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1. INTRODUCTION. 
  

       Fixed point theory and common fixed point theory have 

basic roles in the application of some branches of mathematics. 

There are many articles about common fixed point theorems 

in metric spaces([3]-[5]). In [6] and [7], B.Fisher proved some 

theorems in two complete metric spaces. Later some authors 

proved some kind of fixed and common fixed point theorems 

in two metric spaces ([1], [2], [8]-[10]. In this paper we prove 

some common fixed point theorems for sequence of mappings 

in two complete metric spaces. The following definitions are 

necessary for the present study.  

 

Definition1.1 A sequence {xn} in a metric space (X, d) is said 

to be convergent to a point x  X if given  0 there exists a 

positive integer n0 such that d(xn,x)   for all n  n0. 

 

Definition1.2. A  sequence {xn} in a metric space (X,d)  is 

said to be a Cauchy sequence in X if given 0 there exists a 

positive integer n0 such that d(xm,xn)   for all m,n  n0 . 

 

Definition1.3 A metric space (X, d) is said to be complete if 

every Cauchy sequence in X converges to a point in X. 

 

Definition1.4 Let X be a non-empty set and  f : X → X be a 

map. An element x in X is called a fixed point of X if f(x) = x . 

 

Definition1.5. Let X be a non-empty set and  f , g : X → X be 

two maps. An element x in X is called a common fixed point 

of f and g if f(x) = g(x) = x. 

 

Definition1.6. Let X be a non-empty set and a point x in X is 

said to be a common fixed point of sequence of maps Tn : X 

→ X  if Tn(x) = x for all n. 

 

2.MAIN RESULTS 

 

 Theorem 2.1: Let (X, d) and (Y, e) be complete metric spaces.  

Let {An}, {Bn} (n  ) be sequence of  mappings of X into 

Y and {Sn} , {Tn} (n  ) be sequence of mappings of Y 

into X satisfying the inequalities. 

d(SpAix, TqBjx′) ≤ c1. max{d(x,x′), d(x, SpAix),  

                                       d(x′,TqBjx′),e(Aix,Bjx′),   

                                         d(x,TqBjx′).d(SpAix,x′)}----- (2.1.1)                                                                      

e(BjSpy, AiTqy′) ≤ c2. max{ e(y,y′), e(y,BjSpy), 

                                            e(y′,AiTqy′), d(Spy,Tqy′), 

                                       e(y, AiTqy′).e(BjSpy ,y′)}------ (2.1.2)                                                                                                    

for all i j p q, x, x′ in X and y,y′ in Y where 0 ≤ c1< 1 

and 0 ≤ c2 < 1. If one of the mappings  {An},{Bn}, {Sn} and 

{Tn} is continuous , then {SnAn} and {TnBn} have a  common 

fixed point z in X and {BnSn} and {AnTn} have a common 

fixed point w in Y.  Further, {An}z = {Bn}z = w and  

{Sn}w ={ Tn }w = z.   
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Proof: Let x0 be an arbitrary point in X and we define the 

sequences {xn} in X and {yn} in Y by 

              An x2n-2 = y2n-1,Sny2n-1 = x 2n-1, Bnx2n-1 = y2n;  

                                  Tny2n = x2n                   for  n = 1, 2, 3 . . . . . 

Now  using inequality (2.1.1) we have 

d(x2n+1, x2n)  =  d(SnAnx2n, TnBnx2n-1) 

                       ≤ c1.max{ d(x2n, x2n-1), d(x2n,SnAnx2n),  

                                   d(x2n-1, TnBnx2n-1), e(Anx2n,Bnx2n-1 ),   

                                         d(x2n, TnBnx2n-1).d(SnAnx2n ,x2n-1)}                                                                                                                                         

                    = c1. max{ d(x2n, x2n-1),  d(x2n, x2n+1), d(x2n-1, x2n),  

                                 e(y2n+1,y2n),  d(x2n, x2n). d(x2n-1, x2n+1)}    

                                                                             e(y2n+1,y2n) ,0}          

                    ≤  c1. max{d(x2n-1, x2n), e(y2n+1,y2n)} ------- (2.1.3) 

Now using inequality (2.1.2) we have 

  e(y2n, y2n+1) = e(BnSny2n-1, AnTny2n) 

                     ≤  c2. max{ e(y2n-1, y2n), e(y2n-1, BnSny2n-1),  

                                  e(y2n, AnTny2n),  d(Sny2n-1, Tny2n),   

                                     e(y2n-1, AnT ny2n).  e(BnSny2n-1, y2n) } 

                     = c2.max{ e(y2n-1, y2n), e(y2n-1, y2n),  e(y2n, y2n+1),  

                                      d(x2n-1, x2n),  e(y2n-1, y2n+1).e(y2n, y2n)}  

                     = c2.max{ e(y2n-1, y2n), e(y2n-1, y2n),  e(y2n, y2n+1),  

                                                                           d(x2n-1, x2n), 0 } 

                     ≤  c2. max{ e(y2n-1, y2n), d(x2n-1, x2n)}------- (2.1.4) 

Again using inequality (2.1.1) we have 

  d(x2n, x2n-1) = d(x2n-1, x2n) 

                     = d(SnAnx2n-2, TnBnx2n-1) 

                    ≤ c1. max{ d(x2n-2,x2n-1), d(x2n-2,SnAnx2n-2),  

                             d(x2n-1, TnBnx2n-1), e(Anx2n-2, Bnx2n-1)  

                               d(x2n-2, TnBnx2n-1). d(SnAnx2n-2, x2n-1)} 

                       = c1. max{ d(x2n-2,x2n-1), d(x2n-2, x2n-1),  

                                                    d(x2n-1, x2n), e(y2n-1,y2n),   

                                                        d(x2n-2,x2n). d(x2n-1, x2n-1) } 

                       = c1. max{ d(x2n-2,x2n-1), d(x2n-2, x2n-1),  

                                                 d(x2n-1, x2n), e(y2n-1,y2n), 0 } 

                      ≤ c1. max{ d(x2n-2,x2n-1), e(y2n-1,y2n)} ------ (2.1.5) 

Now using inequality (2.1.2) 

   e(y2n,y2n-1) = e(BnSny2n-1, AnTny2n-2) 

                     ≤ c2. max{e(y2n-1, y2n-2), e(y2n-1, BnSny2n-1),  

                                 e(y2n-2, AnTny2n-2), d(Sny2n-1, Tny2n-2), 

                                         e(y2n-1, AnTny2n-2).e(BnSny2n-1,y2n-2)} 

                     = c2.max{ e(y2n-1, y2n-2),  e(y2n-1, y2n),  

                                            e(y2n-1, y2n-1), d(x2n-1, x2n-2)    

                                                          e(y2n-1, y2n-1). e(y2n, y2n-2)} 

                     = c2.max{ e(y2n-1, y2n-2),  e(y2n-1, y2n),  

                                                   e(y2n-1, y2n-1), d(x2n-1, x2n-2), 0 } 

                     ≤  c2. max{ e(y2n-1, y2n-2), d(x2n-1, x2n-2)}--.- (2.1.6) 

from inequalities (2.1.3), (2.1.4), (2.1.5)and (2.1.6), we have 

  d(xn+1,xn) ≤ c1 
nc2

n-1. max{ d(x1,x0), e(y1, y2)}  → 0  as n→∞   

Thus {xn} is a Cauchy sequence in (X,d). Since (X,d) is  

complete, {xn} converges to a point z in X. Similarly using 

inequalities (2.1.3), (2.1.4), (2.1.5)and (2.1.6),  we prove {yn} 

is a Cauchy sequence in (Y,e) with the limit w in Y. 

Suppose {An}  is continuous, then  

    
n

lim Anx2n = Anz = 
n

lim y2n+1 = w. 

Now we prove SnAnz = z. . 

Suppose SnAnz ≠ z. 

We have 

   d(SnAnz, z) = 
n

lim d(SnAnz, TnBnx2n-1) 

                    ≤  
n

lim c1. max{ d(z, x2n-1), d(z, SnAnz),  

                                        d(x2n-1,TnBn x2n-1), e(Anz, Bnx2n-1), 

                                                d(z, TnBnx2n-1).d(SnAnz , x2n-1)} 

                     ≤  
n

lim c1. max{ d(z, x2n-1), d(z,SnAnz),  

                                        d(x2n-1,TnBn x2n-1), e(Anz, Bnx2n-1),   

                                                         d(z, x2n).d(SnAnz , x2n-1)} 

                     =  c1. max{ d(z,z), d(z, SnAnz), d(z,z), e(w,w),  

                                                                 d(z, z).d(SnAnz, z)} 

                     = c1. max{ 0, d(z,SAz), 0, 0,  0} 

                     ≤ c1. d(z, SnAnz) 

                    < d(z, SnAnz)   (Since 0 ≤ c1< 1) 

Which is a contradiction. 

Thus SnAnz = z.    

Hence Snw = z.  (Since Anz = w) 

Now we prove BnSnw = w. 

Suppose BnSnw ≠ w. 



International Journal of Mathematics Trends and Technology – Volume 13 Number 1 – Sep 2014 

ISSN: 2231-5373                   http://www.ijmttjournal.org Page 21 
 

We have 

   e(BnSnw, w) = 
n

lim    e(BnSnw , y2n+1) 

                     =  
n

lim e(BnSnw, AnTny2n) 

                     ≤  
n

lim c2 max{ e(w, y2n), e(w, BnSnw),  

                                            e(y2n, AnTny2n), d(Snw, Tny2n),    

                                               e(w, AnTny2n ). e(BnSnw, y2n)}    

                     = c2. max{ e(w, w), e(w, BnSnw), e(w, w), d(z, z) 

                                                                , e(w,w).e(BnSnw,w)]}  

                     <  e(w, BnSnw)    (Since 0 ≤ c2 < 1) 

Which is a contradiction. 

Thus BnSnw = w. 

Hence Bnz = w.  (Since Snw = z) 

Now we prove TnBnz = z. 

Suppose TnBnz ≠ z. 

  d(z, TnBnz) = 
n

lim d(x2n+1, TnBnz) 

                  = 
n

lim d(SnAnx2n, TnBnz) 

                  ≤  
n

lim c1. max{ d(x2n ,z), d(x2n, SnAnx2n), 

                                                     d(z, TnBnz), e(Anx2n, Bnz),   

                                                           d(x2n, TnBnz).d(SAx2n, z)}    

                  =  c1. max{d(z, z), d(z, z), d(z, TnBnz), e(w, Bnz),  

                                                                       d(z, TnBnz).d(z,z)} 

                  =  c1. max{0, 0, d(z, TnBnz), 0, 0} 

                  <  d(z, TnBnz)   (Since 0 ≤ c1< 1) 

Which is a contradiction. 

Thus TnBnz = z. 

Hence Tnw = z.   (Since Bnz = w) 

Now we prove AnTnw = w. 

Suppose AnTnw ≠  w. 

  e(w, AnTnw) = 
n

lim e(y2n, AnTnw) 

                     = 
n

lim e(BnSny2n-1, AnTnw) 

                     ≤ 
n

lim c2. max{ e(y2n-1, w),e(y2n-1, BnSny2n-1),  

                                                 e(w, AnTnw), d(Sny2n-1, Tnw),  

                                                  e(y2n-1, AnTn w). e(BnSny2n-1,w)}                                                                            

                     = c2. max{ e(w, w),  e(w, w), e(w, AnTnw), d(z,z),  

                                                                    e(w, AnTnw).e(w,w)} 

                    < e(w, AnTnw)   (Since 0 ≤ c2 < 1) 

Which is a contradiction. 

Thus AnTnw = w. 

The same results hold if one of  the mappings {Bn},{Sn} and 

{Tn} is continuous. 

So the point z is the common fixed point of {SnAn} and 

{TnBn}. Similarly we prove w is a common fixed point of 

{BnSn} and {AnTn}. 

Remark :2.2 : If we put Ai = A, B j = B, Sp = S and Tq = T in 

the above theorem 2.1, we get the following corollary. 

Corollory 2.3: Let (X, d) and (Y, e) be complete metric spaces.  

Let A, B be mappings of X into Y and S , T  be  mappings of 

Y into X satisfying the inequalities. 

d(SAx, TBx′) ≤ c1. max{d(x,x′), d(x, SAx), d(x′,TBx′), 

                                       e(Ax,Bx′), d(x,TBx′).d(SAx,x′)}  

e(BSy, ATy′) ≤ c2. max{ e(y,y′), e(y,BSy), e(y′,ATy′),  

                                      d(Sy,Ty′), e(y, ATy′).e(BSy ,y′)}- 

for all x, x′ in X and y,y′ in Y where 0 ≤ c1< 1 and 0 ≤ c2 < 1. 

If one of the mappings A, B, S and T is continuous , then SA 

and TB have a  common fixed point z in X and BS and AT 

have a common fixed point w in Y. Further, Az = Bz = w and 

Sw = Tw = z.   

Theorem 2.4: Let (X, d) and (Y, e) be complete metric spaces.  

Let {An}, {Bn} (n  ) be sequence of  mappings of X into 

Y and {Sn} , {Tn}, (n  ) be sequence of mappings of Y 

into X satisfying the inequalities. 

d(SpAix, TqBjx′) ≤ c1. max{ d(x, x′), d(x,SpAix), d(x′,TqBjx′), 

                                          e(Aix,Bjx′), 
2

)',( xBTxd jq , 

                                                       
2

)',( xxASd ip }---(2.4.1) 

e(BjSpy, AiTqy′) ≤ c2. max{ e(y, y′), e(y,BjSpy), e(y′,AiTqy′),  

                                                d(Spy,Tqy′), 
2

)',( yTAye qi ,  

                                                    
2

)',( yySBe pj }---(2.4.2) 
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for all i j p q, x, x′ in X and y,y′ in Y where 0 ≤ c1< 1 

and 0 ≤ c2 < 1. If one of the mappings  {An},{Bn}, {Sn} and 

{Tn} is continuous , then {SnAn} and {TnBn} have a  unique 

common fixed point z in X and {BnSn} and {AnTn} have a 

unique common fixed point w in Y.  Further, {An}z = {Bn}z = 

w and {Sn}w ={ Tn }w = z.   

Proof: Let x0 be an arbitrary point in X and we define the 

sequences {xn} in X and {yn} in Y by 

           An x2n-2 = y2n-1,Sny2n-1 = x 2n-1, Bnx2n-1 = y2n; Tny2n = x2n  

                for  n = 1, 2, 3 . . . . . 

Now we have 

d(x2n+1, x2n) = d(SnAnx2n, TnBnx2n-1) 

                     ≤ c1.max{ d(x2n, x2n-1),  d(x2n, SnAn x2n),  

                              d(x2n-1, TnBnx2n-1), e(Anx2n,Bnx2n-1 ),  

                         ,
2

),( 122 nnnn xBTxd
 

2
),( 122 nnnn xxASd

  }                                      

                   = c1. max{ d(x2n, x2n-1), d(x2n, x2n+1), d(x2n-1, x2n),  

                    e(y2n+1,y2n), 
2

),( 22 nn xxd
 ,

2
),( 1212  nn xxd

  }    

                   ≤ c1. max{ d(x2n, x2n-1),  d(x2n, x2n+1), d(x2n-1, x2n),  

                   e(y2n+1,y2n),   0 ,  
2

) x,d(x +) x,d(x 1-2n2n2n12n }                                                      

                   ≤  c1. max{d(x2n-1, x2n), e(y2n+1,y2n)}-------2.4.3) 

Now 

  e(y2n, y2n+1) = e(BnSny2n-1, AnTn y2n) 

                      ≤  c2. max{ e(y2n-1, y2n), e(y2n-1, BnSny2n-1),  

                                               e(y2n, AnTny2n), d(Sny2n-1, Tny2n), 

                        
2

)yTA ,e(y 2nnn1-2n  , 
2

)y ,ySe(B 2n1-2nnn   } 

                      = c2.max{ e(y2n-1, y2n),  e(y2n-1, y2n),  e(y2n, y2n+1),  

                           d(x2n-1, x2n),  
2

)y ,e(y 1+2n1-2n  , 
2

)y ,e(y 2n2n }   

                      = c2.max{ e(y2n-1, y2n),  e(y2n-1, y2n),  e(y2n, y2n+1),  

                      d(x2n-1, x2n), 
2

)y ,e(y+)y ,e(y 1+2n2n2n1-2n  ,0 }   

                      ≤  c2. max{ e(y2n-1, y2n), d(x2n-1, x2n)}------ (2.4.4) 

we have  

  d(x2n, x2n-1) = d(x2n-1, x2n) 

                      = d(SnAnx2n-2, TnBnx2n-1) 

                      ≤ c1. max{ d(x2n-2, x2n-1),  d(x2n-2,SnAnx2n-2),  

                                    d(x2n-1, TnBnx2n-1), e(Anx2n-2, Bnx2n-1),  

                     
2

)xBT ,d(x 1-2nnn2-2n  , 
2

) x,xAd(S 1-2n2-2nnn }   

                       = c1. max{ d(x2n-2, x2n-1),  d(x2n-2, x2n-1),  

                                                 d(x2n-1, x2n), e(y2n-1,y2n),  

                                           
2

)x,d(x 2n2-2n  , 
2

) x,d(x 1-2n1-2n  } 

                       = c1. max{ d(x2n-2, x2n-1),  d(x2n-2, x2n-1),  

                                                     d(x2n-1, x2n), e(y2n-1,y2n),   

                                     
2

) x,d(x +)x,d(x 2n1-2n1-2n2-2n  , 0 } 

                      ≤ c1. max{ d(x2n-2,x2n-1), e(y2n-1,y2n)} -------(2.4.5) 

Now 

   e(y2n,y2n-1) = e(BnSny2n-1, AnTny2n-2) 

                     ≤ c2. max{ e(y2n-1, y2n-2),  e(y2n-1, BnSny2n-1), 

                                   e(y2n-2, AnTny2n-2), d(Sny2n-1, Tny2n-2), 

                
2

)yTA ,e(y 2-2nnn1-2n ,   
2

)y,ySe(B 2-2n1-2nnn }    

                     = c2.max{ e(y2n-1, y2n-2),   e(y2n-1, y2n),  

                                            e(y2n-2, y2n-1), d(x2n-1, x2n-2),   

                                             
2

)y ,e(y 1-2n1-2n ,
2

)y ,e(y 2-2n2n } 

                      ≤ c2.max{ e(y2n-1, y2n-2),  e(y2n-1, y2n),  

                                             e(y2n-2, y2n-1), d(x2n-1, x2n-2),  0 ,  

                                             
2

)y ,e(y +)y ,e(y 2-2n1-2n1-2n2n }                           

                     ≤  c2. max{ e(y2n-1, y2n-2), d(x2n-1, x2n-2)}------2.4.6) 

from inequalities (2.4.3), (2.4.4), (2.4.5)and (2.4.6), we have 

  d(xn+1,xn) ≤ c1 
nc2

n-1. max{ d(x1,x0), e(y1, y2)}  → 0  as n→∞   

Thus {xn} is a Cauchy sequence in (X,d). Since (X,d) is  

complete, {xn} converges to a point z in X. Similarly using 

inequalities (2.4.3), (2.4.4), (2.4.5) and (2.4.6),  we prove {yn} 

is a Cauchy sequence in (Y,e) with the limit w in Y. 

from inequalities (2.4.3) and (2.4.5), we have 

  d(xn+1,xn) ≤ c1(c2)n. max{ d(x1,x0), e(y1, y2)}  → 0  as n→∞   
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Thus {xn} is a Cauchy sequence in (X,d). Since (X,d) is  

complete, {xn} converges to a point z in X. Similarly using 

inequalities (2.4.4) and (2.4.6), we prove {yn} is a Cauchy 

sequence in (Y,e) with the limit w in Y. 

Suppose A is continuous, then  

    
n

lim Anx2n = Anz = 
n

lim y2n+1 = w. 

Now we prove SnAnz = z. 

Suppose SnAnz ≠ z. 

We have 

   d(SnAnz, z) = 
n

lim d(SnAnz, TnBnx2n-1) 

                   ≤  
n

lim c1. max{ d(z, x2n-1),  d(z,SnAnz),  

                           d(x2n-1,TnBn x2n-1), e(Anz, Bnx2n-1),          

                        
2

)xBT d(z, 1-2nnn  , 
2

) x, zAd(S 1-2nnn  } 

                   =  
n

lim c1. max{ d(z, x2n-1),  d(z,SnAnz),  

                                d(x2n-1, x2n), e(Anz, y2n),  
2

) xd(z, 2n  ,  

                                                           
2

) x, zAd(S 1-2nnn   } 

                     =  c1. max{ d(z, x2n-1),   d(z,SnAnz), d(z,z),  

                                     e(w,w),  
2

z) d(z,
, 

2
z) z,Ad(S nn   } 

                     = c1. max{ d(z, x2n-1),  d(z,SnAnz), 0, 0, 0,   

                                                                  
2

z) z,Ad(S nn } 

                     ≤ c1. d(z,SnAnz) 

                     < d(z,SnAnz)   (Since 0 ≤ c1< 1) 

Which is a contradiction. 

Thus SnAnz = z.    

Hence Snw = z.  (Since Anz = w) 

Now we prove BnSnw = w. 

Suppose BnSnw ≠ w. 

We have 

   e(BnSnw, w) = 
n

lim    e(BnSnw , y2n+1) 

                       =  
n

lim e(BnSnw, AnTny2n) 

                       ≤  
n

lim c2 max{ e(w, y2n),  e(w, BnSnw),  

                                       e(y2n, AnTny2n),  d(Snw, Tny2n),   

                                     
2

 ) ATy e(w, 2n  , 
2

)y e(BSw, 2n }    

                       = c2. max{ e(w, y2n),  (w, BnSnw), e(w, w),  

                                           d(z, z), 
2

w)e(w,
, 

2
w)e(BSw,

}  

                       <  e(w, BnSnw)    (Since 0 ≤ c2 < 1) 

Which is a contradiction. 

Thus BnSnw = w. 

Hence Bnz = w.  (Since Snw = z) 

Now we prove TnBnz = z. 

Suppose TnBnz ≠ z. 

  d(z,TBz) = 
n

lim d(x2n+1, TnBnz) 

                  = 
n

lim d(SnAnx2n, TnBnz) 

                  ≤  
n

lim c1. max{ d(x2n,z) , d(x2n,SnAnx2n),  

                                                    d(z, TnBnz), e(Ax2n, Bnz), 

                                               
2
TBz),d(x 2n  , 

2
z) ,d(SAx2n }                   

                  =  c1. max{ d(z, z), d(z, z), d(z, TnBnz),  

                                     e(w, Bnz),
2
TBz) d(z,

,
2

z)d(z,
} 

                  =  c1. max{ 0,0,  d(z, TnBnz), 0, 
2
TBz) d(z,

, 0} 

                 <  d(z, TnBnz)   (Since 0 ≤ c1< 1) 

Which is a contradiction. 

Thus TnBnz = z. 

Hence Tnw = z.   (Since Bnz = w) 

Now we prove AnTnw = w. 

Suppose AnTnw ≠  w. 

  e(w, AnTnw) = 
n

lim e(y2n, AnTnw) 

                     = 
n

lim e(BnSny2n-1, AnTnw) 
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                     ≤ 
n

lim c2. max{ e(y2n-1, w), e(y2n-1, BnSny2n-1),  

                                             e(w, AnTnw),   d(Sny2n-1, Tnw),      

                                
2

w)TA ,e(y nn1-2n , 
2

w),ySe(B 1-2nnn  }                                                                            

                     = c2. max{ e(w, w), e(w, w), e(w, AnTnw),  

                                        d(z,z),
2

w)TAe(w, nn , 
2

w)e(w,
} 

                     =  c2. max{ 0, 0, e(w, AnTnw), 0 ,  

                                                         
2

w)TAe(w, nn , 0} 

                     < e(w, AnTnw)   (Since 0 ≤ c2 < 1) 

Which is a contradiction. 

Thus AnTnw = w. 

The same results hold if one of  the mappings {Bn},{Sn} and 

{Tn} is continuous. 

Uniqueness: Let z′ be another common fixed point of SnAn 

and TnBn in X, w′ be another common fixed point of BnSn and 

AnTn in Y. 

We have d(z, z′) = d(SnAnz, TnBnz′) 

                                 ≤ c1. max{ d(z, z′), d(z, SnAnz),        

                                                   d(z′,TnBnz′), e(Anz,Bnz′), 

                                      
2

)z'BT d(z, nn , 
2

)z' z,Ad(S nn } 

                                 = c1. max{ d(z, z′), d(z, z),  d(z′,z′),  

                                                e(w,w′),
2

)z' d(z,
,

2
)z' d(z,

} 

                                = c1. max{ d(z, z′), d(z, z),  d(z′, z′),  

                                                                  e(w,w′),
2

)z' d(z,
} 

                               = c1. max{ d(z, z′), 0, 0, e(w,w′), 
2

)z' d(z,
} 

                                < e(w, w′)  (Since c1< 1) 

             e(w, w′) = e(BnSnw, AnTnw′) 

                             ≤  c2.max{ e(w, w′), e(w, BnSnw),   

                                             e(w′,AnTnw′), d(Snw,Tnw′), 

                                   
2

)w'TA e(w, nn , 
2

) w'w,Se(B nn } 

                             = c2. max{ e(w, w′), e(w,w), e(w′, w′),  

                                           d(z, z′), 
2

) w'e(w,
,

2
) w'e(w,

} 

                             = c2. max{ e(w, w′), 0, 0, d(z, z′),
2

) w'e(w,
} 

                             < d(z, z′) 

Hence d(z, z′) < e(w, w′) < d(z, z′) 

Which is a contradiction. 

Thus z = z′. 

So the point z is the unique common fixed point of {SnAn} 

and {TnBn}. Similarly we prove w is a unique common fixed 

point of {BnSn} and {AnTn}. 

Remark :2.5 : If we put Ai = A, B j = B, Sp = S and Tq = T in 

the above theorem 2.4, we get the following corollary. 

Corollory 2.6: Let (X, d) and (Y, e) be complete metric spaces.  

Let A, B be mappings of X into Y and S , T be mappings of Y 

into X satisfying the inequalities. 

d(SAx, TBx′) ≤ c1. max{ d(x, x′), d(x,SAx), d(x′,TBx′),      

                                  e(Ax,Bx′), 
2

)',( TBxxd
2

)',( xSAxd
} 

e(BSy, ATy′) ≤ c2. max{ e(y, y′), e(y,BSy), e(y′,ATy′),  

                               d(Sy,Ty′),  
2

)',( ATyye
,

2
)',( yBSye

 } 

for all x, x′ in X and y,y′ in Y where 0 ≤ c1< 1 and 0 ≤ c2 < 1. 

If one of the mappings  A, B, S and T is continuous , then SA 

and TB have a  unique common fixed point z in X and BS and 

AT have a unique common fixed point w in Y.  Further, Az = 

Bz = w and Sw = Tw = z.   

Theorem2.7:Let (X, d) and (Y, e) be complete metric spaces.  

Let {An}, {Bn} (n  ) be sequence of  mappings of X into 

Y and {Sn} , {Tn}, (n  ) be sequence of mappings of Y 

into X satisfying the inequalities. 

d(SpAix, TqBjx′) ≤ c1. max{d(x,x′), d(x, SpAix), e(Aix,Bjx′),   

                                              d(x,TqBjx′)/2, d(SpAix,x′)/2, 

                             d(x, SpAix).d(x′,TqBjx′)/ d(x,x′)}----- (2.7.1) 

e(BjSpy, AiTqy′) ≤ c2. max{ e(y,y′), e(y,BjSpy), d(Spy,Tqy′),  

                                                 e(y, AiTqy′)/2, e(BjSpy ,y′)/2  

                           e(y,BjSpy).e(y′,AiTqy′) / e(y,y′)}------ (2.7.2) 



International Journal of Mathematics Trends and Technology – Volume 13 Number 1 – Sep 2014 

ISSN: 2231-5373                   http://www.ijmttjournal.org Page 25 
 

for all i j p q, x, x′ in X and y,y′ in Y where 0 ≤ c1< 1 

and 0 ≤ c2 < 1. If one of the mappings  {An},{Bn}, {Sn} and 

{Tn} is continuous , then {SnAn} and {TnBn} have a  common 

fixed point z in X and {BnSn} and {AnTn} have a common 

fixed point w in Y.  Further, {An}z = {Bn}z = w and {Sn}w 

={ Tn }w = z.   

Proof: Let x0 be an arbitrary point in X and we define the 

sequences {xn} in X and {yn} in Y by 

           An x2n-2 = y2n-1, Sny2n-1 = x 2n-1, Bnx2n-1 = y2n; Tny2n = x2n  

                for  n = 1, 2, 3 . . . . . 

Now we have 

d(x2n+1, x2n) = d(SnAnx2n, TnBnx2n-1) 

                      ≤ c1.max{ d(x2n, x2n-1), d(x2n,SnAnx2n),  

                            e(Anx2n,Bnx2n-1 ), d(x2n, TnBnx2n-1)/2, 

                                                               d(SnAnx2n ,x2n-1)/2,  

                         d(x2n,SnAnx2n). d(x2n-1, TnBnx2n-1)/ d(x2n, x2n-1)}                                                                                                                                         

                    = c1. max{ d(x2n, x2n-1),  d(x2n, x2n+1), e(y2n+1,y2n),  

                                                   d(x2n, x2n)/2, d(x2n-1, x2n+1)/2,  

                                    d(x2n, x2n+1), d(x2n-1, x2n)/ d(x2n, x2n-1)}    

                    = c1. max{d(x2n, x2n-1), d(x2n, x2n+1), e(y2n+1,y2n) ,0,  

                                [d(x2n-1, x2n )+ d(x2n, x2n+1)]/2,  d(x2n, x2n+1)}            

                    ≤  c1. max{d(x2n-1, x2n), e(y2n+1,y2n)} )}----- (2.7.3) 

Now 

  e(y2n, y2n+1) = e(BnSny2n-1, AnTny2n) 

                     ≤  c2. max{ e(y2n-1, y2n), e(y2n-1, BnSny2n-1),  

                                   d(Sny2n-1, Tny2n), e(y2n-1, AnT ny2n)/2, 

                                                                e(BnSny2n-1, y2n)/2,  

                    e(y2n-1, BnSny2n-1).e(y2n, AnTny2n)/ e(y2n-1, y2n)} 

                     = c2.max{ e(y2n-1, y2n), e(y2n-1, y2n), d(x2n-1, x2n),  

                                           e(y2n-1, y2n+1) / 2, e(y2n, y2n) / 2, 

                                         e(y2n-1, y2n).e(y2n, y2n+1) / e(y2n-1, y2n) }  

                     ≤  c2. max{ e(y2n-1, y2n), d(x2n-1, x2n)}------ (2.7.4) 

Similarly, 

   d(x2n, x2n-1)     ≤ c1. max{ d(x2n-2,x2n-1), e(y2n-1,y2n)} ----(2.7.5) 

   e(y2n,y2n-1)     ≤  c2. max{ e(y2n-1, y2n-2), d(x2n-1, x2n-2)}---2.7.6) 

from inequalities (2.7.3), (2.7.4), (2.7.5)and (2.7.6), we have 

  d(xn+1,xn) ≤ c1 
nc2

n-1. max{ d(x1,x0), e(y1, y2)}  → 0  as n→∞   

Thus {xn} is a Cauchy sequence in (X,d). Since (X,d) is  

complete, {xn} converges to a point z in X. Similarly using 

inequalities (2.7.3), (2.7.4), (2.7.5)and (2.7.6),  we prove {yn} 

is a Cauchy sequence in (Y,e) with the limit w in Y. 

Suppose {An}  is continuous, then  

    
n

lim Anx2n = Anz = 
n

lim y2n+1 = w. 

Now we prove SnAnz = z. . 

Suppose SnAnz ≠ z. 

We have 

   d(SnAnz, z) = 
n

lim d(SnAnz, TnBnx2n-1) 

                     ≤  
n

lim c1. max{ d(z, x2n-1), d(z, SnAnz), 

                                e(Anz, Bnx2n-1), d(z, TnBnx2n-1) / 2, 

                                                                d(SnAnz , x2n-1) / 2, 

                               d(z, SnAnz).d(x2n-1,TnBn x2n-1) / d(z, x2n-1)} 

                     ≤  
n

lim c1. max{ d(z, x2n-1), d(z,SnAnz),  

                         e(Anz, y2n), d(z, x2n) / 2 d(SnAnz , x2n-1) / 2, 

                                      d(z, SnAnz).d(x2n-1, x2n) / d(z, x2n-1)}                      

                     =  c1. max{ d(z,z), d(z, SnAnz), e(w,w), d(z,z)/2,  

                               d(SnAnz ,z) / 2, d(z, z).d(SnAnz, z) / d(z, z)} 

                     ≤ c1. d(z, SnAnz) 

                     < d(z, SnAnz)   (Since 0 ≤ c1< 1) 

Which is a contradiction. 

Thus SnAnz = z.    

HenceSnw = z.  (Since Anz = w) 

Now we prove BnSnw = w. 

Suppose BnSnw ≠ w. 

We have 

   e(BnSnw, w) = 
n

lim    e(BnSnw , y2n+1) 

                       =  
n

lim e(BnSnw, AnTny2n) 

                     ≤  
n

lim c2 max{ e(w, y2n), e(w, BnSnw),  

                    d(Snw, Tny2n), e(w, AnTny2n )/ 2, e(BnSnw, y2n) /2, 

                                 e(w, BnSnw). e(y2n, AnTny2n) / e(w, y2n)}    

                     <  e(w, BnSnw)    (Since 0 ≤ c2 < 1) 

Which is a contradiction. 



International Journal of Mathematics Trends and Technology – Volume 13 Number 1 – Sep 2014 

ISSN: 2231-5373                   http://www.ijmttjournal.org Page 26 
 

Thus BnSnw = w. 

Hence Bnz = w.  (Since Snw = z) 

Now we prove TnBnz = z. 

Suppose TnBnz ≠ z. 

  d(z, TnBnz) = 
n

lim d(x2n+1, TnBnz) 

                     = 
n

lim d(SnAnx2n, TnBnz) 

                     ≤  
n

lim c1. max{ d(x2n ,z), d(x2n, SnAnx2n), e(Anx2n, 

Bnz), d(x2n, TnBnz) / 2,  

                                                                                              

d(SAx2n, z) / 2, d(x2n, SnAnx2n).d(z, TnBnz) / d(x2n ,z)}                    

                    <  d(z, TnBnz)   (Since 0 ≤ c1< 1) 

Which is a contradiction. 

Thus TnBnz = z. 

Hence Tnw = z.   (Since Bnz = w) 

Now we prove AnTnw = w. 

Suppose AnTnw ≠  w. 

  e(w, AnTnw) = 
n

lim e(y2n, AnTnw) 

                      = 
n

lim e(BnSny2n-1, AnTnw) 

                      ≤ 
n

lim c2. max{e(y2n-1, w),e(y2n-1, BnSny2n-1),  

               d(Sny2n-1, Tnw), e(y2n-1, AnTn w) / 2, e(BnSny2n-1,w) / 2, 

                               e(y2n-1, BnSny2n-1).e(w, AnTnw) / e(y2n-1, w)}                                                                            

                     < e(w, AnTnw)   (Since 0 ≤ c2 < 1) 

Which is a contradiction. 

Thus AnTnw = w. 

The same results hold if one of  the mappings {Bn},{Sn} and 

{Tn} is continuous. 

So the point z is the common fixed point of {SnAn} and 

{TnBn}. Similarly we prove w is a common fixed point of 

{BnSn} and {AnTn}. 

Uniqueness: Let z′ be another common fixed point of {SnAn} 

and {TnBn} in X, w′ be another common fixed point of {BnSn} 

and {AnTn} in Y. 

We have d(z, z′) = d(SnAnz, TnBnz′) 

                            ≤ c1. max{ d(z, z′), d(z, SnAnz),  e(Anz,Bnz′),  

                                              d(z, TnBnz′)/2, d( SnAnz, z′) / 2,  

                                             d(z, SnAnz). d(z′,TnBnz′) / d(z, z′) } 

                            = c1. max{ d(z, z′), d(z, z), e(w,w′), d(z, z′)/2, 

                                             d(z, z′)/2, d(z, z).d(z′,z′) / d(z, z′) } 

                             <  e(w, w′) 

             e(w, w′) = e(BnSnw, AnTnw′) 

                         ≤  c2.max{ e(w, w′), e(w, BnSnw), d(Snw,Tnw′),  

                                         e(w, AnTnw′)/2,  e( BnSnw, w′) /2,   

                                        e(w, BnSnw).e(w′,AnTnw′) / e(w, w′) } 

                            < d(z, z′) 

Hence d(z, z′) < e(w, w′) < d(z, z′) 

Which is a contradiction. 

Thus z = z′. 

So the point z is the unique common fixed point of {SnAn} 

and {TnBn}. Similarly we prove w is a unique common fixed 

point of {BnSn} and {AnTn}. 

Remark :2.8 : If we put Ai = A, B j = B, Sp = S and Tq = T  in 

the above theorem 2.7, we get the following corollary. 

Corollory 2.9: Let (X, d) and (Y, e) be complete metric spaces.  

Let A, B be mappings of X into Y and S , T be mappings of Y 

into X satisfying the inequalities. 

d(SAx, TBx′) ≤ c1. max{d(x,x′), d(x, SAx), e(Ax,Bx′), 

d(x,TBx′)/2, d(SAx,x′)/2, d(x, SAx).d(x′,TBx′)/ d(x,x′)} 

e(BSy, ATy′) ≤ c2. max{ e(y,y′), e(y,BSy), d(Sy,Ty′), e(y, 

ATy′)/2, e(BSy ,y′)/2, e(y,BSy).e(y′,ATy′) / e(y,y′)}                                                                                               

for all x, x′ in X and y,y′ in Y where 0 ≤ c1< 1 and 0 ≤ c2 < 1. 

If one of the mappings  A, B, S and T is continuous , then SA 

and TB have a  unique common fixed point z in X and BS and 

AT have a unique common fixed point w in Y.  Further, Az = 

Bz = w and Sw = Tw = z.  

Theorem 2.10: Let (X, d) and (Y, e) be complete metric 

spaces.  Let {An}, {Bn} (n  ) be sequence of  mappings of 

X into Y and {Sn} , {Tn},  (n  ) be sequence of mappings 

of Y into X satisfying the inequalities. 

 

d(SpAix, TqBjx′) ≤ c1. max{d(x,x′), d(x, SpAix), e(Aix,Bjx′),  

                                           [d(x,TqBjx′)+ d(SpAix,x′)]/2, 

                            d(x, SpAix).d(x′,TqBjx′)/ d(x,x′)}----- (2.10.1) 

e(BjSpy, AiTqy′) ≤ c2. max{ e(y,y′), e(y,BjSpy),      
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                              d(Spy,Tqy′),[ e(y, AiTqy′)+ e(BjSpy ,y′)]/2  

                              e(y,BjSpy).e(y′,AiTqy′) / e(y,y′)}----- (2.10.2) 

for all i j p q, x, x′ in X and y,y′ in Y where 0 ≤ c1< 1 

and 0 ≤ c2 < 1. If one of the mappings  {An},{Bn}, {Sn} and 

{Tn} is continuous , then {SnAn} and {TnBn} have a  common 

fixed point z in X and {BnSn} and {AnTn} have a common 

fixed point w in Y.  Further, {An}z = {Bn}z = w and {Sn}w 

={ Tn }w = z.   

Proof: Let x0 be an arbitrary point in X and we define the 

sequences {xn} in X and {yn} in Y by 

           An x2n-2 = y2n-1,Sny2n-1 = x 2n-1, Bnx2n-1 = y2n; Tny2n = x2n  

                for  n = 1, 2, 3 . . . . . 

Now we have 

d(x2n+1, x2n) = d(SnAnx2n, TnBnx2n-1) 

                      ≤ c1.max{ d(x2n, x2n-1), d(x2n,SnAnx2n), 

e(Anx2n,Bnx2n-1 ), [d(x2n, TnBnx2n-1)+ d(SnAnx2n ,x2n-1)]/2, 

d(x2n,SnAnx2n). d(x2n-1, TnBnx2n-1)/ d(x2n, x2n-1)}                                                                                                                                          

                    = c1. max{ d(x2n, x2n-1),  d(x2n, x2n+1), e(y2n+1,y2n),    

                                                    [d(x2n, x2n)+ d(x2n-1, x2n+1)] / 2, 

                                     d(x2n, x2n+1), d(x2n-1, x2n)/ d(x2n, x2n-1)}    

                    = c1. max{d(x2n, x2n-1), d(x2n, x2n+1), e(y2n+1,y2n) ,  

                          [d(x2n-1, x2n )+ d(x2n, x2n+1)]/2,  d(x2n, x2n+1)}     

                     ≤  c1. max{d(x2n-1, x2n), e(y2n+1,y2n)}------- (2.10.3) 

Now 

  e(y2n, y2n+1) = e(BnSny2n-1, AnTny2n) 

                     ≤  c2. max{ e(y2n-1, y2n), e(y2n-1, BnSny2n-1),   

                                                           d(Sny2n-1, Tny2n),  

                                 [e(y2n-1, AnT ny2n)+ e(BnSny2n-1, y2n)]/2, 

                      e(y2n-1, BnSny2n-1).e(y2n, AnTny2n)/ e(y2n-1, y2n)} 

                     = c2.max{e(y2n-1, y2n), e(y2n-1, y2n), d(x2n-1, x2n),      

                                            [e(y2n-1, y2n+1)+ e(y2n, y2n)] / 2,  

                                      e(y2n-1, y2n).e(y2n, y2n+1) / e(y2n-1, y2n) }  

                     ≤  c2. max{ e(y2n-1, y2n), d(x2n-1, x2n)}-----(2.10.4) 

Similarly, 

   d(x2n, x2n-1)   ≤ c1. max{ d(x2n-2,x2n-1), e(y2n-1,y2n)} ---(2.10.5) 

   e(y2n,y2n-1)   ≤ c2.max{ e(y2n-1, y2n-2), d(x2n-1, x2n-2)}---(2.10.6) 

from inequalities (2.10.3), (2.10.4), (2.10.5)and (2.10.6), we 

have 

  d(xn+1,xn) ≤ c1 
nc2

n-1. max{ d(x1,x0), e(y1, y2)}  → 0  as n→∞   

Thus {xn} is a Cauchy sequence in (X,d). Since (X,d) is  

complete, {xn} converges to a point z in X. Similarly using 

inequalities (2.10.3), (2.10.4), (2.10.5)and (2.1.6),  we prove 

{yn} is a Cauchy sequence in (Y,e) with the limit w in Y. 

Suppose {An}  is continuous, then  

    
n

lim Anx2n = Anz = 
n

lim y2n+1 = w. 

Now we prove SnAnz = z.  

Suppose SnAnz ≠ z. 

We have 

   d(SnAnz, z) = 
n

lim d(SnAnz, TnBnx2n-1) 

            ≤  
n

lim c1. max{ d(z, x2n-1), d(z, SnAnz), e(Anz, Bnx2n-1), 

                                  [d(z, TnBnx2n-1) + d(SnAnz , x2n-1) ]/ 2, 

                               d(z, SnAnz).d(x2n-1,TnBn x2n-1) / d(z, x2n-1)} 

                  ≤  
n

lim c1. max{d(z, x2n-1), d(z,SnAnz), e(Anz, y2n),  

                                               [d(z, x2n)+d(SnAnz , x2n-1)] / 2,  

                                         d(z, SnAnz).d(x2n-1, x2n) / d(z, x2n-1)}    

                  =  c1. max{ d(z,z), d(z, SnAnz), e(w,w),  

                  [d(z,z)+d(SnAnz ,z)] / 2, d(z, z).d(SnAnz, z) / d(z, z)} 

                   ≤ c1. d(z, SnAnz) 

                   < d(z, SnAnz)   (Since 0 ≤ c1< 1) 

Which is a contradiction. 

Thus SnAnz = z.    

Hence Snw = z.  (Since Anz = w) 

Now we prove BnSnw = w. 

Suppose BnSnw ≠ w. 

We have 

   e(BnSnw, w) = 
n

lim  e(BnSnw , y2n+1) 

                       =  
n

lim e(BnSnw, AnTny2n) 

             ≤  
n

lim c2 max{ e(w, y2n), e(w, BnSnw), d(Snw, Tny2n),  

                              [e(w, AnTny2n )+ e(BnSnw, y2n)] /2 , 

                                  e(w, BnSnw). e(y2n, AnTny2n) / e(w, y2n)}    

                       <  e(w, BnSnw)    (Since 0 ≤ c2 < 1) 

Which is a contradiction. 
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Thus BnSnw = w. 

Hence Bnz = w.  (Since Snw = z) 

Now we prove TnBnz = z. 

Suppose TnBnz ≠ z. 

  d(z, TnBnz) = 
n

lim d(x2n+1, TnBnz) 

                     = 
n

lim d(SnAnx2n, TnBnz) 

                     ≤  
n

lim c1. max{ d(x2n ,z), d(x2n, SnAnx2n),  

                     e(Anx2n, Bnz), [d(x2n, TnBnz)+d(SAx2n, z)] / 2,  

d(x2n, SnAnx2n).d(z, TnBnz) / d(x2n ,z)}                    

                    <  d(z, TnBnz)   (Since 0 ≤ c1< 1) 

Which is a contradiction. 

Thus TnBnz = z. 

Hence Tnw = z.   (Since Bnz = w) 

Now we prove AnTnw = w. 

Suppose AnTnw ≠  w. 

  e(w, AnTnw) = 
n

lim e(y2n, AnTnw) 

                       = 
n

lim e(BnSny2n-1, AnTnw) 

                       ≤ 
n

lim c2. max{e(y2n-1, w),e(y2n-1, BnSny2n-1), 

d(Sny2n-1, Tnw),  [e(y2n-1, AnTn w)+ e(BnSny2n-1,w)] / 2, 

                      e(y2n-1, BnSny2n-1).e(w, AnTnw) / e(y2n-1, w)}                                                                            

                     < e(w, AnTnw)   (Since 0 ≤ c2 < 1) 

Which is a contradiction. 

Thus AnTnw = w. 

The same results hold if one of  the mappings {Bn},{Sn} and 

{Tn} is continuous. 

So the point z is the common fixed point of {SnAn} and 

{TnBn}. Similarly we prove w is a common fixed point of 

{BnSn} and {AnTn}. 

Uniqueness: Let z′ be another common fixed point of {SnAn} 

and {TnBn} in X, w′ be another common fixed point of {BnSn} 

and {AnTn} in Y. 

We have d(z, z′) = d(SnAnz, TnBnz′) 

                           ≤ c1. max{ d(z, z′), d(z, SnAnz), e(Anz,Bnz′),        

                                            [d(z, TnBnz′)+d ( SnAnz, z′)] / 2,  

                                              d(z, SnAnz). d(z′,TnBnz′) / d(z, z′) } 

                       = c1. max{ d(z, z′), d(z, z), e(w,w′), [d(z, z′)+ 

                                      d(z, z′)] / 2,  d(z, z).d(z′,z′) / d(z, z′) } 

                                 <  e(w, w′) 

             e(w, w′) = e(BnSnw, AnTnw′) 

                            ≤  c2.max{ e(w, w′), e(w, BnSnw),  

                       d(Snw,Tnw′), [e(w, AnTnw′)+ e( BnSnw, w′)] /2, 

                                    e(w, BnSnw).e(w′,AnTnw′) / e(w, w′) } 

                           < d(z, z′)      

Hence d(z, z′) < e(w, w′) <  d(z, z′) 

Which is a contradiction. 

Thus z = z′. 

So the point z is the unique common fixed point of {SnAn} 

and {TnBn}. Similarly we prove w is a unique common fixed 

point of {BnSn} and {AnTn}. 

Remark :2.11 : If we put Ai = A, B j = B, Sp = S and Tq = T in 

the above theorem 2.10, we get the following corollary.  

Corollory 2.12: Let (X, d) and (Y, e) be complete metric 

spaces.  Let A, B be mappings of X into Y and S , T be 

mappings of Y into X satisfying the inequalities. 

d(SAx, TBx′) ≤ c1. max{d(x,x′), d(x, SAx), e(Ax,Bx′),   

                                                      [d(x,TBx′)+ d(SAx,x′)]/2,   

                                                     d(x, SAx).d(x′,TBx′)/ d(x,x′)}                                                                                               

e(BSy, ATy′) ≤ c2. max{ e(y,y′), e(y,BSy), d(Sy,Ty′), 

                                                 [ e(y, ATy′)+ e(BSy ,y′)]/2,  

                                              e(y,BSy).e(y′,ATy′) / e(y,y′)}      

for all x, x′ in X and y,y′ in Y where 0 ≤ c1< 1 and 0 ≤ c2 < 1. 

If one of the mappings  A, B, S and T is continuous , then SA 

and TB have a  unique common fixed point z in X and BS and 

AT have a unique common fixed point w in Y.  Further, Az = 

Bz = w and Sw = Tw = z.  
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