w:f(x) e F(x) a.einX}
(a.e is used for cutting of expression almost everywhere)
A multifunction F:X—2Y is called integrably bounded if there
exists a nonnegative function f(x) € L*(X,R,n) such that
F(x) c f(x)B almost everywhere in X, where is denoted B
the unit ball on Y [2].
Aumann did suggest definition of the of a
multifunction in the following way:

integral

The integral of F on X is the set of integrals of integrable
selections of F:

deu= ffdu:fEfF
X

X

(Integrals in this set are Bochner integrals of the function f.
Remember that: Every measurable function f:X—Y is called
Bochner integrable if there is a sequence of simple functions

f,:X =Y such that Iirp fX If,(x) — fC)Idu(x) = 0. In this
n—+oo
case the Bochner integral of f on E is defined by the equation
Ji fdu= lim Ji fadu. Bochner integral extends to
n—>+oo

functions valued in the quasy-normed spaces. This is
accomplished by following a path similar to the construction
of this integral in the case of functions valued in normed
spaces. Easily shown that the Bochner integral for functions
valued in quasy normed spaces is linear.)

In the following we will say that F is integrable multifunction
by Aumann if the set {fx fdu:fe :F} is not empty.
Referring to Aumann [7], the proposition is true

Proposition 3

If F:T - 25" where, T = [0,1] and E™is an n-dimensional
Euclidean space, is Borel measurable and integrably bounded
multifunction then F: T — 2E" is integrable by Aumann.
Terminology and preliminaries

The following (X,Z,u) will be a complete finite measurable
space and (Y, ||.|]) will be a quasy-Banach space. Let D be a
subset of X, define diam (D) = sup, ,epllx —ylIP as the
diameter set D.

Remember that:for every quasi-norm in Y there is a
equivalent p-norm (Aoki-Rolewics theorem [4]).
Therefore, the above constant p corresponds to the equivalent
p-norm.

Let's be =* family of set AeX with a positive measure and
X% the collection of subsets of A that are part of =*.
Definition 4

The multifunction F:X—2" satisfies the property (P) if for
every &> 0 and for every AeX’ there are BeX} and DcX
with diameter diam (D) <& such that F (x) N D # @ for every
xeB (ie BcF~(D)).

As in the case of normed space [1] note that the following
proposition is true:

Proposition 5

Let F:X—2Y be a multifunction. The following propositions
are true:

(i) If it is a multifunction G:X—2" that satisfies the property
(P) and G(x) = F(x) almost everywhere according u on X,
then F satisfies the property (P).

(ii) If F has a measurable selection then F satisfies the
property (P).

Basic theorems on the existence of measurable selectors are
Kuratowski-Ryll Nardzewski theorem and the Aumann
theorem.

Theorem 6 (Kuratowski-Ryll Nardzewski)[3]

If (X,X) is a measurable space, Y is a metric space separable,
F:X—2Y is a weakly measurable multifunction, with closed
values in Y then the multifunction F has a measurable
selection f.

Theorem 7 (Aumann) [6]

If (X,X) is a o finite measurable space, Y a Borel subset of a
Polish space and F:X—2Y is a multifunction with separable
graph then there is a measurable function f:X —Y such that
f(x) e F(x) for x € X almost everywhere according pon X.

Given the fact that there are quasy-normed separable spaces,

moreover any quasi-Banach separable space (X,q) with

constant of quasy-norm (modul of concavity) C is linearly
1

homeomorfe with quotient space £ p [0,1] where C =2p-1 [5],
we conclude that the theorem of Kuratowski-Ryll Nardzewski
remains true even when the space Y is quasy-Banach
separable space.
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A Polish space is a separable completely metrizable
topological space. On the other hand, every quasy- Banach
separable space is a separable completely metrizable space.
So, Aumann theorem remains true even when the space Y is
quasy-Banach separable space.

The Results
Immediately from the definition of the Aumann’s integrable
multifunction note that:

e In the case of the function f:X—Y, so when values
of multifunction are set with an element, note that the
Aumann integral of f coincides with its Bochner integral. So,
every function f:X—Y Aumann integrable is measurable.

e FEach of integrable multifunction according
Aumann has Bochner integrable selections, then there is
measurable selections of it.

o Let there be (X,Z,u) a complete finite measurable
space and F:X—2Y a Aumann integrable multifunction. From
proposition 5 (ii) we conclude that the multifunction F
satisfies the property (P) of the definition 4.

Let us give an example of an integrable multifunction
according to Aumann.

Example 8

Every constant multifunction F:X—2Y is integrable according
to Aumann.

Proof

Since the multifunction F is constant, then for every x € X we
have F (x) = B, where B — Y is a fixed subset. So, enough to
take a constant selection f: X — Y such that for every x e X
we have f(x) =y, € B. These selections can be seen as simple
functions of the form f(x) = y,x. Where A is a measurable
subset of X that contains x-in along with a neighbourhood.
This ends the proof.

Based on the properties of Bochner integral of a function
according to a measure p easily shown that the propositions
are true:

Proposition 9 [2]

If the multifunction F:X—2Y is with convex valued then also
the integral fX Fdyu a is convex set.

Proposition 10 [2]

If the multifunction F:X—2Y is integrable according to
Aumann and AeR then the multifunction AF:X—2Y is also

integrable according to Aumann and [ AFdu = [, Fdp.

The quasy-normed space is also a vectorial topological space .
So, we can affirm that:

Propostion 11
If the multifunctions F,, F,: X — 2Y are integrable according
to Aumman then the multifunction F, + F, is integrable

according to  Aumman  and fX (F, + F,)()du =

Ji Fi0Odu+ [, F, (0 du.

Proof
Since the multifunctions F; and F, are integrable according to
Aumman then there are the functions f;, f,: X — Y that are
respectively the selections of F; and F,.
Denote A={x e X:fi(x) e F(x)} and B={x € X: f,(x) €
F,(x)}.
By way of selecting functions f; and f, note that u(X\
f1(4)) =0and u(X \ £71(B)) =0.
Thus, the equalities
(X\ @) u(x\ ()
=@nETAN)VE N (BN =
=X n (@) v (BN .
=Xn (£ (4) n £ 1(B))
=x\ (@ n f;71(B))
lead us to the conclusion u(X \ (i1 (4) N £5;2(B))) = 0.
On the other hand, for every xef;"1(4) N f,71(B) is true the
relation (f; (x) + £, (x)) € (F; + F,)(X).
Therefore the function g:X—Y such that g(x) = f; (x) + f, (%)
is a selection of multifunction F; + F, and more than the
function g is integrable according to Bochner. So we have
shown that the multifunction F, + F, is integrable according
to Aumann.
Denote respectively F;, F,, F,, sets of integrable according to
Bochner selection for multifunctions Fy, F,, F, + F,. From the
above reasoning it is clear that F; + F, = F,,.
In these conditions by definition of Aumann integral and

linearity of the Bochner integral conclude that fX (F, +
F)()dp = fx Fi () dp+ fx F,(x) dp.

Now see how we can formulate a similar proposition to 3 in
our case.

Initially, we note that it is true that lemma:

Lemma 12

Let (X,Z,n) be a measurable space with finite measure. If
F:X—2" is an integrably bounded multifunction that has
measurable selections then F:X—2" is integrable according to
Aumann.

Proof

Since F is an integrably bounded multifunction then there is a
nonnegative function f(x) € L'(X,R, ) such that F(x) c
f(x)B almost everywhere according p on X (B is denoted
unit ball in Y). On the other hand under the assumption of
Lemma, there is a measurable selection g of F. So, g(x)ef(x)B
almost everywhere according p on X. This fact tells us that
[lg()|l < f(x) almost everywhere according p on X and
therefore the real value function||g(x)|| is integrable according
to Lebesgue.

Since g is a measurable function then there is a sequence of
simple functions (g,,),ey Such that lim,_, . g, = g almost
everywhere according p on X. Therefore, for every € > 0 there
is a ny € N such that for every n > n, is true the inequality
lgn(x) — gl <e.

From the third property of quasy norm we have: |lg, (Il <
Kllgn(x) — g@)ll + Kllg(x)ll < Ke + Kf (x) almost
everywhere according p on X. The function K(g + f(x)) is also
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non-negative integrable and since (||g,,(x)1]),.ey is a sequence
of real valued functions then from the Lebesgue integration
theory we conclude that the sequence (I1g,, ()Dnen is
integrable according to Lebesgue.

On the other hand inequality [l g,,(x) — g()Il < Kllg,,C)Il +
Kllg(x)Il and integrable according to Lebesgue of functions
lg.GIl and llg()Il guarantee integrable according to
Lebesgue of functions || g,,(x) — g(x)I| for any neN.

So is true the inequality fX lgn(x) — g()lldu < eu(X) =
&' where &' can be a positive number however small while the
measure of X is finite. Therefore we conclude that the
function g is Bochner-integrable, which is the same as the fact
that F is integrable by Aumann.

By Lema above and Kuratowski-Ryll Nardzewski theorem it
follows that the proposition is true:

Proposition 13

Let (X,Z,1) be a measurable space with finite measure. If
F:X—2" is a weakly measurable multifunction with closed
valued and integrably bounded then it is integrable according
to Aumann.

Also Lemma 12 and Aumann theorem on the existence of a
measurable selection of multifunction allow us to affirm that:

Proposition 14

Let (X,Z,u) be a measurable space with finite measure and Y
a Borel subset of a Polish space. If F:X—2Y is a multifunction
with separable graph and integrably bounded then it is
integrable according to Aumann.

It is true the following proposition:

Proposition 15

If G:X—2" is integrable according to Aumann and G(x) c
F(x) almost everywhere according p on X then the
multifunction F is also integrable according to Aumann.

The proof is immediate from the fact that the integrable
according to Aumann multifunctions are multifunctions that
have integrable according to Bochner selections and
construction of F colection.

Corollary 16

a) If F:X—2Y is integrable according to Aumann then
F:X—2" is also integrable according to Aumann.

b) If the sequence F,:X—2Y consisting of integrable
according to Aumann multifunctions then U,y F, is also
integrable according to Aumann.

Note that the cutting operation of two integrable according to
Aumann multifunctions it can draw us out of this class
multifunctions.

Example 17

Let F;, F,:[0,1] — 2R be two multifunctions such that:

Fi(x) = {3} x€EANC
1 ‘{[3,5[ xe[01]\ANC
{{3} x €[01]\ A
12,3] xX€EA
to Lebesgue measure and C is Cantor set.
Note that (F; nF,)(x) = {3} for every xe[0,1] and the
function f(x) = 3 for every xe[0,1] serves as a integrable
selection of each of them, therefore these multifunctions are
integrable according to Aumann in [0,1]. So we built an
example when cutting two of integrable multifunctions is also
integrable.

and F,(x) =

where A is a immeasurable set according

{3} x€EANC
Take Fi(x) = {(0,2) x € [01]\ (AN C)
{{2} x€[0,1]\ 4
11.4] x€A
to Lebesgue measure and C is Cantor set. Note that the
functions f(x) = 3 and g(x) = 2 for every xe[0,1] serve
respectively as Bochner integrable selections, and hence are
integrable according to Aumann.
{3} x€EANC
Note that (F, N F,)(x) =<{(1,2) x € A\ AnC and however
o =xel[01]\4
constructed a function f :[0,1]>R such that f(x)e (F, n
F,)(x) almost everywhere according to Lebesgue measure in
R, itis true that f~1(—,2) = A\ (ANC). Theset A\ (AN
C) is immeasurable according to Lebesgue measure and so the
function f is not Bochner integrable. Therefore F; N F, is not
integrable according to Aumann.

and F,(x) =

where A is a immeasurable set according

Aumann [7] has shown that, if the multifunctions F,: T — 2E"
where, T =[0,1] and E™ is an n-dimensional Euclidean space,
are bounded from the same integrable function then
[ limsupF,du > limsup [ F,du.

In our case, we notice that this proposition is true:

Proposition 18

If E,: X—2Y is a sequence of integrable according to Aumann
multifunctions and Aumann integral of limsupF, exists then
we have [ limsupF,du 2 limsup [ E,dp.

Proof

Starting from the equation
limsupE, (x) = Npeny(Upsn Fe(x)) and the fact that not
always the cutting of two integrable multifunctions is again
integrable is clear that, there is not always Aumann's integral
of the limsupkF,.

So, firstly we show that if [limsupF,du=@® then
limsup [ F,du = 9.

Suppose that [ limsupF,du= @, so there is no function
f:X—Y that is integrable according to Bochner such that
f(x)elimsupF, (x) almost everywhere according to p on X.
Therefore, for any Bochner integrable function f:X—Y there
is a subset AcX with positive measure whose points satisfy
the condition f(x) & limsupF,(x). So, for every xeA have
that: found n, € N such that for every k > n, it is true the
relation f(x) & Fp(x).
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Assuming that limsup [ F,du # @ we have found a function
fo:X—Y that is integrable according to Bochner such that: for
every neN there is k, € N such that k, = n and [ fydu €
kaodM- So, integrable function f, satisfies the relation
fo(x) € Fy (x) for ko = n almost everywhere according to p
on X. Therefore for ny € N we find k, >n, such that
fo(x) € Fy,(x) almost everywhere according to u on X or in
other words, we find a point in the set A for which f,(x) €
Fy, ().

The latter, by the above, contradicts
[ limsupF,du=@. Thus we have shown

[ limsupF,du = @ then limsup [ E,du = @.

Let us turn now to the case when [ limsupFE,du # @.
Take the function f:X—>Y such that
limsup [ E,du and we can show
[ fdu € [limsupF,du.

By reasoning in paragraph above we conclude that under
Bochner integrable function f:X—Y we have that for every
neN there is ko € N such that ko =n and f(x) € Fy (x)
almost everywhere according to u on X. In these conditions
f(x) € limsupF, (x) = Nyen(Ugan Fi (x)) almost
everywhere according to 4 on X and the function f is
integrable according to Bochner.

So we have shown that [ f du € [ limsupF,dp.

the fact that
that, if

Jfdue
that

Similarly to the proof of the claim above show a similar
proposition with Fatou theorem.

Proposition 19

If E,: X—2" is a sequence of integrable according to Aumann
multifunctions and Aumann integral of liminf F, exists then
we have [ liminf F,du € liminf [ E,dpu.

Remark 20

We can find sequences of integrable according to Aumann
multifunctions for which there is Aumann integral of
liminfE, and limsupF, but are not true the relations

[ limsupF,du € limsup [F,du  and [ liminfF,du <
liminf [ E,du.
Take the sequence of multifunctions F,;: [0,1] — R such that:
1
{1} xe o]
Fo(x) = :

for[vt xe]]

where R is equipped with Lebesgue measure.

The function f(x) = 1 for every xe[0,1] serves as the Bochner
integrable selection for any multifunction F,. So every
multifunction F,, is integrable according to Aumann.
Find now  limsupE,(x) = Nuen(Ugsn Fr (%))
limiann(x) = UnEN(nkank(x))-

If x = 0 then for every neN the set F,.(x) = {1}. So that
limsupF, (x) = {1} and liminf E,(x) = {1}.

If x = 1 then for every keN the set F,(x) = [O%[ u {1}. So

that are true the equalities Ujsy, Fr(x) = [O,%[U{l} and

and

Nisn F(x) ={0,1}. Therefore we have limsupF,(x) =
liminf F,(x) = {0,1}.

Let us take xe(0,1) and to find limsupF,(x) and
liminf F,(x). For these x there is ny(x) € N such that for

every n = ny(x) is real inequality %< x. So are true the
equalitiesU s, Fr(x) = [O;[ u{l} and NyspFe(x) =
- no(x) -
{0,1}. Therefore we have limsupF,(x) = [O,;[U {1}
no(x)

because of ny(x) is a constant and liminf E,(x) = {0,1}. So
finally have:

{1} x=0
limsupF,(x) = [O#(X)[ u{1} =xeloi[ and
{0,1} x=1
{1} x=0

liminf £, (x) = {{0,1} x€101]

Thus the function f (x) = 0 for all xe[0,1] is an Bochner
integrable selection of limsupF, (x) and liminf E,(x). On the
other hand [ fdu ¢ limsup [ F,du because this function is
not a selection for none of multifunctions F, (Because the

points of the segment [Oﬂ where f (x) does not included in
the set F, (x) have positive measure).

Corollary 21

Let (X,Z,1) be a measurable space with finite measure. If
E,:X—2Y is a sequence of weakly measurable mulifunctions
with closed valued and integrably bounded from the same
function f:X—R such that converges to multifunction
F:X—2Y almost everywhere according to x4 on X then F is

integrable according to Aumann and
[Fdu =lim,_o, [ E,dpu.
Proof

By proposition 13 note that the multifunctions F, are
integrable according to Aumann. Also from propositions 1
and 2 it follows that liminfF, and limsupF, are weakly
measurable. On the other hand, since multifunctions E, are
integrably bounded from the same function f:X—R then the
equalities limsupF, (x) = Npey(Ugsn Fre (%)) and
liminf E,(x) = Upen(Nian F(x))  tell  us  that  the
multifunctions liminfF, and limsupF, are also integrably
bounded form function f:X—R.

Since the sequence of multifunctions F,:X—2" converges to
multifunction F:X—2Y almost everywhere according to x on
X then it true that limsupF,(x) = liminfE,(x) =
F(x) almost everywhere according to u on X.

Also, for every neN the multifunction N, F(x) is weakly
measurable and with closed valued. This multifunction is also
integrably bounded from the function f:X—R. So from the
proposition 13 we conclude that the multifunction N5, Fy (x)
is integrable according to Aumann. The Corollary 16 allows
us to say that the multifunction
liminf E,(x) = Unen(Nisan Fi (%)) is integrable according to
Aumann. So multifunction F(x) to which converges the
sequence of multifunctions F, is integrable according to
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Aumann.With a similar reasoning as in Theorem 5 of [7]
noted that in these conditions is true the equality [ Fdu =
lim,_,,. [ F,du.

More specifically, from propositions 18 and 19 we write:

limsupan(x)dy c f limsup E,(x)du = deu

= f liminf E,(x)du € liminfan(x)du

Therefore it is clear that we have shown the equality
liminf [ E,(x)du = limsup [ E,(x)du which guarantees us
the existence of the limit of integrals sequence [ E,(x)du and
for more [ Fdu = lim,_,,, [ E,du.
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