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Abstract— In [25], we introduce the notion of r-fuzzy neighborhood filters in smooth topological spaces in sense of Gahler [10],
and used it to define and study separation axioms T;,i = 0, 1,2. Here we continue our study of the axioms of separation in smooth
topological spaces. Therefore, we introduce the notion of r-fuzzy neighborhood filter at a set. Then by using this notion we define
and study separation axioms T;,i = 3,4. These axioms are related only to usual points and ordinary subsets and reduce to axioms
defined in [5], if =: I* - {0, 1}. So the current separation axioms are generalization of the old one. In addition, we show T;-space
not necessarily be a T;_q-space for i=3,4. We give a condition for which, T;-space isa T;_4-space for i=3,4. Finally, these axioms
are good extension from the point of view of Aygiin et al. [2].
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I. INTRODUCTION

The concept of fuzzy topology was first defined by Chang [6], as a family of fuzzy sets which contains 0,1 and closed
under arbitrary union and finite intersection, and later re-defined in a somewhat different way by Lowen [19] and by Hutton
[16]. In all these definitions, a fuzzy topology is a crisp subfamily of some family of fuzzy sets and fuzziness in the concept
of openness of a fuzzy set has not been considered, which seems to be a drawback in the process of fuzzification of the
concept of topological spaces. Therefore, a new definition of fuzzy topology introduced by Badard [3] under the name
‘smooth topology’. After that, several authors [7, 8, 21] have re-introduced the same definition and studied smooth
topological spaces. Separation axioms are one of the important notions which are defined and studied in smooth topological
spaces by several authors and many ways (c.f [1, 9, 17, 23, 27]). A notion related to usual points, called r-fuzzy
neighborhood filter at a point, is used to define these axioms.

The notion of fuzzy filter has been introduced by Eklund and Gahler [10]. By means of an extension of this notion of
fuzzy filter, a point-based approach to fuzzy topology related to usual points has been developed by Géhler [12, 13]. In this
approach several notions are related to usual points, between these notions the notion of fuzzy neighbourhood filter which is
defined by means of the notion of interior of a fuzzy set. For each fuzzy topological space, the mapping which assigns to each
point X the fuzzy neighborhood filter at X can be considered itself as the fuzzy topology. Gahler [14] and [15] defined
separation axioms for the convergence space using convergence of an L-filter M to a crisp point x, where L be a completely
distributive complete lattice with different least and last elements 0 and 1, respectively. Bayoumi and Ibedou [4, 5]
introduced and studied separation axioms in L -topological space. These axioms are equivalent to Gahler axioms [14, 15] in
the special case of a fuzzy topology. This specialization obtained in replacing the convergence M— xby M <N(x)where

N(x) is the fuzzy neighborhood filter at X. In [24], we generalized separation axioms given in [4, 5] to L -bitopological
spaces.

Recently [25], we introduce the notion of r-fuzzy neighborhood filters in smooth topological spaces, which is a
generalization of fuzzy neighborhood filters of Gahler in fuzzy topological spaces, and used it to define and study separation
axioms T;,i =0,1,2 in smooth topological spaces. We show these axioms reduce to axioms defined in [4], if =: 1* - {0,1}.
So these separation axioms are generalization of the old one. In this paper, we define r-fuzzy neighborhood filter at a set, and
using it to define separation axioms T; and T, asa complement to the our study of the separation axioms that introduced in
[25]. These axioms are related only to usual points and ordinary subsets. If z: I*¥ - {0,1}, these axioms lead to the axioms
defined in [5]. Moreover, when 7:2% - {0,1}, these axioms are the ordinary once. These separation axioms are good
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extension in sense of Aygin et al. [2], this means the smooth topological space (X,w(T)) is a T; if and only if the
underlying topological space (X, T) is a T;,i = 3,4. Furthermore, we show that the initial smooth topological space of a
family of T;-spaces, i = 3,4, isalso a T;-space. Finally, we found the implication between these axioms not goes well. That
is mean, in general not each T;-space is a T;_,-space for i = 3,4. We give a condition for which, T;-space is a T;_,-space
for i = 34.

[l.  PRELIMINARIES

Throughout this paper, let I =[0,1],1, = (0,1] and I, = [0,1). A fuzzy set u on a set X is a mapping u: X — I of X
into I. Denote by I* and P(X) for the set of all fuzzy sets and all ordinary subsets of X, respectively. For each fuzzy set
A €I sUpA = V,ex A(x) and infA = A,cx A(x). For each x € X and t € I, the fuzzy set x, of X whose value t at x
and 0 otherwise is called the fuzzy point in X. For each a € I, the constant fuzzy set of X with value a will denoted by &@.
For each fuzzy set u € I%, the strong a-cut and weak a-cut of u are the subsets S,u ={x € X | u(x) > a}and w, u =
{x € X | u(x) = a} of X, respectively. For any subset U of X, the characteristic function of U, denoted by 1, isa mapping
1,:X - {0,1} defined by 1,(x) =1 if x € U and0if x ¢ U.

Definition 2.1 [3, 9, 21] A smooth topology on X is a mapping : ¥ — I which satisfies the following properties:
1. 7(0)= (@) =1,
2. (i Az) = t(py) At(up), Y py, iy € 1%,
3. t(Vies ) = Nigy t(wy), forany {p;:i € J} < 1%

The pair (X,7) is called a smooth topological space. For r e l,, u isanr-open fuzzy setof x if t(u)>r,and u
is an r-closed fuzzy set of X if r(1-p)=r

Subsequently, the fuzzy closure for any fuzzy set in smooth topological space is given as follows:

Definition 2.2 [8] Let (X,7) be asmooth topological space. For A e 1" and re I, afuzzy closure of A isamapping
C,:1"xl,— 1* defined as
C.(an=afuel|u22c(1-u)2r} @)
And, a fuzzy interior of A isamapping |_: | X
LA r)=\{uel™ | u<ao(u)>r}. 2

x 1, — 17 define as

Definition 2.3 [21] A mapping f :(X,7) — (Y,z") from a smooth topological space (X,7) to another one (Y,z") is
said to be:
1. fuzzy continuous (F-continuous, for short) if and only if 7(f *(u))>7"(u) foreach pel”.

2. fuzzy closed if and only if "(f (1—pu))>7(1— ) foreach uel”.

Definition 2.4 [21] Let (X,7) be asmooth topological space. Then foreach o e | ,thefamily z ={u e | “N7(u) > a}
is a Change fuzzy topology on X with respectto 7 .

Definition 2.5 [22] Let (X,T) be a topological space and define (T):1* — 1 by
o(M)(A) =\ {a el : A1 (@, 1]eT}. Clearly, 21 (a,1]eT if a(T)(1)>a=0.

Theorem 2.1 [22] Let T and «(T) be as above. Then «(T) is a smooth topology and w(T)(1) =1 iff S 1T .
This provides a ‘goodness of extension’ criterion for smooth topological properties. Recall that a fuzzy extension of a

topological property of (X,T) is said to be good when it is possessed by @(T) if and only if the original property is
possessed by T .
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Next, definition of initial smooth topological space. This definition depended on the notions of fuzzy basis and the
smooth topology generated from that fuzzy basis, for more details see [18, 20].

Definition 2.6 [18] Let {(X;,7;)}.., be afamily of smooth topological spaces, X asetand f,:X — X, afunction, for
each i eI". The initial smooth topology = on X with respectto (X, f,,(X;,z;),I') is the coarsest smooth topology on
X forwhich all f,, ieI,are F-continuous.

Recall now the definition of fuzzy filter and some basic definitions related with fuzzy filters, which need it in the sequel of
the paper.

Definition 2.7 [10, 12] Let X be anon-empty set. A fuzzy filter on X isamapping M: L* — L such that the following
conditions are fulfilled:

1. M@)<a holdsforall el and M(1)=1,
2. M(AA ) =MA)AM(u) forall 2, uel”.

A fuzzy filter M is called homogeneous if M(a) =« for all L. If M and N are fuzzy filterson X , M is

called to be finer than N, denoted by M<N, provided M(4) >N(1) holdsforall AeL*.By M £ Nwemean that M
is not finer than N. Since L is a complete chain, then

M« N & thereis A € L* such that M(1)< N(A). (3)

Proposition 2.1 [12] Let A be a set of fuzzy filters on X . Then the following are equivalent:

1. The infimum AM of A with respect to the finer relation of fuzzy filter exists.
MeA

2. For each non-empty finite subset {M,,M,,...,.M } of A wehave M,(1)AM,(4,)A...AM,(4,)< sup
(MAdAnd,) forall 2 4,,.., 4, L.

Definition 2.8 [13] For each fuzzy topological space (X,r) and each x e X the mapping N(x):L* — L defined by
N(x)(A) =int_A(x) forall A eL”,isafuzzyfilteron X, called the fuzzy neighborhood filter of the space (X,z) at x,
where int_A isthe interior of a fuzzy set 4.

Foreach xe X ,the mapping %:L* — L definedby %(1)=A(x) forall 1 eL* isahomogeneous fuzzy filter on X.

Proposition 2.2 [11, 12] v X is the coarsest homogeneous fuzzy filter on X . Foreach 1< L* we have

xeX

(v ¥)(A)=inf 4.
xeX
Definition 2.9 [5] A fuzzy topological space (X,7) is called:
1. regular space if N(x) AN(F) does notexist forall xe X, Fc X with x¢F and cl F=F.A fuzzy
topological space (X,7) iscalleda T,-space if it is a regular space and T, -space.
2. normal space if for all F,F, =X suchthat ¢l F =F, cl. F,=F, and F,nF, =&, we have N(F,) AN(F,)
does not exist. A fuzzy topological space (X,7) iscalleda T,-space if it is normal and T, -space.

Definition 2.10 [25] Let (X,7) be a smooth topological space, forall xe X and r e |, the mapping
N(x): 1" x 1, — 1 defined by
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NG =120 = v pK) “)

psi,t(p)zr

forall 1 e1* isafuzzyfilteron X, called the r-fuzzy neighborhood filter of the space (X,r) at X.

Remark 2.1 For simply we write N' (x)(4) for N(x)(4,r),foreach Ae1* and rel,.
The r -fuzzy neighborhood filters fulfill the following conditions:
1. X<NI(x) holdforall xeX and rel,.

2. NI()(1_(A,1)) =NT(x)(1) forall xe X, rel, and 2el”.

It is worth noting that in Definition 2.8 there is a one-to-one correspondence between the fuzzy topologies 7 and the
mapping X —N(x) of X into the set of all fuzzy filters on X, this correspondence is given by N(x)(1) = int_A(x).

But in our definition of r -fuzzy neighborhood filter we have, for each X e X there are infinite neighborhood filters
correspondence it since r e l,, and when r =1 we return to fuzzy neighborhood filter in Definition 2.8. So, r -fuzzy

neighborhood filter is a generalization of fuzzy neighborhood filter.

Definition 2.11 [25] Let (X,7) be a smooth topological space and let N’ (x) be the I -fuzzy neighborhood filter of
(X,7) at xe X . Thenforeach A e1”,thefuzzy closure C_(4,r)(x) of A with respectto 7 is defined by

C.(AnNMX = M(@) forall xe X. ()

M<NY (x)(2)
Next, the fuzzy closure for any fuzzy filters in smooth topological spaces is given as follows:

Definition 2.12 [25] For each smooth topological space (X,7), the fuzzy closure operator of 7 is the mapping C_
which assigns to each fuzzy filter C_(M,r), where
C.MnN)= v Mp) 6)

Cr (p,r)s2
C.(M,r) is called the fuzzy closure of M atthe degree I, rel,. C_ isisotone and is hull operator, that is for all fuzzy

filters M and N on X , we have
M<Nimplies C_(M,r)<C_(N,r) (7
and moreover C_ fulfillsthat M<C_(M,r) forall rel,.

Definition 2.13 [25] A smooth topological space (X,7) is called:

1. a T,-spaceifforall x,ye X with x#y, thereexists r e I, suchthat x £ N."(y) or y £ N."(x).

2. a T,-spaceifforall x,yeX with xsy,thereexist r,secl, suchthat x £ N."(y)and y £ N."(x).

3. a T,-space or Hausdorff space if for all x,ye X with x =y, there exist r,sel, suchthat N'(x) AN:(y) does
not exist.

Proposition 2.3 [25] A topological space (X,T) isa T, -space if and only if the smooth topological space (X,w(T)) isa
T, -space.

Proposition 2.4 [25] Let (X,,z;) bea T -spacesforall ie" andLet f,: X — X, be an injective mapping for some
i e T". Then the initial smooth topological space (X,7) isalsoa T, -space.
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lI. T,-SPACES

In this section we introduce the notion of I -fuzzy neighborhood filter at a set, and using this r -fuzzy neighborhood
filter to introduce the notion of regular spaces and T, -spaces.

Definition 3.1 Let (X,7) be a smooth topological space, the I -fuzzy neighborhood filter ataset F < X , is a mapping
N(F): 1% x1, — 1 defined by
N(F)(4.1) =/ N(X)(4,1) (8)

xeF

forall 1e1* and rel,. For simply we write N'(F)(1) for N(F)(4,r), foreach 1¢c1* and rel,.

Definition 3.2 A smooth topological space (X,r) iscalled a regular space ifforall xe X, F < X with xg¢F and
t(1-1;)>t,forsome tel, thereexistan r,sel, suchthat NI(x) AN:(F) does not exist.

Definition 3.3 A smooth topological space (X,7) iscalled a T,-space if it is a regular space and T, -space.

Remark 3.1 When 7:1* —{0,1} and r=s=1 we return to axioms that introduced in [5] in fuzzy topological spaces. And
when | ={0,1} and r=s=1these axioms are the usual ones, such that N'(x) and N:(F) is the set of all neighborhood of
X and F, respectively. In this case N’ (x) AN(F) does not exist mean that there is a neighborhood of X and a
neighborhood of F such that the intersection of them is the empty set.

Example 3.1 Let X ={x,y}, 4 and A, arefuzzy setsof X definedas A =x and A, =y, Defineasmooth
topology 7:1* — 1 by

1 ifA=0,1,
% ifA=2,
(2)=12
3 ifA=A4,,
0 otherwise.
Then (X,7) is a regular space. Since, for x¢ F, ={y}< X with T(I—lF)ZEi there exist r:l,szle I, an
1v2 2 3

1 1 1 1
A, A, € 1% suchthat N2 (x)(4) AN3(F)(4,) =1>0=sup (4 A 4,). Thus, N2(x) AN3(F,) does not exist.

1 1
Similarly, for y g F, ={x}< X with r(T_1_ )21, we get N3(y) AN2(F,) does not exist.
273

Theorem 3.1 Let (X,7) be a smooth topological space. Then the following statements are equivalent:

1. (X,r) isaregular space.

2. Forall xeX, FcX with xgF and 7(1-1.)>t forsome tel,, thereexist r,sel, such that
C.(N;"(x),r) £ N.°(y) and C,(N.°(y),s) £ N, (x) foreach yeF.

Proof. (1)=(2) Let xe X, F < X such that x¢ F and 7(1-1.)>t for some te l,. Since (X,r) is a regular
space, there exist r,se I, such that N’ (x) AN:(F) does not exist. That is mean,
NI (X) A (v N2 (Y)) = v (N7 (x) AN; (y)) doesnotexi st.

yeF yeF
Hence,
N (x) AN (y) doesnotexi stforall y e F, x = y.
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Suppose C_(N'(x),r) <N:(y) or C_(N3(y),s)<N'(x).Then, forall 1,uel* we have

C.(NZ(x), 1)(2) = N7 (y)(2) or C.(NZ (y), s)(x) = N; (x)(u)-
Take a,,a, €, suchthat N¢(y)(1)<a, and N'(x)(u)<a,- Then

N2 (Y)(A) AN () (1) <@ < C.(NZ (%), 1)(A) AC_ (N (), ) (1) <NZ(X)(A) AN (Y)()

where o = minfey, a}- ThUSNT ()(2) AN: (Y)(12) < A(X) A () < SUp(A A ), implies N (x) ANz (y) exist for all y e F
which is a contradiction. Hence, C,(N,"(x),7) £ N.°(y) and C,(N.°(y),s) £ N, (x) foreach yeF.

(2) = (1) Let (2) hold, this implies there exist A,uel* such that C_(N'(x),r)(1) <N:(y)(1) and
C.(N:(y),s)(u) <NI(x)(u) for each yeF . If we take ,=1_~ and A=1. , then we have

=

N ()(1)=1>0=C,(N:(y).s)(1.) and N (Y)(1e) > 0= C.(N:(x).r)(1¢) : Thus,
NZ(O(L,0) ANS(Y)(L) > 0= sup(A A p) which is mean N!(x) AN:(y) does not exist for all y e F . Hence, (X,7) is

a regular space.

Remark 3.2 T,-spaces need not to be a T, -space as seen from the following example.

Example 3.2 Let X ={x,y, z}, define a smooth topology z:1* — 1 by

1 ifA=0,1,

% ifA=x,¥1VvZ, X VY,
t()=1] 2

= fA=xVvz,y, VL, Y, 2, % VY, VL,

3 3 2 2 3 2 F

0 otherwise.

Then (X,7) isa T,-space butnot T,-space. Since there exist y=z in X suchthatforany r,sel, and A,uel* we
have N; (y)(4) AN:(2)(u) < sup (A A p)-

The following proposition gives the condition makes every T,-spaces is a T,-space. But before that we need to introduce
the following lemma.
Lemma3.1 Let (X,7r) beasmooth topological space, foreach xe X and rel,. If C_(%r)=x, then
C, (l{x}’ r= 1{x} :
Proof. Let C_(X,r)=x forany xe X and rel,. Then, forany 1< 1* we have
v p(x)=A(). ©)

C,(p.n)sh

NOW, € (105, 1)()= v/ M(x) =NI(Y)(%) = 1 (%, 1)(y)-

M<NZ (y)
Byapplying 9), weget | (x, ()= v e v oY)
C,(p.)<l_(x.1) C,(p.r)<x

Again by applying (9), we get v Py =x(y): Hence, C. (Lo 1) =1y

CT (p,r)sx1

Proposition 3.1 If C_(x,r)=x forany xe X and r e, thenevery regular spaces isa T, -space.

Proof. Let X,ye X with x#y. Since C_(x,r)=x for any xeX and rel,, then by Lemma 3.1 we have

0 1
C.(1y.1) =1, Thatis mean 1., is an I -closed fuzzy set of X and y¢{x}. By regularity of X , there exist

s,tel, suchthat N:(y) AN.(x) does notexist. Hence, (X,7) isa T,-space.
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Corollary 3.1 If C_(X,r)=x forany xe X and rel,, thenevery T,-spacesisa T,-space.

A topological space (X,T) is said to be a regular space. If for each xe X and T -closed set F in X such that
x ¢ F, thereexist T -openset U and T -openset V suchthat xeU, FcV and UnV =J.

Theorem 3.2 A topological space (X,T) isa T,-space ifand only if the smooth topological space (X,w(T)) isa T,
-space.
Proof. Let (X,T) bea T,-space. From Proposition 2.3, we have (X,T) isa T,-space equivalentto (X,w(T)) isa T,

-space. Now, let (X,T) bearegular spaceandlet xe X, F < X suchthat xg F, C,q,(1¢,t) =1, forsome tel,
. By means of w(T) wehave F isa T -closed setin X . Since (X,T) isaregular, then there are T -open set U and
T -open set V such that xeU,F cV and UNV =@ . Since U,V €T, then S 1, =U and S 1, =V for all
a €1, and from Theorem 2.1, we get W(T)(1,) =1 and w(T)(1,) =1 and thatismean 1, and 1, are 1-open fuzzy
setsin (X, w(T)). Ifwetake A =1,,u=1,,then we have

Nt/(T)(X)(A)/\Nt/(T)(F)(#) = Ly (A1) A Ly (1,1)(F) =1> sup(A A ).
Hence, there exist r =s=1€ |, such that N; ., (x) AN;,(F) does not exist, and thus (X, w(T)) is aregular space.

Conversely, if (X,w(T)) isaregularspaceand xe X, F isa T -closed set such that x ¢ F we have
C.m (@, 1) =1, . Since (X,w(T)) isaregular space, then thereexist r,sel, and 4, ue I such that
N\:V(T) () () A N;/(T) (F)(u) > sup(A A )
This means 1, ., (2,1)() A (/ Nory (D)) = Ly (D0 A A Lygry (1,5)(Y) > sup(2 A p) - TeKING. o = sUp(2 A p1)

yeF yeF

then we get I, (4,r)(X)>a and 1 . (u,5)(y)>a forall yeF.Since I . (4,r) and I, (u,s)

are r and s -open fuzzy sets in w(T) , respectively. Then, XGSa(IW(T)(A,r))=(IW(T)(A,r))'l(a,l]eT and
y €S, (L (1,9)) = (L (1,8)) (@, 1] €T for all yeF . That is mean, xeU =(l,q(4,1)) " («,1] and
FcVv-= (IW(T)(,u,s))’l(a,l] and therefore U nV =J. Otherwise we have a contradiction. Hence, (X,T) isaregular
space.

Example 3.3 Let X bethereal linewith T be neighborhoods of any nonzero point being as in the usual topology, while
neighborhoods of 0 will have the form U — A, Where U is the neighborhood of 0 in the usual topology and

A={%|n =12,.} [26].

Then (X,T) isa T,-space. But A isaclosed setin X and cannot be separated from 0 by disjoint open sets, so X
isnota T,-space. Thus, from Proposition 3.2 the smooth topological space (X, w(T)) isa T,-space but not T,-space.

In the following propositions we show the initial smooth topological space (X,7z) of a family {(X,,7;,)},.r ofa T,
-spaces is also a T,. Notice that the initial smooth topological space (X,7) of a family {(X;,z,)}_. of T,,T, and T,

-spaces the mappings f; for some i e ' must be injective [25], but in the case of T, and T, the mapping f. must be

also closed.
At first consider the case of I" being a singleton.
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Proposition 3.2 Let (X,,7,) bea T,-space and let f:X — X, be an injective and fuzzy closed mapping. Then the
initial smooth topological space (X,7) isalsoa T,-space.

Proof. From Proposition 2.4 it follows that (X,7) is a T, -space. Now let xe X and F < X such that x¢ F and
t(1-1.)>t for some tel,. Since f is an injective and closed, then f(x)¢ f(F), Tl(I_lf(F))Zt and from

(X,,7;) is a regular space it follows there exist r,sel, and A,uelxl such  that
NE (F (0)(2) ANS (f (F))(12) > sup (A A ) and that is means

L (ADEODA A L (ws)(y) =1 (AN A AL (1,8)(T(2)) > sup (A A p). (10)

yef (F) 2eF
Since I_(A,r) and |_(u,s) isan r and s-open fuzzy sets in (X,,z,), respectively and f is a fuzzy continuous.
1 1

Then z(£7(1, (2,1) 27,(1, (4,r)) and t(F(1 (D) 2 7,(1, (w,5)) implies f20, (A, =1 (4r)ef and
f'l(lr1 (u,9)) = Irl(y,s)of is an r and S -open fuzzy set in (X,r) , respectively, and that means
L1, (e ) =1 (o f and 1(1, (u,8)e f,8)=1, (u,5)o . Since |_(1,r)< and I, (1,5)< u, then
|Tl(ﬂ,,r)o f<iof and |Tl(y,s)o f <uo f respectively, implies
LA (Ao fr)=1 (A, f<I (Aef,r)forsomerel,. (11)

And

L(Ll(/l,s)o f,s)= ITl(u,s)o f <1 (uof,s)forsomesel,. (12)
Since sup (A A u)>sup ((Ao f)A(uo f)), and by applying (12) and (11) in (10), we get

I (2o £, A A (1 (e T,8)(2)) > sup (Ao ) A(ue 1))

zeF

Thus there exist 7, = Ao f,n, = uo f e * such that
I (1, 1) (X) A A (1 (175,5)(2)) > sup (m, A7, ), whichmeans N7 (x) AN; (F) doesnotexist.

zeF
Hence (X,7) isaregular space. This means (X,z) isa T, and regular therefore itis a T,-space.
For any class I' the proof is similar.

Proposition 3.3 Let (X,,7;) bea T,-spacesforall ieI" andLet f,:X — X, bean injective and fuzzy closed
mapping for some i € I". Then the initial smooth topological space (X,7) isalsoa T,-space.

IV. T,-SPACES

In this section we using the notion of I -fuzzy neighborhood filter at a set to introduce normal and T, -space in smooth
topological spaces and study the properties of this space as in the previous section.
Definition 4.1 A smooth topological space (X,7) iscalled anormal space if forall F,F,c X, F,nF, =< with

t(1-1.)>t, and 7(1-1.)>t, forsome t,t, €|, thereexistan r,s e, suchthat N’ (F,)AN:(F,) does not
1 2
exist.

Definition 4.2 A smooth topological space (X,7) iscalleda T,-space if it is a normal and T, -space.
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Example 4.1 Let (X,7) asinExample 3.1, we have F ={x} and F, ={y} aretheonly 1 and 1-closed fuzzy setsin
2 3
1 1

(X,7), respectively such that N2 (x) AN3(y) does not exist. Thus, (X,7) is anormal space.

Theorem 4.1 Let (X,7) be asmooth topological space. Then the following statements are equivalent:
1. (X,7) isanormal space.
2. Forall F,F,c X, FFnF, =@ with T(I—lFl) >t, and 7(1—1F2)2t2 for some t,,t, e I,,, there exist

r,sel, suchthat C,(N,°(F,),s) < N,"(F) and C,(N,"(F,),r) £ N.°(F).
Proof. The proof is similar of Theorem 3.1

A topological space (X,T) is said to be normal space if for all F,F, c X suchthat F, and F, are T -closed sets,
and FNF, =, thereexist U €T,V €T suchthat F cV and F,cU and UnV =@. (X,T) iscalleda T,-space
if itis a normal and T, -space.

Next, the good extension property holds in T, -spaces as in T, -spaces.

Proposition 4.1 Atopological space (X,T) isa T,-space if and only if the smooth topological space (X,w(T)) isa T,

-space.
Proof. Similar of Theorem 3.2.

Remark 4.1 If (X,7) isa T,-space, then it is not necessary to be a T,-space as the following example show.

Example 4.2 Let X ={X,y, p,q}, define a smooth topology 7:1* — 1 by

1 ifA=0,1,

ifl:yﬂ/p1Vq1-X1Vy1Vp1-X1VygVp1ng:XgVy1Vp1Vq1-
3 3 2

3
ifl:yﬂ/p1-XgVygVplvqg:ygVp1ng:y1Vp1Vq1-yng1ng:
3 3 2 3 3 3 2 3 2 3
ifl:xivygvp1-XgVy1VpyXgVygVpyygvppyﬂ/pyygvpy
(A = 3 3 2 3 3 2 3 2 3 2
ifl:xgvyﬂ/p1Vq1'X1Vy1Vp1Vq§-XgVy1Vp1Vq§-y1Vp1Vq§-
3 7 3 4 7

ifl:xgvyﬂ/pllxivygvp1Vq§-XgVyng1Vq7-
3 3 4 3 3 4
A= X, vy v v, YV P Vs X VY, VR,
3 2 4 2 4 3 3
otherwise

O wWliN Wi wlin wlin wlin A

Then (X,7) is a T,-space but not regular space. Since there exist p ¢ F ={x} such that r(1-1;) 21 but for any
4

r,sel, wehave N'(p)ANS(F) exist. Hence, (X,7) isnota T,-space.

Proposition 4.2 If C_(%,r)=x forall Xe X and r e I,, then every normal space is a regular space.

Proof. Let xe X, F< X with xgF and 7(1-1.)>t for some tel,. Since C_(x,r)=x for any xeX and
rely, then by Lemma 3.1 we have C_(1,,r)=1,,. Let F, ={x} and F,=F . By normality of X , there exist
s,pel, suchthat N°(x) ANP(F) does notexist. Thus, (X,7) isa regular space.
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Corollary 4.11f C_(x,r)=x forall xe X and rel,, thenevery T,-spaceisa T,-space.

The following propositions shows the initial smooth topological space (X,z) of a family {(X,,z,)},.. of a T,
-spaces isalsoa T,, whenever f : X — X, forsome ieI isan injective fuzzy closed mapping.
For the case of I" being a singleton we get the following result.

Proposition 4.3 Let (X,,z,) bea T,-space andlet f:X — X, be an injective and fuzzy closed mapping. Then the
initial smooth topological space (X,7) isalsoa T,-space.

Proof. From Proposition 2.4 it follows that (X,7) isa T, -space. Now, let F,F,c X, F,nF, =& with T(I—lp )=t
1
and ¢(1-1. )>t, for some t,t,el,. From that f is an injective and fuzzy closed it follows f(F) and f(F,) are
2
also disjoint t, and t,-closed fuzzy set of X, respectively. Since (X,,7;) isanormal space. Then there exist r,sel,

such that Nil(f(Fl))/\Nil(f(Fz)) does not exist, that is there exist A, u e | 1 such that
v NLOOA A N2 (Y)(1) > sup (A A ).
xef (Fy) yef(F,)

Implies,
A LLANA A T (1 5)(Y)>sUp (A w).

Xef(Fl) YEf(Fz)
And this means,
Al ADE@)A A T (1,9)(F(p)) > sup (A A ).

Which means, 1 ’
AU (AN D)D) A A (I (1,5)° £)(p) >sup (Ao f) A(ue T)).

ZeFl per
Because of that f:(X,7)—>(X,,7,) is a fuzzy continuous, it follows | (A,r)of <1l (Ao f,r) and
Tl T

I (us)e f <1 (uof,s) and thus we have

AW E.0)D)A A (L (e £,8))(p)>sup (Ao F) A (ue ).

ZeFl per

Thus, there exist y, = Ao f , y, = po f such that

ALGL@ A A (1 (72:8))(P) > sup (7, A7,)-

ZeFl per
Hence, (X,7) isanormal space, and therefore (X,7) isa T,-space.
For any class I" the proof is similar.
Proposition 4.4 Let (X;,7;) bea T,-spacesforall iel" and Let f,:X — X, be an injective and fuzzy closed

mapping for some i e I". Then the initial smooth topological space (X,7) isalsoa T,-space.
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