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Abstract ـــــ In [25],  we introduce the notion of r-fuzzy neighborhood filters in smooth topological spaces in sense of Gähler [10], 
and used it to define and study separation axioms 푻풊, 풊 = ퟎ,ퟏ,ퟐ. Here we continue our study of the axioms of separation in smooth 
topological spaces. Therefore, we introduce the notion of r-fuzzy neighborhood filter at a set. Then by using this notion we define 
and study separation axioms 푻풊, 풊 = ퟑ,ퟒ. These axioms are related only to usual points and ordinary subsets and reduce to axioms 
defined in [5], if 흉:	푰푿 → {ퟎ,ퟏ}. So the current separation axioms are generalization of the old one. In addition, we show  푻풊-space 
not necessarily be a  푻풊 ퟏ-space for i=3,4. We give a condition for which, 푻풊-space is a 푻풊 ퟏ-space for i=3,4. Finally, these axioms 
are good extension from the point of view of Aygün et al. [2].  
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I. INTRODUCTION 

    The concept of fuzzy topology was first defined by Chang [6], as a family of fuzzy sets which contains 0, 1 and closed 
under arbitrary union and finite intersection, and later re-defined in a somewhat different way by Lowen [19] and by Hutton 
[16]. In all these definitions, a fuzzy topology is a crisp subfamily of some family of fuzzy sets and fuzziness in the concept 
of openness of a fuzzy set has not been considered, which seems to be a drawback in the process of fuzzification of the 
concept of topological spaces. Therefore, a new definition of fuzzy topology introduced by Badard [3] under the name 
‘smooth topology’. After that, several authors [7, 8, 21] have re-introduced the same definition and studied smooth 
topological spaces. Separation axioms are one of the important notions which are defined and studied in smooth topological 
spaces by several authors and many ways (c.f [1, 9, 17, 23, 27]). A notion related to usual points, called r-fuzzy 
neighborhood filter at a point, is used to define these axioms. 
 
   The notion of fuzzy filter has been introduced by Eklund and Gähler [10]. By means of an extension of this notion of 
fuzzy filter, a point-based approach to fuzzy topology related to usual points has been developed by Gähler [12, 13]. In this 
approach several notions are related to usual points, between these notions the notion of fuzzy neighbourhood filter which is 
defined by means of the notion of interior of a fuzzy set. For each fuzzy topological space, the mapping which assigns to each 
point x  the fuzzy neighborhood filter at x  can be considered itself as the fuzzy topology. Gähler [14] and [15] defined 
separation axioms for the convergence space using convergence of an L-filter M to a crisp point x, where L be a completely 
distributive complete lattice with different least and last elements 0 and 1, respectively. Bayoumi and Ibedou [4, 5] 
introduced and studied separation axioms in L -topological space. These axioms are equivalent to Gähler axioms [14, 15] in 
the special case of a fuzzy topology. This specialization obtained in replacing the convergence xM by )(xNM  where 

)(xN is the fuzzy neighborhood filter at x . In [24], we generalized separation axioms given in [4, 5] to L -bitopological 
spaces. 
 
    Recently [25], we introduce the notion of r-fuzzy neighborhood filters in smooth topological spaces, which is a 
generalization of fuzzy neighborhood filters of Gähler in fuzzy topological spaces, and used it to define and study separation 
axioms 푇 , 푖 = 0,1,2 in smooth topological spaces. We show these axioms reduce to axioms defined in [4], if 휏:	퐼 → {0,1}. 
So these separation axioms are generalization of the old one. In this paper, we define r-fuzzy neighborhood filter at a set, and 
using it to define separation axioms 푇  and 푇  as a complement to the our study of the separation axioms that introduced in 
[25]. These axioms are related only to usual points and ordinary subsets. If 휏:	퐼 → {0,1}, these axioms lead to the axioms 
defined in [5]. Moreover, when 휏:	2 → {0,1}, these axioms are the ordinary once. These separation axioms are good 
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extension in sense of Aygün et al. [2], this means the smooth topological space ))(,( TwX  is a 푇  if and only if the 
underlying topological space (푋,푇) is a 푇 , 푖 = 3,4. Furthermore, we show that the initial smooth topological space of a 
family of 푇 -spaces, 푖 = 3,4, is also a 푇 -space. Finally, we found the implication between these axioms not goes well. That 
is mean, in general not each 푇 -space is a 푇 -space for 푖 = 3,4.	We give a condition for which, 푇 -space is a 푇 -space 
for 푖 = 3,4. 

II. PRELIMINARIES 
 

  Throughout this paper, let 퐼 = [0,1], 퐼 = (0,1] and 퐼 = [0,1). A fuzzy set 휇 on a set 푋 is a mapping 휇:푋 → 퐼 of 푋 
into I. Denote by 퐼  and	푃(푋) for the set of all fuzzy sets and all ordinary subsets of 	푋, respectively. For each fuzzy set 
휆 ∈ 퐼 , sup 휆 = ⋁ 휆(푥)∈  and inf휆 = ⋀ 휆(푥).∈  For each 푥 ∈ 푋 and 푡 ∈ 퐼 , the fuzzy set 푥  of X whose value t at x 
and 0 otherwise is called the fuzzy point in X. For each 훼 ∈ 퐼, the constant fuzzy set of X with value 훼 will denoted by 훼. 
For each fuzzy set 휇 ∈ 퐼 , the strong 훼-cut and weak 훼-cut of 휇 are the subsets 푆 휇 = {푥 ∈ 푋 ∣ 	휇(푥) > 훼}and 휔 휇 =
{푥 ∈ 푋 ∣ 	휇(푥) ≥ 훼} of X, respectively. For any subset U of X, the characteristic function of U, denoted by 1  is a mapping 
1 :푋 → {0,1} defined by 1 (푥) = 1 if 푥 ∈ 푈 and 0 if 푥 ∉ 푈. 
 
Definition 2.1 [3, 9, 21] A smooth topology on 푋 is a mapping 휏: 퐼 → 퐼 which satisfies the following properties:  

1. 휏(0) = 	휏(1) = 1, 
2. 휏(휇 ⋀휇 ) ≥ 휏(휇 )	⋀	휏(휇 ),∀	휇 ,휇 ∈ 퐼 ,  
3. 휏(⋁ 휇∈ ) ≥ ⋀ 휏(휇 ),∈  for any {휇 : 푖 ∈ 퐽} ⊆ 퐼 . 

 
   The pair ),( X  is called a smooth topological space. For 0Ir ,   is an r-open fuzzy set of X  if r)( , and 휇 
is an r-closed fuzzy set of X  if              .      

 
   Subsequently, the fuzzy closure for any fuzzy set in smooth topological space is given as follows: 

 
Definition 2.2 [8] Let ),( X  be a smooth topological space. For XI  and 0Ir , a fuzzy closure of   is a mapping 

XX IIIC  0:  defined as  

 }.)1(,|{=),( rIrC X    (1) 

 And, a fuzzy interior of   is a mapping XX IIII  0:  define as  

 }.)(,|{=),( rIrI X    (2) 
  
Definition 2.3 [21] A mapping ),(),(: * YXf   from a smooth topological space ),( X  to another one ),( *Y  is 
said to be:   
  1.  fuzzy continuous (F-continuous, for short) if and only if )())(( *1  f  for each YI .  
  2.  fuzzy closed if and only if )1())1((*  f  for each XI .  

  
Definition 2.4 [21] Let ),( X  be a smooth topological space. Then for each I , the family })(|{=   XI  
is a Change fuzzy topology on X  with respect to  .  

 
Definition 2.5 [22] Let ),( TX  be a topological space and define IIT X :)(  by 

},1](:{=))(( 1
1 TIT    . Clearly, T ,1](1   if 0>))((  T .  

 
Theorem 2.1 [22] Let T  and )(T  be as above. Then )(T  is a smooth topology and 1=))((  T  iff TS  .  

 
   This provides a ‘goodness of extension’ criterion for smooth topological properties. Recall that a fuzzy extension of a 
topological property of ),( TX  is said to be good when it is possessed by )(T  if and only if the original property is 
possessed by T . 

r )1( 
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   Next, definition of initial smooth topological space. This definition depended on the notions of fuzzy basis and the 
smooth topology generated from that fuzzy basis, for more details see [18, 20]. 

 
Definition 2.6 [18] Let iiiX )},{(   be a family of smooth topological spaces, X  a set and ii XXf :  a function, for 
each i . The initial smooth topology   on X  with respect to )),,(,,( iii XfX   is the coarsest smooth topology on 
X  for which all if , i , are F-continuous.  

 
   Recall now the definition of fuzzy filter and some basic definitions related with fuzzy filters, which need it in the sequel of 
the paper.  
Definition 2.7 [10, 12] Let X  be a non-empty set. A fuzzy filter on X  is a mapping LLX :M  such that the following 
conditions are fulfilled:   
    1.   )(M  holds for all L  and 1=)1(M ,  
    2.  )()(=)(  MMM   for all XL, .  

 
   A fuzzy filter M  is called homogeneous if  =)(M  for all L . If M  and N  are fuzzy filters on X , M  is 

called to be finer than N , denoted by NM , provided )()(  NM   holds for all XL . By  M ≰ N we mean that M  
is not finer than N . Since L  is a complete chain, then  
 

                                  M	≰ N ⇔ there is 휆	 ∈ 퐿  such that M(휆)< N(휆).                    (3)   
 
Proposition 2.1 [12] Let A  be a set of fuzzy filters on X . Then the following are equivalent:   
   1.  The infimum M

M A
  of A  with respect to the finer relation of fuzzy filter exists.  

   2.  For each non-empty finite subset },...,,{ 21 nMMM  of A  we have  )(...)()( 2211 nn  MMM  sup 

)...( 21 n   for all X
n L ,...,, 21 .  

  
Definition 2.8 [13] For each fuzzy topological space ),( X  and each Xx  the mapping LLx X :)(N  defined by 

)(int=))(( xx  N  for all XL , is a fuzzy filter on X , called the fuzzy neighborhood filter of the space ),( X  at x , 
where int  is the interior of a fuzzy set  .  

  For each Xx , the mapping LLx X :  defined by )(=)( xx   for all XL  is a homogeneous fuzzy filter on X. 
 

Proposition 2.2 [11, 12] x
Xx



  is the coarsest homogeneous fuzzy filter on X . For each XL  we have 

 infx
Xx

=))(( 

 .  

 
Definition 2.9 [5] A fuzzy topological space ),( X  is called:   
    1.  regular space if )()( Fx NN   does not exist for all Xx , XF   with Fx  and FFcl = . A fuzzy 
topological space ),( X  is called a 3T -space if it is a regular space and 1T -space.  

    2.  normal space if for all XFF 21,  such that 11 = FFcl , 22 = FFcl  and  =21 FF , we have )()( 21 FF NN   
does not exist. A fuzzy topological space ),( X  is called a 4T -space if it is normal and 1T -space.  

  
Definition 2.10 [25] Let ),( X  be a smooth topological space, for all Xx  and 0Ir , the mapping 

IIIx X  0:)(N  defined by  
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 )(=))(,(=),)((
)(,

xxrIrx
r






N  (4) 

 for all XI  is a fuzzy filter on X , called the r -fuzzy neighborhood filter of the space ),( X  at x .  
 

Remark 2.1  For simply we write ))((  xrN  for ),)(( rx N , for each XI  and 0Ir .  
    The r -fuzzy neighborhood filters fulfill the following conditions:   
    1.  )(xx r

N  hold for all Xx  and 0Ir .  

    2.  ))((=)),()((   xrIx rr NN  for all Xx , 0Ir  and XI .  
 

   It is worth noting that in Definition 2.8 there is a one-to-one correspondence between the fuzzy topologies   and the 
mapping )(xx N  of X  into the set of all fuzzy filters on X , this correspondence is given by )(=))(( xintx  N . 
But in our definition of r -fuzzy neighborhood filter we have, for each Xx  there are infinite neighborhood filters 
correspondence it since 0Ir , and when 1=r  we return to fuzzy neighborhood filter in Definition 2.8. So, r -fuzzy 
neighborhood filter is a generalization of fuzzy neighborhood filter. 

 
Definition 2.11 [25] Let ),( X  be a smooth topological space and let )(xr

N  be the r -fuzzy neighborhood filter of 

),( X  at Xx . Then for each XI , the fuzzy closure ))(,( xrC   of   with respect to   is defined by  
 

 .forall)(=))(,(
))((

XxxrC
xr



 



 M
NM

 (5) 

  
     Next, the fuzzy closure for any fuzzy filters in smooth topological spaces is given as follows: 
 
Definition 2.12 [25] For each smooth topological space ),( X , the fuzzy closure operator of   is the mapping C  

which assigns to each fuzzy filter ),( rC M , where  
 )(=))(,(

),(




 MM



rC

rC  (6) 

 ),( rC M  is called the fuzzy closure of M  at the degree r , 0Ir . C  is isotone and is hull operator, that is for all fuzzy 
filters M  and N  on X , we have  

 ),(),( rCrCimplies NMNM    (7) 
 and moreover C  fulfills that ),( rC MM   for all 0Ir . 
  
Definition 2.13 [25] A smooth topological space ),( X  is called:   
    1.  a 0T -space if for all Xyx ,  with yx  , there exists 0Ir  such that 푥̇ ≰ N (y) or 푦̇ ≰ N (x).  
    2.  a 1T -space if for all Xyx ,  with yx  , there exist 0, Isr   such that 푥̇ ≰ N (y) and 푦̇ ≰ N (x). 
    3.  a 2T -space or Hausdorff space if for all Xyx ,  with yx  , there exist 0, Isr   such that )()( yx sr

 NN   does 
not exist.  

  
Proposition 2.3 [25] A topological space ),( TX  is a 1T -space if and only if the smooth topological space ))(,( TwX  is a 

1T -space. 
  
Proposition 2.4 [25] Let ),( iiX   be a 1T -spaces for all i  and Let ii XXf :  be an injective mapping for some 

i . Then the initial smooth topological space ),( X  is also a 1T -space.  
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III. 3T -SPACES 
     In this section we introduce the notion of r -fuzzy neighborhood filter at a set, and using this r -fuzzy neighborhood 
filter to introduce the notion of regular spaces and 3T -spaces.  
Definition 3.1  Let ),( X  be a smooth topological space, the r -fuzzy neighborhood filter at a set XF  , is a mapping 

IIIF X  0:)(N  defined by  
 ),)((=),)(( rxrF

Fx
 NN


  (8) 

 for all XI  and 0Ir . For simply we write ))((  FrN  for ),)(( rF N , for each XI  and 0Ir .  
 

Definition 3.2  A smooth topological space ),( X  is called a regular space if for all Xx , XF   with Fx  and 
tF  )11( , for some 0It  there exist an 0, Isr   such that )()( Fx sr

 NN   does not exist. 
 
Definition 3.3  A smooth topological space ),( X  is called a 3T -space if it is a regular space and 1T -space. 
  
Remark 3.1 When {0,1}: XI  and r=s=1 we return to axioms that introduced in [5] in fuzzy topological spaces. And 
when {0,1}=I  and r=s=1 these axioms are the usual ones, such that )(xr

N  and )(Fs
N  is the set of all neighborhood of 

x  and F , respectively. In this case )()( Fx sr
 NN   does not exist mean that there is a neighborhood of x  and a 

neighborhood of F  such that the intersection of them is the empty set. 
  
Example 3.1  Let },{= yxX , 1  and 2  are fuzzy sets of X  defined as .=and= 1211 yx   Define a smooth 
topology II X :  by  

 














.o0

,=if
3
1

,=if
2
1

,1,0=if1

=)(
2

1

therwise








 

Then ),( X  is a regular space. Since, for XyFx  }{=1  with 
2
1)11(

1
 F , there exist 

03
1=,

2
1= Isr   an

XI21,  such that  ).(=0>1=))(())(( 2121
3
1

1
2
1

   supFx NN  Thus, )()( 1
3
1

2
1

Fx  NN   does not exist. 

Similarly, for XxFy  }{=2  with 
3
1)11(

2
 F , we get )()( 2

2
1

3
1

Fy  NN   does not exist.  

 
Theorem 3.1  Let ),( X  be a smooth topological space. Then the following statements are equivalent:   
    1.  ),( X  is a regular space.  
    2.  For all Xx , XF   with Fx  and tF  )11(  for some 0It , there exist 0, Isr   such that 
퐶 (푁 (푥), 푟) ≰	푁 (푦) and 퐶 (푁 (푦),푠) ≰	푁 (푥)  for each Fy .  

  
Proof. (1) (2) Let Xx , XF   such that Fx  and tF  )11(  for some 0It . Since ),( X  is a regular 
space, there exist 0, Isr   such that )()( Fx sr

 NN   does not exist. That is mean,  
 .stdoesnotexi))()((=))(()( yxyx sr

Fy

s

Fy

r
 NNNN 


  

 Hence,  
 .,stforalldoesnotexi)()( yxFyyx sr   NN  
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 Suppose )()),(( yrxC sr
 NN   or )()),(( xsyC rs

 NN  . Then, for all XI,  we have  
 ).)(())(),(())(())(),((   xsyCoryrxC rssr NNNN   

 Take 021, I  such that 1))((  ysN  and 2))((  xrN . Then  

 ))(())(())(),(())(),((<))(())((   yxsyCrxCxy srsrrs NNNNNN   
 where },{= 21  min . Thus )(<)()())(())((    supyxyx sr NN , implies )()( yx sr

 NN   exist for all Fy  
which is a contradiction. Hence, 퐶 (푁 (푥), 푟) ≰	푁 (푦) and 퐶 (푁 (푦), 푠) ≰	푁 (푥)  for each Fy . 

(2)  (1) Let (2) hold, this implies there exist XI,  such that ))((<))(),((   yrxC sr NN  and 

))((<))(),((   xsyC rs NN for each Fy . If we take 
cF

1=  and F1= , then we have    

))(1),((=0>1=))(1( cF
s

cF
r syCx  NN and ))(1),((=0>))(1( F

r
F

s rxCy  NN . Thus, 

)(=0>))(1())(1(   supyx F
s

cF
r NN  which is mean )()( yx sr

 NN   does not exist for all Fy . Hence, ),( X  is 

a regular space.  
 

Remark 3.2  3T -spaces need not to be a 2T -space as seen from the following example.  
 

Example 3.2  Let },,{= zyxX , define a smooth topology II X :  by  

 



















.o0

,,,,,=if
3
1

,,,=if
2
1

,1,0=if1

=)(

2
1

2
11

2
1

2
1

2
1

2
1

2
11

2
11111

therwise

zyxzyzyzx

yxzyx








 

Then ),( X  is a 3T -space but not 2T -space. Since there exist zy   in X  such that for any 0, Isr   and XI,  we 
have )())(())((    supzy sr NN .  

 
The following proposition gives the condition makes every 3T -spaces is a 2T -space. But before that we need to introduce 
the following lemma.  
Lemma 3.1  Let ),( X  be a smooth topological space, for each Xx  and 0Ir . If xrxC  =),( , then 

}{}{ 1=),(1 xx rC .  

Proof. Let xrxC  =),(  for any Xx  and 0Ir . Then, for any XI  we have  
 ).(=)(

),(
xx

rC


 
  (9) 

 Now, ))(,(=))((=)(=))(,(1 111
)(

}{ yrxIxyxyrC r

yr
x 



 NM
NM
 . 

By applying (9), we get ).()(=))(,(
1),(),1(),(

1 yyyrxI
xrCrxIrC







   

Again by applying (9), we get )(=)( 1
1),(

yxy
xrC


 
 . Hence, }{}{ 1=),(1 xx rC .  

 
Proposition 3.1  If xrxC  =),(  for any Xx  and 0Ir , then every regular spaces is a 2T -space.  
Proof. Let Xyx ,  with yx  . Since xrxC  =),(  for any Xx  and 0Ir , then by Lemma 3.1 we have 

}{}{ 1=),(1 xx rC . That is mean }{1 x  is an r -closed fuzzy set of X  and }{xy . By regularity of X , there exist 

0, Its   such that )()( xy ts
 NN   does not exist. Hence, ),( X  is a 2T -space.  
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Corollary 3.1  If xrxC  =),(  for any Xx  and 0Ir , then every 3T -spaces is a 2T -space.  
 

     A topological space ),( TX  is said to be a regular space. If for each Xx  and T -closed set F  in X  such that 
Fx , there exist T -open set U  and T -open set V  such that Ux , VF   and  =VU . 

 
Theorem 3.2  A topological space ),( TX  is a 3T -space if and only if the smooth topological space ))(,( TwX  is a 3T
-space.  
Proof. Let ),( TX  be a 3T -space. From Proposition 2.3, we have ),( TX  is a 1T -space equivalent to ))(,( TwX  is a 1T
-space. Now, let ),( TX  be a regular space and let Xx , XF   such that Fx , FFTw tC 1=),(1)(  for some 0It
. By means of )(Tw  we have F  is a T -closed set in X . Since ),( TX  is a regular, then there are T -open set U  and 

T -open set V  such that VFUx  ,  and  =VU . Since TVU , , then US U =1  and VS V =1  for all 

1I  and from Theorem 2.1, we get 1=))(1( UTw  and 1=))(1( VTw  and that is mean U1  and V1  are 1-open fuzzy 

sets in ))(,( TwX . If we take VU 1=,1=  , then we have  
 ).(>1=),1)((),1)((=))(())(( )()(

1
)(

1
)(   supFIxIFx TwTwTwTw NN  

Hence, there exist 01== Isr   such that )()( )()( Fx s
Tw

r
Tw NN   does not exist, and thus ))(,( TwX  is a regular space. 

 
Conversely, if ))(,( TwX  is a regular space and Xx , F  is a T -closed set such that Fx  we have 

FFTwC 1=,1)(1)( . Since ))(,( TwX  is a regular space, then there exist 0, Isr   and XI,  such that 

)(>))(())(( )()(   supFx s
Tw

r
Tw NN  

This means )(>))(,())(,(=)))((())(,( )()()()(  

 supysIxrIyxrI Tw

Fy
Tw

s
Tw

Fy
Tw N . Taking )(=  sup , 

then we get  >))(,()( xrI Tw  and  >))(,()( ysI Tw  for all Fy . Since ),()( rI Tw   and ),()( sI Tw        
are r  and s -open fuzzy sets in )(Tw , respectively. Then, TrIrISx TwTw   ,1]()),((=)),(( 1

)()(   and 

TsIsISy TwTw   ,1]()),((=)),(( 1
)()(   for all Fy . That is mean, ,1]()),((= 1

)(   rIUx Tw  and 

,1]()),((= 1
)(   sIVF Tw  and therefore  =VU . Otherwise we have a contradiction. Hence, ),( TX  is a regular 

space.  
  

Example 3.3  Let X  be the real line with T  be neighborhoods of any nonzero point being as in the usual topology, while 
neighborhoods of 0 will have the form AU  , Where U  is the neighborhood of 0 in the usual topology and 

1,2,...}=|1{= n
n

A  [26]. 

   Then ),( TX  is a 2T -space. But A  is a closed set in X  and cannot be separated from 0 by disjoint open sets, so X  

is not a 3T -space. Thus, from Proposition 3.2 the smooth topological space ))(,( TwX  is a 2T -space but not 3T -space.  
 

    In the following propositions we show the initial smooth topological space ),( X  of a family iiiX )},{(   of a 3T
-spaces is also a 3T . Notice that the initial smooth topological space ),( X  of a family iiiX )},{(   of 10 ,TT  and 2T
-spaces the mappings if  for some i  must be injective [25], but in the case of 3T  and 4T  the mapping if  must be 
also closed. 
   At first consider the case of   being a singleton. 
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Proposition 3.2  Let ),( 11 X  be a 3T -space and let 1: XXf   be an injective and fuzzy closed mapping. Then the 

initial smooth topological space ),( X  is also a 3T -space.  
 
Proof. From Proposition 2.4 it follows that ),( X  is a 1T -space. Now let Xx  and XF   such that Fx  and 

tF  )11(  for some 0It . Since f  is an injective and closed, then )()( Ffxf  , tFf  )11( )(1  and from 

),( 11 X  is a regular space it follows there exist 0, Isr   and 1, XI  such that 

)(>)))((()))(((
11

   supFfxf sr NN , and that is means  

 ).(>))()(,())()(,(=))(,())()(,(
111)(1

  

 supzfsIxfrIysIxfrI

FzFfy

 (10) 

 Since ),(
1

rI   and ),(
1

sI   is an r  and s -open fuzzy sets in ),( 11 X , respectively and f  is a fuzzy continuous. 

Then )),(())),(((
111

1 rIrIf     and )),(())),(((
111

1 sIsIf     implies frIrIf ),(=)),((
11

1  
  and 

fsIsIf ),(=)),((
11

1  
  is an r  and s -open fuzzy set in ),( X , respectively, and that means 

frIrfrII  ),(=),),((
11
   and fsIsfsII  ),(=),),((

11
  . Since  ),(

1
rI  and  ),(

1
sI , then 

ffrI   ),(
1

 and ffsI   ),(
1

 respectively, implies  

 .forsome),(),(=),),(( 011
IrrfIfrIrfrII      (11) 

 And  
 .forsome),(),(=),),(( 011

IssfIfsIsfsII      (12) 

 Since ))()(()( ffsupsup    , and by applying (12) and (11) in (10), we get 
 
 ))()((>)))(,(())(,( ffsupzsfIxrfI

Fz
   


  

 Thus there exist XIff   =,= 21  such that  
 .stdoesnotexi)()(whichmeans),(>)))(,(())(,( 2121 FxsupzsIxrI sr

Fz
  NN 


  

 Hence ),( X  is a regular space. This means ),( X  is a 1T  and regular therefore it is a 3T -space.  
 For any class   the proof is similar. 
  
Proposition 3.3  Let ),( iiX   be a 3T -spaces for all i  and Let ii XXf :  be an injective and fuzzy closed 
mapping for some i . Then the initial smooth topological space ),( X  is also a 3T -space.  

 
IV. 4T -SPACES 

    In this section we using the notion of r -fuzzy neighborhood filter at a set to introduce normal and 4T -space in smooth 
topological spaces and study the properties of this space as in the previous section.  
Definition 4.1  A smooth topological space ),( X  is called a normal space if for all XFF 21, ,  =21 FF  with 

11
)11( tF   and 22

)11( tF   for some 021, Itt  , there exist an 0, Isr   such that )()( 21 FF sr
 NN   does not 

exist. 
 

Definition 4.2  A smooth topological space ),( X  is called a 4T -space if it is a normal and 1T -space.  
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Example 4.1  Let ),( X  as in Example 3.1, we have }{=1 xF  and }{=2 yF  are the only 
2
1  and 

3
1 -closed fuzzy sets in 

),( X , respectively such that )()( 3
1

2
1

yx  NN   does not exist. Thus, ),( X  is a normal space.  
 

Theorem 4.1  Let ),( X  be a smooth topological space. Then the following statements are equivalent:   
    1.  ),( X  is a normal space.  
    2.  For all XFF 21, ,  =21 FF  with 11

)11( tF   and 22
)11( tF   for some 021, Itt  , there exist 

0, Isr   such that  퐶 (푁 (퐹 ), 푠) ≰ 푁 (퐹 ) and 퐶 (푁 (퐹 ),푟) ≰ 푁 (퐹 ). 
  

Proof.  The proof is similar of Theorem 3.1 
 

    A topological space ),( TX  is said to be normal space if for all XFF 21,  such that 1F  and 2F  are T -closed sets, 
and  =21 FF , there exist TVTU  ,  such that VF 1  and UF 2  and  =VU . ),( TX  is called a 4T -space 
if it is a normal and 1T -space. 
   Next, the good extension property holds in 4T -spaces as in 3T -spaces. 

 
Proposition 4.1  A topological space ),( TX  is a 4T -space if and only if the smooth topological space ))(,( TwX  is a 4T
-space.  
Proof.  Similar of Theorem 3.2.  

 
Remark 4.1  If ),( X  is a 4T -space, then it is not necessary to be a 3T -space as the following example show.  

Example 4.2  Let },,,{= qpyxX , define a smooth topology II X :  by  
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Then ),( X  is a 4T -space but not regular space. Since there exist }{= xFp  such that 
4
1)11(  F  but for any 

0, Isr   we have )()( Fp sr
 NN   exist. Hence, ),( X  is not a 3T -space.  

 
Proposition 4.2  If xrxC  =),(  for all Xx  and 0Ir , then every normal space is a regular space.  

Proof. Let Xx , XF   with Fx  and tF  )11(  for some 0It . Since xrxC  =),(  for any Xx  and 

0Ir , then by Lemma 3.1 we have }{}{ 1=),(1 xx rC . Let }{=1 xF  and FF =2 . By normality of X , there exist 

0, Ips   such that )()( Fx ps
 NN   does not exist. Thus, ),( X  is a regular space.  
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Corollary 4.1 If xrxC  =),(  for all Xx  and 0Ir , then every 4T -space is a 3T -space.  

 
    The following propositions shows the initial smooth topological space ),( X  of a family iiiX )},{(   of a 4T
-spaces is also a 4T , whenever ii XXf :  for some i  is an injective fuzzy closed mapping. 
   For the case of   being a singleton we get the following result. 

 
Proposition 4.3  Let ),( 11 X  be a 4T -space and let 1: XXf   be an injective and fuzzy closed mapping. Then the 
initial smooth topological space ),( X  is also a 4T -space.  
 
Proof. From Proposition 2.4 it follows that ),( X  is a 1T -space. Now, let XFF 21, ,  =21 FF  with 11

)11( tF   

and 
22

)11( tF   for some 021, Itt  . From that f  is an injective and fuzzy closed it follows )( 1Ff  and )( 2Ff  are 

also disjoint 1t  and 2t -closed fuzzy set of 1X , respectively. Since ),( 11 X  is a normal space. Then there exist 0, Isr   

such that ))(())(( 2111
FfFf sr

 NN   does not exist, that is there exist 1, XI  such that  

 ).(>))(())((
1)2(1)1(

  

 supyx s

Ffy

r

Ffx
NN  

 Implies,  
 ).(>))(,())(,(

1)2(1)1(
  


 supysIxrI

FfyFfx

 

 And this means,  
 ).(>))()(,())()(,(

1
2

1
1

  

 suppfsIzfrI

FpFz

 

 Which means,  
 )).()((>))(),(())(),((

1
2

1
1

ffsuppfsIzfrI
FpFz

   

  

 Because of that ),(),(: 11  XXf   is a fuzzy continuous, it follows ),(),(
1

rfIfrI      and 

),(),(
1

sfIfsI      and thus we have 

 
 )).()((>)))(,(()))(,((

21

ffsuppsfIzrfI
FpFz

   

  

 Thus, there exist f =1  , f =2  such that 
 
 ).(>)))(,(()))(,(( 212

2
1

1

  

 suppsIzrI

FpFz

 

 Hence, ),( X  is a normal space, and therefore ),( X  is a 4T -space.  
    For any class   the proof is similar.  
Proposition 4.4  Let ),( iiX   be a 4T -spaces for all i  and Let ii XXf :  be an injective and fuzzy closed 
mapping for some i . Then the initial smooth topological space ),( X  is also a 4T -space.  
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