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Abstract- In this paper, we consider sufficiency conditions for the stability of trivial solutions of measure differential equations. The
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bound for Hk:l Bk in the Pandit's problem is estimated in a systematic way and used to establish criteria for the stability of
trivial solutions. Results on asymptotic stability for testable perturbed measure differential equations are obtained using some growth
properties, Pandit inequality and Brascamp-Lieb inequality. An example is used to illustrate the application of results obtained.
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I.  INTRODUCTION
Physical and biological systems governed by ordinary differential equations (odes) are often assumed
to be continuous([1],[2]&[4]).In practice, it has been discovered that some models in applied sciences
such as control theory, economics and engineering are not always continuous as often assumed. The
state of a system may sometimes be discontinuous and the solution characterized by short time
perturbations (impulses) whose actions are negligible when compared to the total time taken by the
whole process ([4], [6], [7], [12].& [13]).

The study of impulsive systems through functions with bounded variation or measure differential
equations as it is often called is essentially aimed at providing a broad framework for studying
impulsive systems using distribution theory. This theory is more general than that of ordinary
differential equations (o0.d.e.). Hence, measure differential equations (m.d.e.) circumvent some
shortcomings in the (o.d.e.) (see [10], [12], [13] & [17]).

Measure differential equations, primarily was motivated as a field of study from pulse frequency
modulation models for biological neutral nets and automatic control systems ([8], [11], [12], [14] and
[17]). In spite of appreciable advances made in the field of impulsive differential equations, there are
still much needed to be studied in the field. For instance, several analogues of ode models are now
available but few are present in the literature on measure differential equations.
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In the present paper, the crux of our study is to investigate the asymptotic stability of some testability
measure differential equations using an analogue of Gronwall-Bellman inequality due to Pandit ([16]
& [17]) and Brascamp-Lieb inequality (see [3]). We will obtain sufficiency conditions for asymptotic
stability of the m.d.e. and it applied to an example.

II.  PRELIMINARY DEFINITIONS AND NOTATIONS
Let R" denotea N dimensional Euclidean space with norm

[Ix|="max(|xil)
1<i<n

Let u(t)=t+SaH, @) H @=f <k
=1+ s = .
kzzllk “ “ 0ift>t,

Let M, _(J) bethesetof Nnxn matrices defined on J = [0,+0) with the norm

n n
IXII My = ZZMI, vV x € Mh(J)

i1 j=1

Furthermore, the following notation will be adopted: V(J,R")  will represent the set of

vector-valued functions defined on J and whose components are of bounded variation.
The set

D060 = flxc )l Xy € Plo, ),
P(Xo, X )being the partition ofJ = [0, +0)fork = 1,2,...,3

Vi=sup

is finite for every f e V(,R") .

The space of bounded variation (BV) will be represented as  BV(J) = BV(J,R") . This is a Banach
space with the norm

IXII* = VX, )+ [[x(O+)|, x € BVQ)
Where

V(x,J) = sup Vs

x>0

is the total variation of f on J asdefined above. GL, (J) will represent the class of N xn
invertible matriceson J . SLn(J) denotes a subclass of GLn(J) defined as

SLa(d) = {A € GLy(J) : detA = 1}

A.(A) is the set of eigenvalues of the matrix A € Mn(J) .Furthermore, CL(:) will represent
the closure of the set {- and finally.
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Ry =<{xeR":|x|[|<H=}.

I1.A Distribution and their Derivatives

The formulation of measure differential equations relies on distribution derivatives. Therefore, there
is the need for us to give a preliminary treatment on the distribution theory relevant to our research
work.

Let CZ(d) be a linear space of a class of infinitely partially differentiable complex valued
functions defined on the set J which has a compact support i.e., the set

Supp V = CL{X e R" 1 y(x) # 0} (1)
is compact. The support of w(X) is the smallest closed set on R" outside of which the function
w(X) vanishes. It's canonical norm being

[yl ez = Suglvf(X)I< +oo, V y e CT(Y).
X€!

The space CZ(€) s called the space of Test functions and it is a normed linear space. Any
continuous linear functional on  C&(€2) is what we shall henceforth call distributions, that is, the
dual space of continuous functions on CZ(€) .

The distribution on J can be identified with the Lebesque-Stieltjes' measure dy(t) , on the closed
interval Jo =[0,T] ©J and

F(¢) =LO #(8)dy (5), 9 e Cy(Jy)y €BV(J,,R") @)

Definition 1
The derivative DF of adistribution F on J isthe distribution defined as

DF (¢) =—F'(¢) 3)
Where

/

d
dx
The notation D will be adopted for distribution derivative.

Remark 1
The space of distribution on J is a matrisable complete locally convex topological space (LCTS)
with the topology
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Puk (B) =k jniem |0°0(0) |,V €C(Jp) (4)

Where K is a compact subset of Q , r=(ry,rz,...,fm) €R" | |r=x"|r], M isa
r_ o _ o"
positive integer and the multi-index derivative, 0" is defined as 0" = 5 XY, ox5,.... X

The dual space of CZ(€2) with the topology defined in eq. (4) is a Frechet space. For definiteness,
we restrict our study to some subset of this space.

With this background information on distribution theory, we may now proceed to formulate the
measure differential equations. For further insight into distribution theories refer to [Shilov and
Gurevich [18], Taylor [19], Treves [20] and Yosida [21]).

. STATEMENT OF THE PROBLEM
Consider the measure differential equations

Dx(t) = Ax(t) + f (t, x(t) + g (t, x(t)) Du (5)

Where AeM_ (J), f,geBV(J,R") andxeR".

u:J—R" isaright continuous functions with bounded variation on every compact subinterval
Jo=1[0T]cJ; f:IxRY —R" jsa Lebesque integrable function and 9 : I xR} — R" s
integrable with respect to Lebesque-Stieltjes' measure du .

The function U(t) is assumed to be impulsive for an increasing sequence of times
{ti}, = 1,2,... .such that 0< I <th <..< tk’ Iimk%otk = 00,

It will also be assumed that U(t) is right continuous and of bounded variation. Moreover, its
discontinuities at the impulsive points <ti} are isolated. It was shown in ([16] & [17]) that a
necessary and sufficient condition for  X(t) = X(t,to,Xo0) to be a solution of eq. (5) passing through
(to,Xo) is that the integral equation

Kt 06) =%+ [ F(5,X(9)ds + [[AX(s)+ 9(s, X(s))]du(s) (6)
Must be sati:fied. 0

Remark 2

If u=0 ineq.(5) then the whole study reduces to that of the classical perturbation in ordinary
differential equations. In the monograph ([17], pp. 12) Pandit and Deo presented results that showed
that the solution of the (m.d.e.) exists and is unique. Similar results were established by Pandit [16].
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Definition 2
The set of impulsive points <{ti’7 in the subinterval [tt+wW] &= w>0 of J for
i=1,2,... iscalled acounting number. We will denote this by #(t,t +w) and
lim #tt+w] K" (7)
W—o0 W

K* Will be called a counting ratio if the limit in eq. (7) exists and is finite. If this condition is
satisfied we shall call the system in the eq. (5) a testable measure differential equation. If otherwise,
we refer to the system as attestable measure differential equation.

Definition 3
The zero solution X = 0 of the system in the eq. (5) is called:
(a) Stable if (Vt=0)(Vt, eJ)Fo=05(t,,&)>0)

IX(t,to,X0)|I< €

(b) Uniformly stable if the number in (a) does not depend ont, € J
(c) Attractive if

(V to € J) (34 = Alto) > 0) (V e>0)

(Vt>to+o:|x(tto,X0)] <€

(d) Equi-attractive if the number o from (c) does not depend on X, € R} ;
(e) Asymptotically stable if it is stable and attractive.

In this paper, asymptotic stability will be studied relation to the zero solution since stability is
invariant with respect to non singular change of the equilibrium point.

Consider the prototype (m.d.e.)

Dx = AxDu (8)
Where A and U satisfy the foregoing conditions stipulated in the preliminaries. Furthermore,
let

Bk=|—akA k=1,2,...,
9)
Bx € GLn(J) | € SLn(J).

That is, the multipliers @k are not eigenvalues of A . The unique solution of the eq. (8) is
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n-1
X(t) = HB;le(“‘O)Axo;x(to) = Xg
k=1
(See [14])
Remark 3
If AiA)=al, ak #0 for k=1,2,... . Then the set (Lil=A)" s the resolvent of

A e My(J) anditisanalyticif A€ Ai(A) for i=12,....

Definition 4
The spectrum of A € Ma(J) s defined as

Spec(A) = max|Ai(A)l, 1=1,2,....n.
I
I11.B  Auxiliary Results
We state without proofs the following auxiliary lemmas:

Lemma 1 (see Pandit [14])

Let 9(t,x(t)) be a non-negative function and integrable on J is the sense described above.
Suppose that f is non-negative and locally integrable on J such that Akf(tx) <1 for such
X =1 . Suppose further that the series Akf(tx) converges absolutely. If

x® <C+ [ : 95 x(9)ds + [ : f(s,x(s)du(s) teJ
Then
t
x(t) < P‘1Cexp(J‘t f(s)g(s)u’(s)) tel

Where
P =] ]@-Adt))
k=1

We will consider the Brascamp-Lieb inequality which is a powerful extension of Holders' inequality
for 1<i<m,

Lemma 2 (Brascamp-Lieb inequality) (See [3])
Let 1<i<m and Bi:R"—>R? pesubjectivemapand Ci€[0,1]. the best constant
ke[0,+00)  such that the inequality
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[ i@k < ki ([ fide)©
R" R"

Holds for all integrable functions fi : R" = J can be computed by taking any centered Gaussian
function fi(x) =exp —< Aix,x >

Where Aj 's are symmetric positive definite matrices of size D and k=D

n
det E CiBfAiB;j
k=1

P, det(ACi

-1/2

D= iani>0
Where Bi s adjoint matrix to Bi.

V. Main Results

. . n-1pg-1 .. . .
We will estimate the bounds for k=1 Pk and consequently relative it to the estimation of the
solution of eq. (8) and this will be followed by the asymptotic stability theorems.

Lemma 3
n-1
[]B]| <ce™, c>1
k=1
Where
B = maxReli(k)
1<i<n
And
n-1
Q=) B! (10)
k=1
Proof
Bk =1- akA
Thus
B;l =(l-aA)?t By eGL(Q)
Therefore,
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n-1 n-1
l_IBIZ1 H(I _OlkAY1
k=1 k=1
n-1
<TTN0-aA)7
k=1
ZE:akA

<|e

<ce (by Lemma 5.1) in [ 12]

Remark 4

In [12] it was demonstrated that the sum of the multipliers, Qs is related to the counting ratio by the
n-1 p—1

relation as =fB+K*Ina | a >0 and even showed that ||Hk:1 By ” gives the bound for

a® b e will generalize Lemma 1 using a stronger condition that the matrix Bk in eq. (9) is not
a sparse matrix.

Theorem 1
Supposethat Bk for k =1,2,..., isamatrix which is not sparse such that there exists a constant
N >0 suchthat O <|Pk(AIl<1<|AISN, N<+c for k=0,1,2,... .

Pk(A) s the characteristic polynomial for matrix A

Then
[18: | = cesiear®
k=1
< CeSKN' C > 1.
Where
S =>ali n=12,..
k=1
And
m
Sr(:ﬁ = Zark‘, m=12..n Sm— SI((”) n — oo,
k=1
Proof
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Bl = (I- ayA)

Let
m
Q= lim > (I-aA)™.
k=0
Then

m
Qs = fim 3o, (1~
k=0

m 3
_ 2AZ
= m ;{akA+ak7+TA3 + } ( Spec(A) < 1)

-sPA+sP A o574 )

~

Let J be Nnxn matrix in Jordan canonical form with the property that
Ak = JPKJL, k =0,1,2,...
And

~

J= diag(jo,jl,jz, —odn),

That is, quasi-diagonal is J1 for i=1,2,...,n suchthat Ji = Aili+N; Ni Being nxn

nilpotent matrix and li is N xn identity matrix.
Hence

09,0 - 353 + 35 P31+ I8 B3+ 0357 BT,

Define

” r
SuP) = DS

r=1

Such that the sequence (S\)) is convergent in some compact subset J°
Spec(P) < 1 | then

Q = Jes{”(P)J!

Hence,

of

J and
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o0
[]3es @3

k=1

(n)
< C1C2€Sk N"

Q< 13|32

Where

Cy = [JI3)= 1
And

C, =max(|Ci]) <+4w i=12,...,
|

Therefore,

ﬁesfj)m ) sy

k=1
For k=1,2,...,
Hence

”Q”S C]_CkeXp(Sl((n)Nn); Ck = C]_Cz...ck.

Theorem 2

The trivial solution, X(t,to +0,X0) =0 if eq. (6) is asymptotically stable if
B =maxReldi(A) <0 Vit>ty,—as

Proof
The solution of eq. (9) is

n-1
X(t) = x(t,to,Xo) = HBﬂle(HO)AXo
k=1
Hence by Lemma 5.1 in [12], we have the estimate
n-1
Ix(tto,xo) I < || ] [ B || e il
k=1

< C1efCreft)|x, ||,
BQstt-ty)
= C1C2||X0”e 0 , Cl,CZ > 1.

Thus given €>0 and set azln(ﬁ)—Qs. Therefore 36 >0 such that whenever
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[Xoll< & it implies that [X(t,to,Xo)l[< € Vt>to+0o Hence X(t,to,Xo) =0 s attractive
and even stable by Definition 3 therefore X =0 s asymptotically stable.

Remark 5

In fact X(t,to,Xo) =0 s equi-attractive since 0(t,Xo0,€) is independent of Xo . Moreover,
[X(t,to,X0)|— 0 as t— o,

Next we consider a Theorem which gives a sufficient condition for asymptotic stability of perturbed
measure differential equations.

Theorem 3
Consider the (m.d.e.)
Dx = AxDu + f(t,x(t))(12)
Where AeMn(J) .Suppose that following conditions are also satisfied:

There exists a constant such that

H1: B = maXi<i<n Redi(A) < 0
H2: [If(t,x(®))]I< €|IX@)|| for some small real number € >0 |

Then the trivial solution X =0 of eq. (12) is asymptotically stable.
Proof
The solution of the eq. (12) is

n-1 t 1

X(t,ty, %) = [ B 'e" "%, + j []Be“*f(s,x(s)ds (13)
k=1 ty k=L
w(tty, %)™ X(t,t,, %,)e” @ (14)
Then

Iy (tt, %) I C [l [l +[ sCy(s)ds  (15)

f

Using the Gronwall-Bellman inequality, we get

1y (.t %) IS Cllyg 1€ (16)
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Hence

Pas Ce(ttg) e Pas+-tg)

[X(t, to,Xo)[| < Ce
= Clixolle

IXolle

(Ce+p)(ttg)

The proof follows immediately if we choose

This ends the proof.

Corollary 1
Let all the conditions in the Theorem 3 be satisfied except H2 which is replaced by

f(t,x(t)) = j j PO, Fi (Kix)“dx
Rn

Where P(t) isapolynomial of degree N in t and there exists a constant fo such that
[T, i (x)“i|= fo.

Then the trivial solution to the eq. (12) is asymptotically stable.

Proof

Just like the Theorem 3 by setting Po = Maxp(t)| and applying the Brascamp-Lieb inequality to
get

ly @l Cliyoll+ [ kpol Ty fi[ly (s)lds
Where w(t) is define in the eq. (14).Application of Gronwall's inequality leads to

[[X(t, to, Xo)|I< C|[Xolle(CErFrpofolit-to)

Therefore if we choose o =1+———In(&) and hence the proof.
Ce+f+pg fok

Remark 6

The application of Gronwall-Bellman inequality poses no difficulty in the eq. (15) to get eq. (16).
Suppose we replace the eq. (12) by

Dx = Ax+ f (t, x)Du 17)

In this case, Gronwall-Bellman inequality is inapplicable. In this situation, it becomes necessary to
use the Lebesque-Stieltjes' integrable version of the Gronwall-Bellman inequality (GBI).
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We will present a measure differential equation analogue of (GBI) due to Pandit ([16], see Lemma
4.2) and subsequently apply it to obtain stability theorems later.

Remark 7
The condition that Zle iy converges absolutely guarantees the absolute convergence of

P =] [ - Ao,
k=1

We will indeed demonstrate this assertion in Lemma 4. Let us now derive the scalar analogue of the
bound for I Ly (X =248 |

Lemma 4
Let

4]

PL=T]a-Ad)  Ad) < Tand ) Ad(t)

k=1 k=1

is absolutely convergent.
. ~ cal? | e22-ad
Define 7(e) =e< .e and let

al” = an
k=1

I ORI )

Then Pl~e—<a efeag =T(E).

Proof
From P = Hcl:;l (1-24€) e have

m
log,P~* = Jim g; log, (1 — A,&)

Since Ake >1 for ke {1,2,...} thenthe power series of log(1— A€) is absolutely
convergent and hence

D " log(1 - A4@)
k=1

But

A2 A2
log(1 — A4&) = —A4& — 7‘(%2 —~ ?"63 —
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Hence,

0 N X oY) _1 0 ~3 0

Zlog(l—xke)—em-%ng—%Zzg—m—

S kL kL kL

. .. N . £33
Since € s an arbitrarily small real number by hypothesis, we may neglect the term 3  and
higher terms. Thus
~2
log,P! ~ —a - %a@

Or

) RN -
Pl~e®@ 7% =T(@

This ends the proof.

Theorem 4
Consider the measure differential equations

Dx(t) = Ax(t)Du + f (t, x(t))dt + g (¢, X(t)) (18)

Where A € Ma(J) | the vector-valued functions, f(t,x(t)) and G(t,x(t)) are integrable in
Lebesque-Stieltjes and Lebesque sense respectively for X € R"

Suppose further that the following conditions are also satisfied:

H1: RemaXi<i< 4i(A) <0 -
H2: [[GEx®)[= g@®IIx®)]
Where d(t) is anon-negative function for t € J and it also satisfies the property that

A t+1
lim sup I g(s)u’(s) =0
tooo t
H3:  [If(t,x(D))]I< E[IXM)]| Where € is an arbitrary small real number.

Then the trivial solution X =0 of eq. (18) is asymptotically stable.

Proof
The solution X(t) of the eq. (18) is
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. t
_ [TrlaAtt) As-)
X(t) HBke °x0+jtoe FUG(S,X(5))du(s)

k=1

+ji [[B e s xs)is ()

1< Coese ol | €l

ty

t ~
+j 2C,e2ePS D |[x(s)||ds
to

def
Let v = X(t)e 0 \where B = Remaxi<icn Li(A) and Ci > 1.
Then

t t

I/ CE 146, 9O (AUS)+ [ew(9)s (20)
15 15

Without loss of generality (w.l.g.) we can choose Ci =1 .Then, by Lemma 2, we have the
estimation

Il e lwollpe( [ dgoue) te
’ Where P =[]¢,(1-4.&) has the property that
A<l .
Whence

t

[Ix(@) Il e%e™ ) |y, || P exp(f £g(s)u'(s)) (22)
t
Now, by condition H2. in the hypothesis

I: g(s)u'(s) = ( | : + ::”)g(s)u/(s)

t /
For which t* exists in such a way that t* <t € J . Therefore, the integral Ito 9EOUCS)  can
be evaluated as

t
[/ = gt M, to)
to

Where
M(t*,tg) = u(t*) — u(to).
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Now let g(t*),M(ty,t*) = b < +oo, then by Lebesque-Stieltjes integrability condition imposed on
9(s) , the second integral

*

t*+1
I gs)u'(s) = 0 t* — oo
t*

Thus Pt s convergent since it is an infinite product of an absolutely convergent sequence real
numbers (1-24&) k=1,2,.... where A& <1 Hence, we can majorize P~ by some real
number T(as) (See Lemma 3).

Now given € >0 choose

S(t,e,%) =log,(&r )"’ —a 7 - &4 (22)
Then we can find a real number & >0 such that if [Xoll<d . Then IIX(D)l<e for
t>1to+3J .For the proof of this claim, we proceed as follows: If [[Xoll< & then V €>0

as _ ReZj(A)(t-tg)
e"e

IxolIPem( [ @goue)

< Oredsea(t-lo)géd ~ ¢
Therefore,
eReli(A)(tﬁto) < Gi—lr—le_as_éb

But B<0<1 pyhypothesis, thus

Bt —to) > log,[ed'r7] —as— &b

t >ty +log, (et )P —aspt —ebpt =ty +o.
This ends the proof.
Theorem 5
Consider the intergro-measure differential equations

Dx = Ax+ f (t, x(t)Du + | :Ok(s,t)x(s)ds (23)

Assume that
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H1: There exist Ko >0 and @ >0 such that
k(s Dl g5e e

H2: Forevery € >0 and 6 >0 such that
[f(t, x()I< elx ()]
H3: There exist P,P'eGL2(J) such that

Alt-tg)
e

= pe’p-1

And |e.](s—t) |§ e—A(s—t)
Then the trivial solution to the eq. (23) is asymptotically stable for 0 <t <s.
Proof

It is not difficult to show that

J(stg)

—as(t-t, t
X(t)< Ce (°)|xo|+j CPe™ P-Lf(s,x(s))ds
to

ts sty K
_ (o)
+J. J. ?:1 Bkle AU e~0(s
to ¥ to S— t

- . —a(s-t)
And clearly if we let B = MXi<i<nReAi(A) < 0 and  [f(t,x(®)|<e X(@®)| , IMso 55— =0 then

the trivial solution to the eq. (23) is asymptotically stable for 0 <t <'s . Hence the proof.

Example
Consider the measure differential equation

Dx = AxDu + f (t, x) (E1)
[ 31 000 0 |
0 -3 100 0
00 310 0
A =
00 310 0
00 00-31
Where | 00 000 -3

f(t,x) = (f1,f2,f5,74,f5,f6)T, T s the transpose of the vector f(t,X).
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fy = 0.78e2%; - 0.80(2t + 1)™1x, - 0.23x,
+0.20(t? + 2) x4 - 0.30x5 + 0.20%¢ + d.

fy = 0.2(t* + 2t + 1)Le ', - 0.89e7x, — 0. 1267
+0.23x4 €052t + 0.12sine'Xs + 3. 2X¢ + dy.

fy = 0.90x; +0.20672(2t + 1)7x, + 0.80x3
10, 50cost3(ﬁ)x4 +0.20x5 +0.06x4 + d3.
f4 =(0.25e7*1x, +0.20x, + 0.50x3

10.80x, +0.80sinexs +0.78e X + d,.

fs = 05087, +0.34x, —e7'Xg

+0.23x, c0s3t + 0.78sine?xs + 7.5Xg + ds.

fy = 0.30K; - 0.70(1+ t6)Lx, + 0.58(t + 1)1xs
+0.12x4 + 0. 56972[X5 +0.35xg + de.

Clearly, B=ReA(A)=-3<0

Ify 1< 0.8]x]l+dy, [fa]l< 089]x|}+dy, [fs]l< 0.90[[+ds,
[[f4ll< 0.80l|x|+da, [Ifs|l< 0.78||x|+ds  And [Ifell< O.7][x|l+ds .

Therefore
[If(t,x)|I< max{0.80,0.89,0.90,0.80,0.78,0.70, |d;[]|X|

If we choose €= MBXi1<is6[0.09,|dil] <1, nence [If(t,x)l<e [IX]I-

Then the trivial solution X =0 of eq. (E1) is asymptotically stable by Theorem 4 for
G(t,x(1) =0 intheeq. (18).
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