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I. INTRODUCTION AND PRELIMINARIES:

Let A, denote the class of functions of the form
fw) =z + Z av®, n,p €N (1.1)
k=p+n
which are analytic and multivalent in the open unit disc
U ={v € C:|v|] < 1}. Also consider the subclass T(p) of A,

consisting of functions of the form

fw) =vP - Z a,v*, (a, = 0,n,p €N)
k=p+n

By S*or K we denote the subclass of A consisting of all
functions which are starlike or convex respectively, while by
S*(8) we denote the class of starlike functions of
order &, where § € [0,1).
In 1991, Goodman [9] introduced the class UCV of uniformly
convex functions. A function f(z) € CV to be uniformly
convex in U if f(U)is convex in U and has the property that
every circular arcy, contained in U with center ¢ in U,
arc f(y) is convex with respect to (¢ ) .

(12)

Meena More and S. M. Khairnar [1, 2] can further generalize
the classes UST and UCV by introducing a a, (—p < a < p).
A function f(v) € A, is said to be B-uniformly starlike of
order a,(—p < a<p),p=0andz€ U,
denoted by UST(a, 8, p),if and only if

f'w) f'(w)

e {” 7 “} =" p|
A function f(v) € A,is said to be g-uniformly convex of
ordera,(—p<a<p),f=0andz€
U,denoted by UCV(a,B,p),if and only if

(1.3

Re{l+v;T(Z)—a}2ﬁ‘l+v;,((Z))—p‘ (1.4)
Notice that, UST(a,B,1) = UST(a,B),UCV(a,B,1) =

ucv(a,p),UST(a,0) = S*(a) and UCV(a,0) = K(a),

where UST(a, f)and UCV(a,B) are the classes of p-

uniformly starlike and g-uniformly convex functions of order

a. S(a) and K(a) are the popular classes of starlike and

convex function s of order «, (0 < a < 1). We also note that

feucVv(a, B,p), ifand onlyif vf € UST(a, B, p).

Let the function f(v) defined by (1.2) and g(z) defined by
g) =v? — Z b, v*, (n,p €N) (15)

k=p+n

belonging to K(u,y,n,a,b,c,0,4,8)

and K(u,y,n,a,b,c,0,&, B), respectively. Then modified

Hadamard product of fand g is defined by

FrDW =P = ) abat, (peN)  (16)
k=p+n
The incomplete beta function
- (a)k_
= b Pk
pp(a,c;v) =vP + Z @y @7

for a€R, c € R\zwhere z, ={0,-1,-2,-3,...},z €
U.(a), is the Pochhammer symbol defined by
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(@), = _ I'@+k) _{1 k=1

k7 r@ " lala+1(a+2)..(a+k—-1); keN
Next, consider the Carlson-Shaffer operator [6] define by
Ly(a,0)f(v) = ¢p,(a,c;v) * f(v),

=P + Z @iy a,v¥, for f € A,(1.8)
k= (C)k—p
=p+n
The Gaussian hypergeometric function denoted by
b
2Fi(a,bciv) = (@) (b), wEU (1.9)
k=0 (C)"" Kt

Anda+ b <c.
Now, using the convolution theorem we can define the
Hohlov operator F,(a,b;c):T(p) - T(p) by the following
relation:
Fy(a,b;c)(f(v)) = v? ,Fi(a,b;c;z) * f(v)
(@k—pB)ie—p V"
(C)k—p (k - p)! ’
(1.10)
a,b € Rand c € R\Zywhere z, ={0,-1,-2,-3,..},z €
U. Notice that, Hohlov operator reduces to Carlson-Shaffer
operator if b=1. Also for a=m+1,b=c=1, we get
Ruscheweyh derivative operator of order m.

= pb —

k=p+n

We can write
L) () PR
F,(a,b; =vP - ,
p(aba)f@) =v kZ Oy (k—p)
=p+n
(1.11)
A. Definition:

Let u>0andy,n e R Then the generalized fractional
integral operator 13" of a function f(z) is defined by
1oy "f () =

vy

TM)UZ(U — OELE(E) oF, <y +y - l— %) dt},

(1.12)
where f(v) is analytic in a simply-connected region of the z-
plane containing the origin, with order
f@) =0(v]"),v -0,

where r > max{0,u —n} — 1 (1.13)
and the multiplicity of (v — t)#~1 is removed by requiring
log(v — t)to be real, when (v —t) >0 and is well defined
in the unit disc.

B. Definition:

Let 0 <u<landy,n € R. Then the generalized fractional
derivative operator /; KV of a function £(v) is defined by

1
o) = Fr =y

v
i{v“"’f(v—t)“‘ 2F1<y—u,l—n;l—u;l —E)dt}
dv v
0
(1.14)

where the function is analytic in the simply-connected region
of z-plane containing the origin, with the order as given in
(1.19) and multiplicity of (v —t)~*is removed by requiring
log(z — t) to be real, when (v —t) >0 . Notice that, we
have the following relationships with the fractional integral
and derivative operators of order .
I f(w) =Dyl f () (u>0),
ot f(w) =Dy, f(w) 0O<u<1)
Consider the fractional calculus operator Ug,"" defined in
terms of J'/"as follows:
UL F(v)
TA+p-—rQ+p+n—p
FA+p)rQ+p+n-y)
TA+p-—rQ+p+n—p
FA+p)rQ+p+n-y)

2T f(W),0<u<1

vylag’y’"f(v), —o<pu<0

(1.15)
Let MY P F(v) = Fy(a,b; )f () = UL f(v)
+

k=p+n

(@), (1 + D), (L+D+0—V), av"
@k Q+p+n =i, QL +p—1)p (k=p)
(1.16)
a,b € Rand c € R\z,where z, ={0,-1,-2,-3,... },
—o<u,y<ln€R* and fEA,.

. . . b
For convenience, we will writeM /" *"“ £ (z) as follows:

0

Moiy"l;y'n*a*b’cf(v) = pP + g(k)akvk, (1-17)
k=p+n
where
k) = (@i—p(B)—p (L + D)y, (L +p+1 = ¥)y
g (c)k_p(1+p+n—y)k_p(l"'p—)’)k—p(k_p)!
(1.18)
And the subclass T, of A, we write
MY @) = v = ) g, (1.19)
k=p+n

where g(k) is defined as (1.19)
Let K(u,y,n,a,b,c,0,A,B) denote the class of function
f € A, satisfying
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Re{1l+ 1 (U (Moiféy’"’avb,cf(v))r ) p)

g (Mol:’]y’n’a’b’cf(v))
ey
>p p (Mo,gy,n,a,b,cf(v)) -p
(1.20)

a,b € Rand ¢ € R\z,where z, ={0,-1,-2,-3,... },
—o<u,y<1l0<i<lneRt B =00€C\{0}and
z€eU.

Il. COEFFICIENT ESTIMATES:
A. Theorem 2.1:

A function f(v) defined by K(u,y,n,a,b,c o, A B)if and

only if

D k- p)A+p) + @ - Dlollglac <lolL -2

k=p+n
(21)

with the limits
a,b € Rand c € R\z,where z, ={0,-1,-2,-3,... },
—o<u,y<1l0<i<lneRt B =00 € C\{0}and

z € U and g(k) is define as (1.23)
.Proof: Assume that f € K(u,y,n,a,b,c,a,1,8)

and z is real. Then we have from (1.25)

'

yn.ab.c
L (v (mgrmeoesw) p)

o\ ()

)
= ﬁ ; (Motfzyy,n,a,b,cf(v)) -Dp
+ 2
1 z;p+n(k —-p)g(k)akyk_p
Re{l - E( 1= Y pin 9 v P
1 z;p+n(k —-p)g(k)akyk_p

=F <‘ 1= % pin g () v P )

+ 1

We know that |Rev| < |v|. Allowing v — 1along the real
axis, we get

D 1@ +pk—p) + @ - DlollgWa, < (1= Dlol

k=p+n
We obtain the inequality (2.1).
Conversely, let us assume that (2.1) holds, then we show that

Req1+ 1 (U (Moi,téy’"'avb,cf(v))r ) p)

N

>R £<v (Mg e s (”))’ = p) 2

o\ ()

That is,

B §<v (Mg r@) p)

(227710

—Reql1l+ 1 (U (Moi,téy’"’avb,cf(v))r ) p)

o\ 770

1 (v (Mg fw))
<@ +p) g( (Mou,y,n,a,b,cf(v)) - p)

1 (Zipink = p)g(k)lad)]
<@+h) [|0| < 1= Ziepn g(O)lal

where g(k) is given by (2.2). The last inequality is bounded
above by (1 — 2) if

> 9(Wal@+p)l~p) + @ -Dloll < (4 - Dol

k=p+n
B. Corollary:

Let the function f(v) defined (1.2) be in the class
K(u,y,n,a,b,c,0,4,B) then
1 -Mlol

< k>p+nneN
WEMT+Rk—p) + A - Dlallgly~ =P ™"
(22)
with equality for the function f(z) given by
1 -Mlal
v) =P — VP neN
@) [+ /) + A= Diollgd)
(23)
111. CONNECTIONS WITH OTHER FRACTIONAL
CALCULUS OPERATORS
A. Theorem 3.1:
Let
b(1+ 1+p+n—
ab(l+p)L+p+n-y) <1 3.1)

@OA+p+n-wW@+p-y)~
for the limit on the parameters given by
a,b € Rand c € R\Z,where z, ={0,—1,-2,-3,..},
—o<u,y<1l0<A<lneR* B =00 € C\{0}and
zeU
Also let the function f(v)defined by (1.2) satisfy
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o [+ )k —p)+ (@ = Dlol]
oy @~ Dol
- a.b(l+p)A+p+n—y)
Tc@l+p+n—wW@A+p-vy)
Then Mo’f,;y’"’a’b’cf(v) € K(uwy,n.a,b,c o, A B)where g(k)
is defined as (1.18)
Proof: We have

g(k)ay

(32)

0

Molyl;vy)’vnvavbvcf(z) = Up — Z g(k)akvk,

k=p+n

(3.3)

g(k) is defined as (1.18)
By hypothesis of the theorem, we observe that the function
g(k) is the nonincresing function, that is,
gp+n)<(p+1)neN.
Thus
ab(l+p)(L+p+n-—y)
cA+p+n-wW@+p-7y)
(34)

O<glp+n)<glp+1)=

Using (3.2) and (3.4), we get

C [+ )k —p) + (@ = Dlol]
1 = Dlol

gk)a, < glp+1)

k=p+n

Therefore Mo’f,;"’"'a’b’cf(v) € K(wy.n.ab,c,o,1p)
1. Remark:

The inequality in (3.2) is attained for the function
M)
= pP

cQ=MDlolL+p+n—wWQ+p-y)

TaHA+ P+ A-DNAr A+ pra-p’
35

B. Corollary:

Letu,y,n ER suchthaty >0,y <1+p,
max{u,y} —(1+p) <n < M (3.6)

Also let the function f(v) by (1.2) satisfy
[+ B)k—p)+ @ = Dlol] )

L (L= Dol T
Q+p+n—-wW@+p-y) 37)

A+p)A+p+n—y)
For0<aA1<1,,B =00 € c\{0} then

M f () = Y F(v) € UST(a, B.p)
Proof: The corollary follows from theorem (3.1) by setting
a=c.

C. Corollary:
Let u,y,n € Rsuchthaty =0,y <1+p,

ISSN: 2231-5373

http://www.ijmttjournal.org

max{u,y} —(L+p) <n Sw

Also let the function f(v) by (1.2) satisfy

o [+ Bk —p)+ (1 - Dlol]
1= Mlal
cQ+p+n-pwWQ+p-y)
ab(L+p)L+p+n—y)

for0<A<1,,=00€c\{0},a=c,b=1,then

Mo’féy’"’a’b’cf(v) =D} f(v) € UCV(a, B,p)

Proof: The corollary follows from theorem (3.1) by setting
a=cb=lu=y.

g(k)ay,

k=p+n

(38)

D. Corollary:

Let —o < u,y < 1 and nbe real. Also let function defined by
(1.2) satisfy

' [A+RU=p) + A =Dloll _c+p-p)
L - Dlol @ ="ap(L+p)
(39)

for0<A<1,8=0,0 € c\{0},Then
Mo’féy’"’a’b’cf(v) =D§,f(v) € UST(a, B, p)
Proof: The corollary follows from theorem (3.1) by Setting
b=1u=y.
E. Corollary:

Let —o < u,y < 1 and n be real. Also let function defined by
(1.2) satisfy

- [+ B)(k —p)+ (1= Dlal] QL+p-w
- Dlol WE=TWp)

k=p+n
(3.10)

for0<1<1,5=0,0€ c/{0},
Then M™“"°f(v) = D¥,f(v) € UCV(a, B,p)
Proof: The corollary follows from theorem (3.1) by setting
a=cb=lu=y.
F. Corollary:
Let —o < pu,y < 1and nbe real such that a,b € Rand c €
R \Z, where z, ={0,—1,—2,—3,..}. Also let function
defined by (1.2) satisfy
o [+ Bk —p) + (1 - Dlol]
. = Dlol
=p+n

for0<A1<1,5=0,0€ c\{0},
Then Mo’f,;y’"’a’b”“ f@) =FE,(a,b;c)f(w) = Uy "f(v) €

UST(a,B,p)
Proof: The corollary follows from theorem (3.1) by setting

u=y=0.

c
< —
a < — ,(3.11)
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G. Corollary:
Let —oo < u,y < 1 and nbe real such that a,b € Rand c €

R\Z, where Z, ={0,—-1,—2,-3,..}. Also let function
defined by (1.2) satisfy

1+ k—-p)+(1-2

[+ Bk —-p)+( )IoI]gkak_ ° (612)

L =Dl
for0<A<1, B=0,0€c\{0}
Then
M) =
ucv(a,B,p)
Proof: The corollary follows from theorem (3.1) by setting
u=y=0.

Fy(a, b;c)f(v) * U’”’"f(v) €

IV.EXTREME POINTS OF THE
CLASSK(u,y.,1m,a,b,c,0,,B)

A. Theorem 4.1:
Let f,(v) = zP and
o - Dlol )
W) =2 G-+ G- Dellg®
(k=p+1) (41)
Then f(v) € K(u,y.n,a,b,c,0,4,8) if and only if f(v) can
be express in the form

fw) = Z Mefie @) ,where A, = 0 and Zlk =1
k=p k=p

Proof: Let f(z) expressible in the form

HOEDWIAG
ke=p

Then,

1 -MDlal
fi(w) = vP Z @+ Bk = p) + (1 - D]allg (k) At
But

0

(1 = Dlol,

and A, =1 - X% .1 A, we see that f (v) can be expressed
in the form (4.1)

B. Corollary:
The extreme points of the class K(u,y,n,a,b,c,0,1,B)

are f,(v) =v® and
. 1 - Dlol L
i@ =v- > @+ Bk —p) + @ - Dollg®
k=p+n k=2p+1.(4.2)

V. GROWTH AND DISTORTION THEOREM:
A. Theorem 5.1:

Let the function f(v) defined by (1.2) be in the class
K(u,y,n,a,b,c,0,1,B). Then

||Mﬂ-)’77abcf(v)| _ |v|p|
cQ+p+n—-wW@+p—-y)p—a)

= ab(l+p)L+p+n—-y)Q+p+L—a) lv|P*1(5.1)

And

HM”W“<wﬂ—Mﬂw1
cArprn=—pU+p-Pe-a ., 52

Tab(l+p+n-y)A+p+p—a)
Remark: The result (5.1) and (5.2) are sharp for the extremal
function f(v) given by

f)
o QFprn—p)tp-pp-a) .,
ab(l+p)A+p+n—-p)A+p+p—a)
(5.3)
B. Corollary:

Let Mo’f,;y’"’a’b’cf(v) € K(uy.n.a,b,c,0,1,B) then the
disc |z] <1 is mapped onto a domain that contains the
disc

c@Q+p+n—wW@+p—y)p—a)

IWl<l_a.b(l+p)(l+p+n—y)(l+p+/)’—oc)

[(A+p)(k—p)+ (1 —Dlallgk)

L [A+Pl=p)+ A - Dlollg®)
= Z h=1-2,<1,
k=p+1

Thus, f(v) € K(i,v.n,a,b,c,0,4,B)
Conversely, suppose that f(v) € K(u,v,1,a,b,c,0,1,5)
Thus,

1 -Mlol
[@+B)k—p)+ (1 —Dlollgk)

ax <

Setting
[Q+ )k —p)+ (1 —Dlallg(k)

A = T —Dlo] @

1 -Dlol

Also (Mo’f,;"’"’a’b’cf(v)) maps the disc |z| < 1 is mapped onto

a domain that contains the disc

pcQ+p+n—wWQ+p—y)p—a)
ab(l+p+n—y)QA+p+p—a)

wl<p-

1. Remark:

We can obtain Growth and Distortion theorems for
Jorf (), DY, f (), Fy(a,b;c; f(v))and L,(a,b)f(v)) by

accordingly initializing the parameters.
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VI.FAMILY OF CLASS PRESERVING INTEGRAL H () w ¢+ p\@
OPERATORS: S _p‘ = |- Z k<c+k) Q0 P
Consider F(v) defined by k=p+n
” < 3 K(EER) gyupeer
F@) = (Jo,f) ) = 1 f(E)de (6.1) = Z <c + k) Gl
k=p+n
0 . . .
for feAyc>—p Thj last |nequaI|:ly is bounded above by p if
Let the integral operator G () be defined by Z k <C + p) a vl? <p
z c+k) -
f(t) k=p+n
() =zv—1f—dt 6.2) e
tp o k—p
k (c + k) aglvl
. . 5 o )
is class preserving. D

. - k=p+n
The Komatu operator [5] is defined by Given that f(v) € K(u,y,n,a,b, c,0,4,B) and so, by theorem

da 4 -1
H@W) = pl,f(v) = % t=1 (log f)d ftyae, @2
vy ¢ [(1+ﬁ)(k—p)+(1—/1)|0|]9(k)ak<l 6.9
ford=>0;c>—p,v€E,(6.3) 1 -Dlol <1.(69)

k=p+n

Another integral operator, which is generalized Jung-Kim- Thus inequality (6.8) will hold if

Srivastava integral operator defined by

c+p\? e
1) = 02 () = K(55%) addvle
v
docep—1yd [ [ £y _ LA+ Pk —p) + @~ Dlollgl)
R E ) el (RN CITNCD @ -2l ’
0
ford > 0;c> —p,v €E, isalso class preserving. Tl?t:altc i?i? .
A. Theorem 6.1: 1
pl(1 + B)(k — p) + (1 — Dlall(c + k)? g(k) kP
Letd>0, c>—-p and f(v) belong to the class [Vl < k(L= Dlol(c +p)?

K(u,v,n,a,b,c,0,A B). Then the function H(v) defined by

f ! ' fork=p+n,neN.
(6.3) is p-valent in the disc |[v| < R,, where

The result follows by setting |v| =
R, = inf pl@ + Bk —p) + (1 = Dloll(c + k)4g (k) = P B. Theorem 6.2:
1= 1 -Dlol(c+p)

Letd >0, ¢c>—-p and f(v) belong to the class
K(u,y.m a,b,c,0,2,B). Then the function I(v) defined by
(8.3) is p-valent in the disc |v| < R,, where

(6.5)
The result is sharp for the function f(v) given by

f@) R =
(1 =Dlal(c +p)* pin 2 1
Z [T+ B (k—p)+ A - Dlollgldc+i)a" “nf{p[(l+ﬁ)(k—p)+(l—A)lal]F(d+c+k)F(c+p)g(k)}k—p
k=p+n neN.
Proof: Notice that H(z) € K(u,y,n,a,b, c,a,2,B) and has the “ k(L= Dlolr(d +c+p)rlc+k)
form ) (6.10)
H) = vp — Z <c + p)d @, v neN. (6.6) The result is sharp for the function f(v) given by
c+k f( ) = pP —
k=p+n
In order to prove assertion it is enough to prove that @ =MDlolr(d+c+p)r(c+k)
H() Z [+ Ak —p) + A=DIoId +c+ I+ p)g® "
1 P <pin|v| <R, (6.7) rpin neN.
N Proof: Notice that I1(z) € K(u,y,n,a,b,c,o,1,B)and has the
oW, form
rd+c+p)r(c+k
I(v) = vP - (d+c+p)lic+ k) vP*" (6.11)

F(d+c+k)F(c+p)ak
k=p+n
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. - . 1
Ig l/llew of the arguments similar to Theorem8.1 and relation _inf (p — A+ Bk —p) + (@A — Dlallg(k) Tk—p
(I .I ), we get k(k —s)(1 - Dlal
v
[A+p)(k—p)+ (1 -DlolIr'(d kI ( )g(k) = 9
_ + -p)+Q-VDlallr(d+c+k)I(c+p)g k-p .
‘{ A= Dloll(d+c+p)(c+k) } VIIl. GROWTH AND DISTORTION BOUND:
(6.11) A. Theorem 8.1:
Fork=p+nmneN. Let the function f(v) € K(u,y,n,a,b, c, 0,4, B). Then for
VII. RADIUS oF UNIFORM STARLIKENESS, [v] <7, we have
CONVEXITY AND CLOSE-TO-CONVEXITY: lFW)] = @ -2lol
v)l =2 rP
A. Theorem 7.1: [A+pk-p+ Q- l)lol]g(k)
8.1
Let the function f(v) € K(uw,y,n,a,b,c,0,4,8) f is p- 1= 2D|al 31)
. . . < P4
valently starlike of order s, (0 <s < p) in the disk |v] < R, lfwl<r [+ —p) + - A)Ial]g(k)
where (8.2)
1
. = inf [(p = $)[A+ )k — p) + (L = Dlollg ()] k>
3T — — 1-21
k (k=)@ - Dol (Feopl = P @ - Dlol e
(7.1) [(@+B)+@-Dlollglp +n)
The result sharp for the extremal function given by (2.4) Proof: Given that f(v) € K(u,v,n,a,b,c,0,4,B). From the
Proof: For O<s<p, we need to show that -equation (2.1)we have
zf'(v) [A+p8)+ (@1 —Dlollglp +n)
) PSP (7.2) o
And |2] < R, < Z [A+R)—p) +(1-Dlollg)a,
' =p+n
1 (v (ML F W) <1 -Dlol
P (Mop.,y,n,a,b,cf(v)) -p Whidlois equivalent to
i Z . 1 -Mlol 83)
< Zk P+n(k p)g(k)akv ) L S [(l+ﬁ)+ (l /1)|0|]g(p+n) .
k-p -
Ziczpin 9(R)a,v Using (1.1) and (8. 3) we obtain
<p-
F @) = ol + Z alvl* < f@) =17+ Z aur*,
o]k» < (p =)@+ )k —p) + (1 = Dlollg(k) KSpin kSpin
B [(k = s) + (lol = Dpl(1 - 2) (o) = 17 4y Z“’:
v)=rf+r a
B. Theorem 7.2: 4 W *
=p+n
Let the function f(v) € K(u,v,n,a.b,c, 0,4, B). Then f is <, 1 -Mlal
p-valently convex of order s,(0 < s < p) in the disk |v] < Ta+ B+ (- Dlollgp+n)
R,, where Similarly
R, (- Dol .
f@z)=r? - rPin
1 —
_ inf [p(p = + Ak —p) + (1 — Dlollgl) e This complete the [r(go_lr()ﬁf)tt;; Et}eorgr)r:gl]lg(p o
Tk k(k —s)(@ — Dol P P '
(7.3) B. Theorem 8.2:
The result sharp for the extremal function given by (2.4) Let the function
C. Theorem 7.3: f(w) e K(u,y,n,a,b,c,o,2,B). Then for
Let the function |z| < r,we have
f@) € K(u, v, a,b,c,a,,B). Then f(v) is p-valently IF )] = pro-t — (p +n)(1 - Dol —
close-to-convex of order s, (0 < s < p) in the disk |v] < Rq, [A+p)+(@ - Dlollglp +n)
where 8.49)
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(p +n)(1 = Nlol

, p—-1 +n-1
<P e + G- Dlollg+
(85)
And results are sharp for f given by
(1 - Dlol o

SO =V - Tl rm”
Proof: Given that f(v) € K(u,y,n,a,b,c,0,4,B8). From the
equation (2.1) and (8.3) we have

f'(v) =pvP 1+ ka,v* 1,
k=p+n
[ W) =plvlP~* + kay|v[**

k=p+n

— prp—l + Z kakrk—l’

k=p+n
If' ()| < prP~1 + (p + n)rr+n-1 Z a;
k=p+n
< prp_l + (p + n)(l — /‘l)lo-l +n—-1

[A+p) +@-Dlollglp +n) "

Similarly
(p +n)(1 = NDlo|
"W = prrt - r
W= e [ gy~ @ - DlolleG +
This complete the proof of the theorem 8.2

+n-1
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