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1. INTRODUCTION.

Fixed point theory and common fixed point theory have

basic roles in the application of some branches of mathematics.

There are many articles about common fixed point theorems
in metric spaces([3]-[5]). In [6] and [7], B.Fisher proved some
theorems in two complete metric spaces. Later some authors
proved some kind of fixed and common fixed point theorems
in two metric spaces ([1], [2], [8]-[10]. In this paper we prove
some common fixed point theorems for sequence of mappings
in two complete metric spaces. The following definitions are

necessary for the present study.

Definition1.1 A sequence {x,} in a metric space (X, d) is said
to be convergent to a point x € X if given > 0 there exists a

positive integer nysuch that d(x,,x) < € forall n>n,

Definition1.2. A sequence {x,} in a metric space (X,d) is
said to be a Cauchy sequence in X if given >0 there exists a

positive integer nysuch that d(xm,X,) < € forallmn >n, .

Definition1.3 A metric space (X, d) is said to be complete if

every Cauchy sequence in X converges to a point in X.

Definition1.4 Let X be a non-empty set and f: X — X be a

map. An element x in X is called a fixed point of X if f(x) = x .

Definitionl1.5. Let X be a non-empty set and f, g: X — X be
two maps. An element x in X is called a common fixed point

of fand g if f(x) = g(x) = x.

Definition1.6. Let X be a non-empty set and a point x in X is
said to be a common fixed point of sequence of maps T, : X
— X if To(X) = x for all n.

2.MAIN RESULTS

Theorem 2.1: Let (X, d) and (Y, €) be complete metric spaces.
Let {An}, {B.} (n € N) be sequence of mappings of X into
Y and {S.}, {T.} (n € N) be sequence of mappings of Y
into X satisfying the inequalities.
d(SpAX, TgBiX') < cq. max{d(x,x’), d(x, SpAX),
d(X', T4Bix"),e(Aix,Bjx"),
d(x, TgBjx").d(SpAX,X) } ----- (2.1.1)
e(B;Spy, AiTqy') < co. max{ e(y,y"), e(y,B;Spy),
ey’ AiTqy"), d(Spy, Tay"),
ey, ATqy).e(BiSpy y)} - (2.1.2)
foralli#j#p#q, x,x in Xand y,y' in Y where 0 <¢;<1
and 0 <c,< 1. If one of the mappings {A.}.{Bn}, {S.} and
{T.} is continuous , then {S,A.} and {T.B,} have a common
fixed point z in X and {B,S,} and {A,T.} have a common
fixed point win Y. Further, {A.}z = {B.}z =wand
{Ssiw={ T, }w=2z
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Proof: Let X, be an arbitrary point in X and we define the
sequences {x,} in X and {y,} in Y by
An Xon2= Yon-1.SnY2n1 = X 2n-1, BaXon-1= Yon;
ThYan = Xon forn=1,2,3.....
Now using inequality (2.1.1) we have
d(Xan+1, Xan) = d(SnAnXan, TnBnXan-1)
< cp.max{ d(Xan, X2n-1)s d(X2n,SnAnXan),
d(Xan-1, TaBaXan1), €(AnXzn,BoXan-1),
d(Xan, TaBrXan-1)-d(SnAnXan ,Xon-1)}
= C1. max{ d(Xan, X2n-1), d(Xzn, Xan+1), d(Xan-1, Xan),
e(Yan+1,Y2n), (Xan, Xzn). d(Xzn-1, Xans)}
e(Yzn+1,Y2n) .0}
< 1. max{d(Xzn-1, Xon), €(Yan+1,Y2n)} ------- (2.1.3)
Now using inequality (2.1.2) we have
e(Yan Yan+1) = €(BnSnYan-1, AnTnY2n)
< ca. max{ e(Yzn-1, Y2n), €(Yzn-1, BnSnyan-1),
e(Yans AnTnYan), d(SnYan1, ToYan),
e(Yan-1, AnT nYan). €(BnSnYan-1, Yan) }
= comax{ e(Yzn-1, Y2n), &(Yn-1, Y2n), €(Yan, Yan+1),
Ad(Xan-1, Xan)s €(Yan-1, Yane1)-€(Yans Yon)}
= Cz.max{ e(Yan-1, Yan), €(Yan-1, Y2n), €(Yan, Yansn),
d(Xan-1, X2n), 0 }
< ¢z max{ e(Yan1, Yan), d(Xan-1, Xzn)}------- (2.1.4)
Again using inequality (2.1.1) we have
d(Xan, X2n-1) = d(Xen-1, Xzn)
= d(SpAnXon-2, TaBnXon-1)
< c¢1. max{ d(Xzn-2,X2n-1), d(Xon-2,SnAnXan-2),
d(Xzn-1, TaBnXan-1), (AnXan-2, BnXan-1)
d(Xzn-2, ThBnXan-1). d(SnAnXan-2, Xan-1) }
= C1. max{ d(Xzn-2:Xzn-1), d(Xzn-2, Xzn-1),
d(Xan-1, Xan), €(Yzn-1,Y2n),
d(Xan-2:X2n)- d(Xzn-1, Xon-1) }
= ¢q. max{ d(Xan-2:X2n-1), d(Xan-2, Xon-1)s
d(Xan-1, Xan), €(Yzn-1,Y2n), 0}
< ¢q. max{ d(Xzn-2:X2n-1), €(Yzn-1,Y2n)} - (2.1.5)
Now using inequality (2.1.2)
e(Yan Yon-1) = €(BnSnYan-1, AnTnYzn2)

< co. max{e(Yan-1, Yon-2), €(Yan-1, BnSnYon-1),
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e(Yan-2 AnTnYan-2), A(SnYzn-1, TaYan2),
e(Yzn-1, AnTnYzn-2)-€(BnSnYan-1,Y2n-2)}
= cmax{ e(Yzn-1, Y2n-2), €(Yzn-1, Yan),
e(Yan1, Yon-1), 0(Xan-1, Xon-2)
e(Yzn-1, Yan-1)- €(Yans Yan-2)}
= cmax{ e(Yzn-1, Y2n-2), €(Yzn-1, Yzn),
e(Yan-1, Yon-1), A(Xan-1, Xon-2), 0 }
< co. max{ e(Yan-1, Yan-2), d(Xon-1, Xan-2)}--.- (2.1.6)
from inequalities (2.1.3), (2.1.4), (2.1.5)and (2.1.6), we have
d(Xne1,%n) < €1"c2"% max{ d(X1,Xo), e(y1, Y2)} — 0 as n—oo
Thus {x,} is a Cauchy sequence in (X,d). Since (X,d) is
complete, {x,} converges to a point z in X. Similarly using
inequalities (2.1.3), (2.1.4), (2.1.5)and (2.1.6), we prove {y,}
is a Cauchy sequence in (,e) with the limitw in Y.

Suppose {A.} is continuous, then

lim Anxon = Az = lim yone = w.
n—oo

N0
Now we prove S;AZ = Z. .
Suppose S,AnZ # z.

We have

d(ShAnzZ, 2) = LLIT; d(SnAnz, TaBnXan.1)

< lim c. max{ d(z, Xan-1), d(z, SyALZ),

n—o0
d(XZn-LTan X2n-1)1 e(AnL BnXZn-l)1
d(Z, TanXZn-l)-d(SnAnZ ’ XZn-l)}

< lim ¢ max{ d(z, Xan.1), d(z,SnAn2),

N0
d(Xan-1, TaBn X2n-1), €(AnzZ, BrXon-1),
d(z, X2n).d(ShAZ , Xon1)}
= ¢;. max{ d(z,2), d(z, S,An2), d(z,2), e(w,w),
d(z, z).d(ShAnz, 2)}
=c¢.. max{ 0, d(z,SAz), 0,0, 0}
<c¢1. d(z, ShAZ)
<d(z, ShAnz) (Since 0 <¢1<1)
Which is a contradiction.
Thus S,A,z = z.
Hence Syw = z. (Since Az = w)
Now we prove B,S,w = w.

Suppose B,S,w #w.
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We have = ¢, max{ e(w, w), e(w, w), e(w, A, T.w), d(z,2),

e(B,Sw, w) = lim  e(B,SW, Yons1) e(w, A, T,w).e(w,w)}
" <e(w, AyTow) (Since 0<cp<1)

Lm &(BnSiW, AnTryzn) Which is a contradiction.

Thus A, T,w = w.
The same results hold if one of the mappings {B.},{S.} and
e(Yan, AnTnYan), d(SaW, TrYan), {T.} is continuous.

IN

lim c, max{ e(w, yan), e(w, B.Syw),
n—o0

e(W, AnTnYan ). €(BaSaW, Yan)} So the point z is the common fixed point of {S,A.} and

= 2. max{ e(w, w), e(w, B:Sq.w), e(w, w), d(z, 2) {T.B.}. Similarly we prove w is a common fixed point of

s e(W,W).e(BnSnWaW)]} {ann} and {AnTn}

< e, BySw)  (Since 0 <c,<1) Remark :2.2: If we put Ai=A, B;=B,S,=Sand T,=Tin

Which is a contradiction. the above theorem 2.1, we get the following corollary.

Thus ByS,w = w. Corollory 2.3: Let (X, d) and (Y, ) be complete metric spaces.

Hence Byz =w. (Since S,w =2) Let A, B be mappings of X into Y and S, T be mappings of

Now we prove T,Bnz = z. Y into X satisfying the inequalities.

Suppose TyBnz # z. d(SAX, TBX) < c1. max{d(x,x"), d(x, SAx), d(X, TBx),
d(z, T\B.2) = Lim d(Xan+1, TnBnZ) e(Ax,Bx), d(x, TBx").d(SAx,x')}
. e(BSy, ATy') < c.. max{ e(y,y"), e(y.BSy), e(y. ATy,
= lim d(ShAnXzn, TaBnz) ’ ) , ,
N> d(Sy,Ty), e(y, ATy").e(BSy ,y)}-
< 1lim co. max{ d(Xen,2), d(Xn, SnAnXan), forall x, X' in X and y,y’ in Y where 0 < ¢;<1and 0 <c,< 1.
n—oo

If one of the mappings A, B, S and T is continuous , then SA
d(z, TaBnz), e(AnXan, Bnz),

d(X2n, TnBn2z).d(SAXan, 2)}
¢1. max{d(z, z), d(z, ), d(z, T,Bn2), e(w, Bnz),
d(z, T.Bn2).d(z,2)}
¢1. max{0, 0, d(z, T,,B.z), 0, 0}
d(z, T,B.z) (Since 0 <ci<1)
Which is a contradiction.
Thus T,B,z = z.

Hence T,w =z. (Since B,z=w)

and TB have a common fixed point z in X and BS and AT

have a common fixed point w in Y. Further, Az =Bz =w and

Sw=Tw=12z

Theorem 2.4: Let (X, d) and (Y, €) be complete metric spaces.

Let {A.}, {B.} (n € N) be sequence of mappings of X into

A

Y and {S,}, {T.}, (n € N) be sequence of mappings of Y
into X satisfying the inequalities.
d(SpAX, T¢Bijx) < 1. max{ d(x, X'), d(x,SpAiX), d(X',T¢Bjx"),

Now we prove A, Tow = w. e(Ax.BX) d (X’Tq Bj )
Suppose A, T,W # w. e 2 ’
e(w, A Tw) = ﬁ'ﬂl e(Yan, AnTaW) d(S,Ax x') }(2.4.1)
- In'ﬂl e(BaSryan1, AnTaW) e(BiSpy, AiTqy") < co. max{ e(y, y"), e(y,BiSpy), e(y,AiTqy),
< !]im Cz. max{ e(Yan-1, W),e(Yan-1, BnSnYan-1), dSy,Toy). e(y, ATgy") ,
—>00 2
e(w, Ay Taw), d(Snyan-1, TaW), e (B- Sy y,)
&(Yan1, AnTn W). €(BrSnyzns, W)} % }--(2.4.2)
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foralli#j#p#q, x, X in Xandy,y in Y where 0 <¢<1
and 0 <c,< 1. If one of the mappings {A.}.{Bn}, {S.} and
{T.} is continuous , then {S,A.} and {T.B,} have a unique
common fixed point z in X and {B,S,} and {A,T,} have a
unique common fixed point win Y. Further, {A.}z ={B.}z =
wand {Stw={ T, Jjw =2z
Proof: Let X, be an arbitrary point in X and we define the
sequences {x,} in X and {y,} in Y by

An Xon2= Yon-1,SnY2n-1 = X 2n-1, BaXon-1= Yan; ToYan = Xon

forn=1,2,3
Now we have
d(Xan+1, Xan) = d(SnAnXan, TnBnXan-1)

< cr.max{ d(Xzn, Xzn-1); d(Xzn, SnAn Xa2n),

d(XZn-L TanXZn-1)1 e(AnXZmBnXZn-l),

d(XZn’TanXZn—l) d(SnAnXZn’XZn—l) }
2 ’ 2

= C1. max{ d(Xzn, X2n-1), d(X2n, X2n+1), d(Xan-1, Xon),

d (X, d(X,0s X,
e(Yan+1,Y2n)s (inz XZ”) , (X2n+12 Xon 1) }

< cr. max{ d(Xzn, Xan-1), A(Xan, Xon+1), d(Xan-1, Xan),

d(X2n+l' X2n) + d(XZn ! X2n—1)
2

< 1. max{d(Xan-1, X2n), €(Yan+1,Yon) }------- 2.4.3)

e(y2n+11)/2n)1 0 ’ }

Now
e(Yan Yone1) = €(BnSnYan-1, AnTh Yan)
< . max{ e(Yan-1, Yzn), &(Yzn-1, BnSnyan),
e(Yans AnTnYzn), d(SnYan-1, TnYan),

e(yZn-l’AnTnyZn) e(BnSnyZn—l’ yZn) }
2 ’ 2

= Co.max{ e(Yan-1, Yon), €(Yon-, Yon), €(Yan, Yans1),

d(Xzn-1, X2n), e(y2n-1' y2n+1) , e(an , yZn) }

2 2
= Ca.max{ e(Yon1, Yan), €(Yonts Yan): €(Yan, Yons+1),

e(yZn—l' yZn) + e(yZn ! y2n+1) 0 }
2 )

< o max{ e(Yan-1, Yzn), Ad(Xan-1, Xon)}---=--

d(X2n-1, Xon),

(2.4.4)
we have

d(Xan, Xan-1) = d(Xan-1, Xan)

= d(SnAnXZn-Z, TanXZn-l)
< cr. max{ d(Xzn-2: Xon-1)s A(Xan-2,SnAnXan-2),

d(XZn-l, TanXZn-l), e(AnXZn-Z, BnXZn-l),

d(XZn—Z’TanXZn-l) d(SnAnXZn—Z’ X2n-1)
: }
2 2
= ¢ max{ d(Xzn-2, Xon-1), A(Xan-2: Xon-1)s
d(Xan-1, X2n), €(Y2n-1,Y2n),

d(X 2n—2'X2n) d(X 2n-11 X2n—1) }
2 ’ 2

= ¢ max{ d(Xzn-2, Xzn-1), A(Xan-2: Xon-1)s
d(Xan-1, Xan), €(Yan-1,Yan),
d(X 2n-21 X2n—1) + d(X 2n-11 X2n )
2

< ¢ max{ d(Xan2:Xzn-1): €(Yan-1,Yon)}

0}

------- (2.4.5)
Now
e(Yzn,Y2n1) = €(BnSnY2n-1, AnTnYan-2)
< ¢ max{ e(Yan-1, Yon-2), €(Yan-1, BnSnYan-1),

e(yZn-21 AnTnyZn-Z)y d(snyZn-L TnyZn-Z)y
e(yZn-l’ AnTnyZn—Z) e(BnSnyZn—l’yZn—Z) }

2 ’ 2

= Co.max{ e(Yon-1, Yon2), €(Yan-1, Yon)s

e(Yzn-2, Yan-1), d(Xan-1, Xon-2),

e(yZn—l' y2n—1) e(yZn ! y2n—2) }
2 ’ 2

< camax{ e(Yan-1, Y2n-2), €(Yan-1, Yan),
e(Yzn-2, Yn1), d(Xan-1, Xen2), O,
e(yZn ! y2n—1) + e(yZn—l' y2n—2) }
2
< 2. max{ e(Yzn-1 Yan-2), d(Xen-1, Xon-2) }--=--- 2.4.6)
from inequalities (2.4.3), (2.4.4), (2.4.5)and (2.4.6), we have
d(Xa+1,%) < 1" i

C2
Thus {X,} is a Cauchy sequence in (X,d). Since (X,d) is

. max{ d(X1,Xo), e(Y1, Y2)} — 0 as n—oo

complete, {x,} converges to a point z in X. Similarly using
inequalities (2.4.3), (2.4.4), (2.4.5) and (2.4.6), we prove {y.}
is a Cauchy sequence in (,e) with the limitw in Y.

from inequalities (2.4.3) and (2.4.5), we have

d(Xns1,%n) < c1(Co)". max{ d(X1,Xo), (Y1, o)} — 0 as n—oo
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Thus {x,} is a Cauchy sequence in (X,d). Since (X,d) is

complete, {Xx,} converges to a point z in X. Similarly using

inequalities (2.4.4) and (2.4.6), we prove {y,} is a Cauchy

sequence in (Y,e) with the limit win Y.

Suppose A is continuous, then

n—w

lim AXon =AZ = lim Yon+1 = W.
n—oo

Now we prove S,A.z = z.

Suppose SpANZ # z.

We have

d(SnAnz, 2) = lim d(SnAnz, TaBnXan-1)
n—oo

IN

lim c.. max{ d(z, Xon.1), d(z,S,Aq2),

n—w

d(XZn-l,Tan XZn-l), e(AnZ, BnXZn-l),
d(Z'TanXZn—l) d(Sn'A‘nZ ’X2n-1)
2 ’ 2 }

Ilm Cl- max{ d(Z, X2n-1)1 d(ZaSnAnZ),

d(Z, XZn)
5
d(Sn'A‘nZ ! X2n-1)
2
¢1. max{ d(z, Xan1), d(z,SvAn2), d(z,2),

eww). d(z, z), d(S,A,z,2) )
2 2
¢1. max{ d(z, Xzn-1), d(z,SnAn2), 0,0, 0,
d(S,A.z,2)
— }

d(Xan-1, Xan), €(AnZ, Yan),

}

<c¢y1. d(z,5,An2)
<d(z,S,Aqz) (Since 0<c¢i<1)

Which is a contradiction.
Thus S,A.z = z.

Hence Syw = z. (Since Anz = w)

Now we prove B,S,w = w.

Suppose B S w # w.

We have

e(BnSaw, W) = lim  e(BnSaW, Yan+1)
n—o

= lim e(BaSaw, AqTny2n)

n—w

< lim ¢, max{ e(w, y,), e(w, B,S,w),

e(Yan, AnTnYzn), A(SaW, Toyan),
W ATY,,) eBSW.Y,)
2 ’ 2

= cp. max{ e(w, Yan), (W, B,Syw), e(w, w),

iz 2), e(w, w) , e(BSw, w)}
2 2

< e(w, B,Sqw) (Since 0 <c,<1)

Which is a contradiction.

Thus B,S,w

Hence B,z =

=W.

w. (Since S,w=2)

Now we prove T,Bnz = z.

Suppose T,Bnz # z.

d(z,TBz) =

IN

<

Iim d(X2n+1, TanZ)

n—w

I |m d(SnAnXZna TanZ)

n—w

lim Cy. max{ d(XZn,Z) ,d(XZn,SnAnXZn)a

d(z, T\B2), e(Axzn, Bnz),
d(x,,,TBz) d(SAX,,,2) )
2 ’ 2
¢1. max{ d(z, ), d(z, z), d(z, T,B2),
d(z, TBz) d(z,2)
2 2

d(z, TB2)

e(w, Bnz),

¢1. max{ 0,0, d(z, T,Bn2), 0, , 0}

d(z, T,B,z) (Since 0<c¢;<1)

Which is a contradiction.

Thus T,B,z = z.

Hence T,w =z. (Since B,z=w)
Now we prove A, T,w = w.

Suppose Ay Tw # w.

e(w, AxTow) = lim e(Yan, AnTaW)
n—oo

= 1im e(BrSnYan-1, An TaW)

n—w
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< lim ca. max{ e(Yzn-1, W), €(Yan-1, BaSnyan-1),

e(w, AnTow), d(Snyan-1, TaW),
e(yZn-l’AnTnW) e(annyZn—l’W)

2 ’ 2 }

Co. max{ e(w, w), e(w, w), e(w, Ay Tow),

d(22) e(w,A, T, w) , e(w, w)
2 2
c,. max{ 0, 0, e(w, A, T,w), 0,
e(w,A, T,w) 0
—2 )

<e(w, A,T,w) (Since0<c,<1)

}

}

Which is a contradiction.
Thus A, T,w = w.
The same results hold if one of the mappings {B.},{S.} and
{T.} is continuous.
Uniqueness: Let 2’ be another common fixed point of SyA,
and T,B, in X, w’ be another common fixed point of B,S, and
AT, inY.
We have d(z, z') = d(ShAnz, TBnZ)
<c;. max{ d(z, 2), d(z, SyA.2),
d(z',T,Bn2), e(Anz,B,2),
d(z,T,B,z') d(S,A,z,z')
2 ’ 2 }
= ¢ max{ d(z, 2), d(z, z), d(z',z)),
d(z,z") d(z,z)
2 2
= ¢ max{ d(z, 2), d(z, z), d(z, 2),
d(z, 2)
2

e(w,w),

e(w,w"),

}

= ¢ max{ d(z, 2), 0, 0, e(w,w’),

<e(w, W) (Since ¢;< 1)
e(w, w") = e(B,Saw, A, T,w')
< co.max{ e(w, W), e(w, BySpw),
e(W,AnT, W), d(Syw, Tow'),
e(w,A T, w') e(BnSnW,W')}
’ 2

= . max{ e(w, W), e(w,w), e(w', w'),

iz 7). e(w, w') , e(w,zw')

2
e(w, w')

}

= ¢, max{ e(w, w"), 0, 0, d(z, 2,

<d(z,2)
Hence d(z, z') < e(w, w') <d(z, z')
Which is a contradiction.
Thusz=7".
So the point z is the unique common fixed point of {S,A.}
and {T,B,}. Similarly we prove w is a unique common fixed
point of {B,S,} and {A.T.}.
Remark :2.5: Ifwe put Ai=A,B;=B,S,=Sand Ty =T in

the above theorem 2.4, we get the following corollary.

}

Corollory 2.6: Let (X, d) and (Y, e) be complete metric spaces.

Let A, B be mappings of X into Y and S, T be mappings of Y
into X satisfying the inequalities.
d(SAX, TBX') < ¢;. max{ d(x, x), d(x,SAx), d(x’,TBx’),
d(x,TBx') d(SAx,X')
}
2
e(BSy, ATy) < co. max{ e(y, ¥, e(y,BSy), e(y, ATy,

e(y, ATy') e(BSy,y'
d(Sy Ty, (y2 y) & ;/y)

for all X, X' in X and y,y" in Y where 0 <¢;<1and 0 <c,<1.

e(Ax,Bx),

}

If one of the mappings A, B, Sand T is continuous , then SA
and TB have a unique common fixed point z in X and BS and
AT have a unique common fixed point win Y. Further, Az =
Bz =wand Sw=Tw =z.
Theorem2.7:Let (X, d) and (Y, e) be complete metric spaces.
Let {A.}, {B.} (n € N) be sequence of mappings of X into
Y and {S.}, {T.}, (n € N) be sequence of mappings of Y
into X satisfying the inequalities.
d(SpAX, TgBiX') < ¢1. max{d(x,x’), d(x, SpAX), e(Ax,Bx"),
d(x, ToBiX')/2, d(SpAX,X')/2,
d(x, SpAX).d(X, TeBX")/ d(x,x")}-—-- (2.7.1)
e(B;Spy, AiTy") < co. max{ e(y,y"), e(y,B;Spy), d(Spy, Tqy'),
e(y, ATqy')/2, e(B;Spy ,y')/2
e(y.BiSpy)-e(y, ATqy) / e(y,y)}------ (2.7.2)
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foralli#j#p#q,x, x in Xandy,y in Y where 0 <¢;<1
and 0 <c,< 1. If one of the mappings {A.}.{Bn}, {S.} and
{T.} is continuous , then {S,A.} and {T.B,} have a common
fixed point z in X and {B,S,} and {A,T.} have a common
fixed point win Y. Further, {A.}z = {B.}z =wand {S,}w
=T Iw=z

Proof: Let xo be an arbitrary point in X and we define the

sequences {x,} in X and {y,} in Y by

An Xon2= Yon-1, Sn¥2n-1 = X 20-1, BnXon-1= Yan; TnYan = Xon
forn=1,2,3.....
Now we have

d(Xan+1, Xan) = d(SnAnXan, TnBnXan-1)
< cz.max{ d(Xzn, Xzn-1), d(Xan, SeAnXan),
e(AnXzn,BnXan-1), d(Xon, TnBrXon-1)/2,
d(ShAXon 1 Xon-1)/2,
d(Xan, SnAnXzn). d(Xan-1, TaBnXan-1)/ d(Xan, X2n-1)}
= C1. max{ d(Xan, X2n-1), d(Xan, Xan+1), €(Yzn+1,Y2n),
d(Xan, Xon)/2, d(Xon-1, Xon+1)/2,
d(Xan, Xon+1), A(Xzn-1, Xan)/ d(Xan, Xan-1)}
= C1. max{d(Xzn, Xzn-1), d(Xan, Xan+1), €(Yan+1,Y2n) ,0,
[d(Xan-1, Xon )+ d(Xon, Xon+1)1/2, d(Xon, Xon+1)}
< c1. max{d(Xan-1, Xon), €(Yan+1,Y2n)} ) }----- (2.7.3)
Now
e(Yan Yan+1) = €(BnSnYan-1, AnTnY2n)
< ca. max{ e(Yzn-1, Y2n), €(Yan-1, BnSnyan-1),
d(SnYzn-1, TaYan), €(Yan-1, AnT nY2n)/2,
e(BnSnYan-1, Yan)/2,
e(Y2n-1, BaSnYan-1)-€(Yan, AnTnY2n)/ €(Yan1, Yn)}
= co.max{ e(Yzn-1, Yzn), &(Yzn-1, Y2n), d(Xan-1, Xan),
e(Yan-1, Yans1) / 2, €(Yan, Yan) / 2,
e(Yan-1, Y2n)-€(Yan: Yan+1) / €(Yan-1, Yon) }
< cz. max{ e(Yan-1, Yan), d(Xan-1, Xon) }------ (2.7.9)

Similarly,
A(Xon, Xon.1) < 1. Max{ d(Xzn-2:X2n-1), €(Yan-1,Y2n)} ---~(2.7.5)
e(Yon Yon1) < co. max{ e(Yon-1, Yan-2), d(Xan-1, Xon-2)}-—2.7.6)

from inequalities (2.7.3), (2.7.4), (2.7.5)and (2.7.6), we have

n. n-1

A(Xn+1,%n) < c1'C2" . max{ d(Xy,Xo), €(Y1, Y2)} — 0 as n—oo

Thus {x,} is a Cauchy sequence in (X,d). Since (X,d) is
complete, {Xx,} converges to a point z in X. Similarly using
inequalities (2.7.3), (2.7.4), (2.7.5)and (2.7.6), we prove {y,}
is a Cauchy sequence in (,e) with the limitw in Y.

Suppose {A.} is continuous, then

Ilm AnXZn

= Az = lim yone = w.
Nosoo o
Now we prove S;Az = Z. .
Suppose SpANZ # z.
We have

d(SnAnZ, Z) = Lm d(SnAnL TanXZn-l)

IN

lim ¢, max{ d(z, Xon.1), d(z, ShA2Z),
n—o0

e(Anz, BpXon), d(z, ToBpXan1) / 2,
d(ShAnzZ , Xon1) / 2,
d(z, ShAZ).d(X2n-1, TnBn Xan-1) / d(z, Xon-1)}
lim c.. max{ d(z, Xzn-1), d(Z,SnAn2),

e(Anz, Yon), A(zZ, Xon) 1 2 d(SpAnZ , Xon1) 1 2,
d(z, ShAnZ).d(Xon-1, Xon) / A(Z, Xon-1)}
¢1. max{ d(z,z), d(z, SvAnZ), e(w,w), d(z,2)/2,
d(S,Anz ,2) 1 2, d(z, 2).d(ShAnzZ, 2) 1 d(z, 2)}
<c¢1. d(z, ShAZ)
<d(z, ShAnz) (Since 0 <c¢;<1)

IN

Which is a contradiction.

Thus S,A.z = z.

HenceS,w = z. (Since A,z =w)
Now we prove B,S,w = w.
Suppose B,S,w #w.

We have

e(B,Saw, W) = lim  e(B,SqW, Yons1)

n—o0

= Iim e(BnSnwy AnTnyZn)

n—oo

< lim ¢, max{ e(w, yz,), e(w, B,S.w),

n—oo
d(Saw, Tayan), €W, AgToYon ) 2, €(BaSaW, Yan) /2,
e(W, BaSaW). e(Yan, AnTnYan) / (W, Yon)}
< e(w, B,Syw) (Since0<c¢,<1)

Which is a contradiction.
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Thus B,S,w = w.
Hence B,z = w. (Since S,w =2)
Now we prove T,Bnz = z.
Suppose T,B,z #z.
d(z, T,Bnz) = ngolc d(Xons1, TaBn2)

lim d(SpAmXzn, TaBn2)

n—co

IN

lim c;. max{ d(Xzn,z), d(X2n, SnAnXan), €(AnXan,
n—o0

B.2), d(Xon, TuBnz) / 2,

d(SAXan, 2) 1 2, d(Xzn, SnAnX2n).d(z, ThBn2) / d(Xon,2)}
< d(z, T,B.z) (Since 0 <c¢i<1)

Which is a contradiction.

Thus T,Bnz = z.

Hence T,w =z. (Since Bnz =w)

Now we prove A, T,w = w.

Suppose A, T,w # w.

e(w, A, T,w) = !1im e(Yan, AnToW)
—0

= lim e(BnSnyan-1, AnTaW)

n—oo
< Lim Co. max{e(Yzn-1, W),€(Yan-1, BnSn¥an-1),
—m

d(Snyon-1, TaW), e(Von-1, AT W) / 2, €(BnSpyon-1,W) / 2,
e(Yan1, BnaSnYan-1).e(W, AnTaW) / e(Yzn1, W)}
<e(w, A,T,w) (Since0<c,<1)
Which is a contradiction.
Thus A, T,w = w.
The same results hold if one of the mappings {B.},{S.} and
{T.} is continuous.
So the point z is the common fixed point of {S,A.} and
{T.B.}. Similarly we prove w is a common fixed point of
{B:Sn} and {A T,.}.
Uniqueness: Let 2’ be another common fixed point of {Sy,An}
and {T,B,} in X, W’ be another common fixed point of {B,Sp}
and {A, T .}inY.
We have d(z, ') = d(S,Anz, T,B.Z")
<c¢y. max{ d(z, z'), d(z, ShAnZ), e(Anz,B2"),
d(z, TaBaz')/2, d( ShAwZ, Z) / 2,

d(z, SiAq2). d(Z',T\B,2") / d(z, Z) }
=¢;. max{ d(z, 2), d(z, z), e(w,w"), d(z, 2')/2,
d(z, 2')/2, d(z, 2).d(z',2') / d(z, Z) }
< e(w, w')
e(w, w') = e(B,Spw, A T,w")
< co.max{ e(w, w'), e(w, B,Syw), d(Spw, Taw’),
e(w, A T.wW")/2, e( B,Saw, w') /2,
e(w, B,Spw).e(W, A T,W) / e(w, w') }
<d(z, )
Hence d(z, 2') < e(w, w') <d(z, z')
Which is a contradiction.
Thusz=7".
So the point z is the unique common fixed point of {S,An}
and {T,B,}. Similarly we prove w is a unique common fixed
point of {B,S,} and {A.T.}.
Remark :2.8 : If we put Ai=A,B;=B,S,=Sand T4 =T in
the above theorem 2.7, we get the following corollary.
Corollory 2.9: Let (X, d) and (Y, e) be complete metric spaces.
Let A, B be mappings of X into Y and S, T be mappings of Y
into X satisfying the inequalities.
d(SAX, TBX') < ¢;. max{d(x,x’), d(x, SAx), e(Ax,Bx’),
d(x, TBx')/2, d(SAx,x")/2, d(x, SAx).d(X’,TBx’)/ d(x,x")}
e(BSy, ATy) < c,. max{ e(y.y"), e(y,BSy), d(Sy,Ty), e(y,
ATY)/2, e(BSy .y)/2, e(y,BSY).e(y,ATy) / e(y.y)}
for all X, X' in X and y,y" in Y where 0 <¢;<1and 0 <cp<1.
If one of the mappings A, B, Sand T is continuous , then SA
and TB have a unique common fixed point z in X and BS and
AT have a unique common fixed point win Y. Further, Az =
Bz =wand Sw=Tw =z.
Theorem 2.10: Let (X, d) and (Y, €) be complete metric
spaces. Let {An}, {Bn} (n € N) be sequence of mappings of
Xinto Y and {S;}, {T.}. (n € N) be sequence of mappings
of Y into X satisfying the inequalities.

d(SpAX, TBijx') < c1. max{d(x,X'), d(x, SpAX), e(Ax,Bix"),
[d(x, ToBx')+ d(SpAx,X)]/2,
d(x, SpAX).d(X, TeBx')/ d(x,x)}-—--- (2.10.1)
e(B;Spy, AiTqy") < co. max{ e(y,y), e(y,BiSpy),
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d(Spy, TaY),[ ey, AiTgy)+ e(BiSpy ,y)1/2

e(y.B;Spy)-e(Y, ATy / e(y,y)} - (2.10.2)

foralliZj#p#q, x, X in Xandy,y in Y where 0 <¢;< 1
and 0 <c,< 1. If one of the mappings {A.}.{Bn}, {S.} and
{T.} is continuous , then {S,A.} and {T.B,} have a common
fixed point z in X and {B,S,} and {A,T.} have a common
fixed point win Y. Further, {A.}z = {B.}z =wand {S,}w
=T, Iw=z

Proof: Let xo be an arbitrary point in X and we define the
sequences {x,} in X and {y,} in Y by

An Xon-2= Yon-1,50Y20-1 = X 2n-1, BnXon-1= Yan; TnYan = Xan

Now we have
d(Xan+1, Xon) = Ad(SpAnXan, TnBnXon-1)
< ci.max{ d(Xon, Xon-1), d(Xan, SpAnXan),
€(AnXan,BnXan-1), [d(Xan, TaBnXan-1)+ d(SnAnXan 1Xon-1)1/2,
A(X2n,SnAnXan). d(Xan-1, ToBrXan-1)/ d(Xzn, X2n-1)}

= C1. max{ d(Xan, Xan-1), d(Xon, Xons+1), €(Yans1,Yon)s

[d(X2n, Xon)+ d(Xon-1, Xons1)] / 2,

d(Xan, X2n+1), A(Xan-1, Xan)/ A(Xon, Xon-1)}
= C1. max{d(Xan, X2n-1), d(X2n, X2n+1), €(Yn+1,Y2n)
[d(Xan-1, Xon )+ d(Xn, Xon+1)1/2, d(Xon, Xon+1)}

< ¢y max{d(Xzn.1, Xan), €(Yan+1,Yon) }===---- (2.10.3)

Now
e(Yan, Yan+1) = &(BnSny2n-1, AnTnY2n)
< 2. max{ e(Yzn-1, Yzn), €(Yan-t, BaSuyan-1),
d(Snyan1, TaYan),

[e(Yan-1, AnT nY2n)+ €(BnSnyan-1, Y2n)1/2,
e(Yan-1, BnSnyan-1).-8(Yan: AnTnYzn)/ €(Yan-1, Yan)}
= co.max{e(Yzn-1, Y2n), €(Yzn-1, Y2n), d(Xan-1, Xan),

[e(Yzn-1, Yons1)* €(Yon, Yan)l /2,
e(Yzn-1, Y2n)-€(Yzn, Yan+1) / €(Yan-1, Yon) }
< co. max{ e(Yan-1, Yan), d(Xen-1, Xon)}-----(2.10.4)
Similarly,

d(XZn, X2n.1) <cu. max{ d(XZn-Z,XZn-l), e(yZn.l,yZn)} ---(2105)

e(Yon Yon-1) < Co.max{ e(Yan1, Yan-2), d(Xan1, Xon-2)}---(2.10.6)

from inequalities (2.10.3), (2.10.4), (2.10.5)and (2.10.6), we

have

d(Xn+1aXn) <c nCZn-l

Thus {x,} is a Cauchy sequence in (X,d). Since (X,d) is

- max{ d(X1,Xo), e(y1, Y2)} — 0 as n—oo

complete, {x,} converges to a point z in X. Similarly using
inequalities (2.10.3), (2.10.4), (2.10.5)and (2.1.6), we prove
{y.} is a Cauchy sequence in (Y,e) with the limitwin Y.

Suppose {An} is continuous, then

lim Anxan = Anz = 1im yoneg = w.
n—oo

00
Now we prove SpAZ = z.
Suppose S,AZ #z.
We have
d(SnAnZ, 2) = LILT; d(SnAnZ, TuBrXan.1)

< lim ¢ max{ d(z, Xon-1), d(z, SvAnZ), e(AnZ, BrXan-1),

n—o0
[d(Z, TanXZn-l) + d(SnAnZ s X2n.1) ]/ 2,
d(Z, SnA;ﬂ).d(XZn.l,Tan X2n.1) / d(Z, X2n.1)}
< lim c1. max{d(z, Xan-1), d(Z,SnAnZ), €(AnZ, Yan),

N—so0
[d(z, X20)*+d(ShANZ , Xon1)] / 2,
d(z, SvAnZ).A(Xon-1, Xon) / A(Z, Xon-1)}
¢1. max{ d(z,2), d(z, ShAnZ), e(w,w),
[d(z,2)+d(S Az ,2)]/ 2, d(z, 2).d(Sh Az, 2) / d(z, 2)}
<cy. d(z, ShAZ)
<d(z, ShAsz) (Since0<ci< 1)
Which is a contradiction.
Thus S,A.z = z.

Hence S,w =z. (Since A,z =w)
Now we prove B,S,w = w.
Suppose B,S,w #w.

We have

e(BnSnW1 W) = le e(annW ' y2n+l)

= Iim e(BnSnwy AnTnyZn)

n—oo

< lim ¢, max{ e(w, Van), e(w, BySaw), d(SaW, Tr¥an),

N—w
[e(w, AaToYan )+ €(BaSaW, Yan)] /2,
e(W, BnSaW). e(Yan, AnTnYan) / (W, Yon)}
< e(w, B,Syw) (Since 0 <c,<1)

Which is a contradiction.
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Thus B,S,w = w.
Hence B,z = w. (Since S,w =2)
Now we prove T,Bnz = z.
Suppose T,B,z #z.
d(z, T,Bnz) = ngolc d(Xons1, TaBn2)

lim d(SpAmXzn, TaBn2)

n—co

IN

lim ;. max{ d(Xan,2), d(X2n, SnAnXan),
n—o0

e(AnXan, Bnz), [d(Xon, TiBh2)+d(SAXz, 2)]/ 2,
d(X2n, SnAXan).d(z, TaB2z) / d(X2n,2)}

< d(z, ToBnz) (Since 0 <¢;<1)
Which is a contradiction.
Thus T,B,z =z.
Hence T,w =z. (Since Bnz =w)
Now we prove A, T,w = w.
Suppose A, T,w # w.

e(w, A, T,w) = LILTOIC e(Yan, AnTaW)
= lim e(BySnYzn-1, AnTaW)

Nn—oo
< Inim ¢ max{e(Yzn-1, W),&(Yzn-1, BaSny2n-1),

d(SnYana, ToW), [(Yant, AnTn W)+ &(BrSnYan-1,W)] / 2,

e(Yzn-1, BaSnYan-1)-8(W, AqToW) / (Yan-1, W)}

<e(w, Ay T,w) (Since 0 <c,<1)
Which is a contradiction.
Thus A, T,w = w.
The same results hold if one of the mappings {B.},{S.} and
{T.} is continuous.
So the point z is the common fixed point of {S,A,} and
{T.Bn}. Similarly we prove w is a common fixed point of
{B:Sn} and {A T}
Uniqueness: Let 2’ be another common fixed point of {S;A}
and {T,B,} in X, W’ be another common fixed point of {B,Sp}
and {A T} inY.
We have d(z, ') = d(S,Anz, T,B.Z")

<c¢p. max{ d(z, ), d(z, ShA:Z), e(Az,B.Z),
[d(z, T,Bnz')*+d ( ShAz, 2]/ 2,
d(z, S,Aw2). d(z,T,B,Z') / d(z, 2') }

=c¢y. max{ d(z, 2", d(z, z), e(w,w"), [d(z, Z)+
d(z, z1/2, d(z, 2).d(z',2)) / d(z, ) }
< e(w, w)
e(w, w') = e(B,Spw, A T,w")
< co.max{ e(w, w"), e(w, B,Sw),
d(Saw, TwW'), [e(w, AnTowW)+ e( BnSaw, W)] /2,
e(w, B.S,w).e(W, A, T,w') / e(w, w') }
<d(z, 2)
Hence d(z, z') < e(w, w') < d(z, 2')
Which is a contradiction.
Thusz=7".
So the point z is the unique common fixed point of {S,An}
and {T,B,}. Similarly we prove w is a unique common fixed
point of {B,S,} and {A.T.}.
Remark :2.11: If we put Aij=A,B;=B, S;=Sand T, =T in
the above theorem 2.10, we get the following corollary.
Corollory 2.12: Let (X, d) and (Y, €) be complete metric
spaces. Let A, B be mappings of X into Y and S, T be
mappings of Y into X satisfying the inequalities.
d(SAX, TBX') < ¢;. max{d(x,x’), d(x, SAx), e(Ax,Bx’),
[d(x, TBX')+ d(SAx,x")]/2,
d(x, SAX).d(x’,TBx’)/ d(x,x")}
e(BSy, ATY') < c,. max{ e(y,y), e(y.BSy), d(Sy.Ty)),
[e(y, ATy)+ e(BSy.y)]/2,
e(y,BSy).e(y.ATy") / e(y,y")}
for all X, X' in X and y,y" in Y where 0 <c¢;<1and 0 <c,<1.
If one of the mappings A, B, Sand T is continuous , then SA
and TB have a unique common fixed point z in X and BS and
AT have a unique common fixed point win Y. Further, Az =
Bz =wand Sw=Tw =z.
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