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Abstract— This is the new concept to transform the Coefficient of polynomial equation to another set of coefficient to make the roots 
in between a particular interval by which any person can easily identify how many real roots, after plotting the equation in a graph of 
x axis having the desired range by compressing the curve. 
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I. INTRODUCTION 
If each coefficient is linear to a variable, then we can substitute another variable to get another equation to that variable. If we design 
the variable as a function such a way that it cannot exceed certain limits, then we can bring the roots in between an interval which 
compresses the curve for plotting. 

II. DERIVATION 
Following derivation is the new concept to transform the Coefficient of ܽ଴ + ܽଵ ∗ ݔ + ܽଶ ∗ ଶݔ + ܽଷ ∗ ଷݔ + ⋯+ ܽ௥ ∗ ௥ݔ    into 
another set of ݑ଴ + ଵݑ ∗ ݔ + ଶݑ ∗ ଶݔ + ଷݑ ∗ ଷݔ +⋯+ ௥ݑ ∗ ௧ݑ ௥  so that we can either minimize the coefficient ofݔ =
0	where	ݐ = ݎ	݋ݐ	1	݉݋ݎ݂ − 1, to obtain the roots or same can also be used to transform the roots to a  particular interval by 
which any person can easily identify how many real roots, after plotting the equation in a graph of x axis having the desired 
range.  

Let (݌)ܨ = 	 (ܽ଴଴ + ܽ଴ଵ ∗ ݔ + ܽ଴ଶ ∗ ଶݔ + ܽ଴ଷ ∗ ଷݔ +⋯+ ܽ଴௠ ∗ (௠ݔ ∗ ௡݌ + (ܽଵ଴ + ܽଵଵ ∗ ݔ + ܽଵଶ ∗ ଶݔ + ܽଵଷ ∗ ଷݔ +⋯+ ܽଵ௠ ∗
(௠ݔ ∗ ௡ିଵ݌ + (ܽଶ଴ + ܽଶଵ ∗ ݔ + ܽଶଶ ∗ ଶݔ + ܽଶଷ ∗ ଷݔ + ⋯+ ܽଶ௠ ∗ (௠ݔ ∗ ௡ିଶ݌ + ⋯+ (ܽ௡଴ + ܽ௡ଵ ∗ ݔ + ܽ௡ଶ ∗ ଶݔ + ܽ௡ଷ ∗ ଷݔ +
⋯+ ܽ௡௠ ∗ (௠ݔ = 0 

Then (݌)ܨ ∗ ݌) − (ݔ = (݌)ܧ = ൫(ܽ଴଴ + ܽ଴ଵ ∗ ݔ + ܽ଴ଶ ∗ ଶݔ + ܽ଴ଷ ∗ ଷݔ + ⋯+ ܽ଴௠ ∗ (௠ݔ ∗ ௡݌ + (ܽଵ଴ + ܽଵଵ ∗ ݔ + ܽଵଶ ∗ ଶݔ +
ܽଵଷ ∗ ଷݔ + ⋯+ ܽଵ௠ ∗ (௠ݔ ∗ ௡ିଵ݌ + (ܽଶ଴ + ܽଶଵ ∗ ݔ + ܽଶଶ ∗ ଶݔ + ܽଶଷ ∗ ଷݔ + ⋯+ ܽଶ௠ ∗ (௠ݔ ∗ ௡ିଶ݌ + ⋯+ (ܽ௡଴ + ܽ௡ଵ ∗ ݔ +
ܽ௡ଶ ∗ ଶݔ + ܽ௡ଷ ∗ ଷݔ + ⋯+ ܽ௡௠ ∗ ௠)൯ݔ ∗ ݌) − (ݔ = 	 (ܽ଴଴ + ܽ଴ଵ ∗ ݔ + ܽ଴ଶ ∗ ଶݔ + ܽ଴ଷ ∗ ଷݔ +⋯+ ܽ଴௠ ∗ (௠ݔ ∗ ௡ାଵ݌ +
		(	(ܽଵ଴ + ܽଵଵ ∗ ݔ + ܽଵଶ ∗ ଶݔ + ܽଵଷ ∗ ଷݔ + ⋯+ ܽଵ௠ ∗ (௠ݔ −	(ܽ଴଴ + ܽ଴ଵ ∗ ݔ + ܽ଴ଶ ∗ ଶݔ + ܽ଴ଷ ∗ ଷݔ + ⋯+ ܽ଴௠ ∗ (௠ݔ ∗ (	ݔ ∗
௡݌	 + 	൫(ܽଶ଴ + ܽଶଵ ∗ ݔ + ܽଶଶ ∗ ଶݔ + ܽଶଷ ∗ ଷݔ +⋯+ ܽଶ௠ ∗ (௠ݔ − (ܽଵ଴ + ܽଵଵ ∗ ݔ + ܽଵଶ ∗ ଶݔ + ܽଵଷ ∗ ଷݔ + ⋯+ ܽଵ௠ ∗ (௠ݔ ∗
൯ݔ ௡ିଵ݌	∗ + 	… + (−(ܽ௡଴ + ܽ௡ଵ ∗ ݔ + ܽ௡ଶ ∗ ଶݔ + ܽ௡ଷ ∗ ଷݔ + ⋯+ ܽ௡௠ ∗ (௠ݔ ∗ (ݔ = 0		 

	Divide the coefficient of ݌௡ାଵ and get all coefficient of ݌௥	where	ݎ =   is	௡ି௥ାଵ݌ Then you will have coefficient of .0	݋ݐ	݊	݉݋ݎ݂

equal to 
	൫	൫௔ೝబା௔ೝభ∗௫ା௔ೝమ∗௫మା௔ೝయ∗௫యା⋯ା௔ೝ೘∗௫೘൯ି	൫௔(ೝషభ)బା௔(ೝషభ)భ∗௫ା௔(ೝషభ)మ∗௫మା௔(ೝషభ)య∗௫యା⋯ା௔(ೝషభ)೘∗௫೘൯∗௫	൯

(௔బబା௔బభ∗௫ା௔బమ∗௫మା௔బయ∗௫యା⋯ା௔బ೘∗௫೘)  

Let coefficient of ݌௡ି௥	 = ݇௥ ∗ ݖ + ݈௥,				i.e.) coefficient of	݌௡	 = ݇଴ ∗ ݖ + ݈଴	,	coefficient of	݌௡ିଵ	 = ݇ଵ ∗ ݖ + ݈ଵ, coefficient 
of		݌௡ିଶ	 = ݇ଶ ∗ ݖ + ݈ଶ	, ..., and last coefficient of constant, ݌଴	 = ݇௡ ∗ ݖ + ݈௡  Now obtain the value of ݖ from Coefficient of 
  which is	௡݌

	
	ቀ൫௔భబା௔భభ∗௫ା௔భమ∗௫మା௔భయ∗௫యା⋯ା௔భ೘∗௫೘൯ି	൫௔బబା௔బభ∗௫ା௔బమ∗௫మା௔బయ∗௫యା⋯ା௔బ೘∗௫೘൯∗௫ቁ

(௔బబା௔బభ∗௫ା௔బమ∗௫మା௔బయ∗௫యା⋯ା௔బ೘∗௫೘) = 	݇଴ ∗ ݖ + ݈଴, Then you will get 

ݖ =
	ቀ൫௔భబା௔భభ∗௫ା௔భమ∗௫మା௔భయ∗௫యା⋯ା௔భ೘∗௫೘൯ି	൫௔బబା௔బభ∗௫ା௔బమ∗௫మା௔బయ∗௫యା⋯ା௔బ೘∗௫೘൯∗௫ቁ–ቀ௟బ∗൫௔బబା௔బభ∗௫ା௔బమ∗௫మା௔బయ∗௫యା⋯ା௔బ೘∗௫೘൯ቁ

(௔బబା௔బభ∗௫ା௔బమ∗௫మା௔బయ∗௫యା⋯ା௔బ೘∗௫೘)∗௞బ
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Now Substitute to all other equations from coefficient of ݌௡ି௥	 = ݇௥ ∗ ݖ + ݈௥, where	ݎ =  Then you will get the  .݊	݋ݐ	1	݉݋ݎ݂
equation as 
	൫	൫௔ೝబା௔ೝభ∗௫ା௔ೝమ∗௫మା௔ೝయ∗௫యା⋯ା௔ೝ೘∗௫೘൯ି	൫௔(ೝషభ)బା௔(ೝషభ)భ∗௫ା௔(ೝషభ)మ∗௫మା௔(ೝషభ)య∗௫యା⋯ା௔(ೝషభ)೘∗௫೘൯∗௫	൯

(௔బబା௔బభ∗௫ା௔బమ∗௫మା௔బయ∗௫యା⋯ା௔బ೘∗௫೘) =

݇௥ ∗

ቆ
	ቀ൫௔భబା௔భభ∗௫ା௔భమ∗௫మା௔భయ∗௫యା⋯ା௔భ೘∗௫೘൯ି	൫௔బబା௔బభ∗௫ା௔బమ∗௫మା௔బయ∗௫యା⋯ା௔బ೘∗௫೘൯∗௫ቁ–ቀ௟బ∗൫௔బబା௔బభ∗௫ା௔బమ∗௫మା௔బయ∗௫యା⋯ା௔బ೘∗௫೘൯ቁ

(௔బబା௔బభ∗௫ା௔బమ∗௫మା௔బయ∗௫యା⋯ା௔బ೘∗௫೘)∗௞బ
ቇ + ݈௥	  

where	ݎ =  .݊	݋ݐ	1	݉݋ݎ݂

Now expand these to have equations in terms of ݔ௪ where	ݓ = ݉	݋ݐ	0	݉݋ݎ݂ + 1. After getting each coefficient of	ݔ௪, solve 
variables of ܽ௡௠	by equating every coefficient of ݔ௪ where	ݓ = ݉	݋ݐ	0	݉݋ݎ݂ + 1	into zero. 

Since there are ݊ equations to coefficient of ݌௡ି௥	 = ݇௥ ∗ ݖ + ݈௥,			where	ݎ =  which will have further sub forms of	݊	݋ݐ	1	݉݋ݎ݂
where	݉ + 2 equations to each coefficient of	ݔ௪,   we can resolve [݊ ∗ (݉ + 2)]  equations of ܽ௡௠ 	which has [(݊ + 1) ∗
(݉ + 1)] − 1 variables. 

We can have solution for ܽ௡௠ only if [݊ ∗ (݉ + 2)] ≤	 [(݊ + 1) ∗ (݉ + 1)] − 1,   which resolves to the condition of ݊ ≤ ݉. 
Hence if	݊ ≤ ݉, we can find ܽ௡௠	which	satisfies	the	above	equations.  Otherwise If	݊ > ݉, then consider ݇௡ , ݈௡, of 2 ∗ ݊ 
variables to resolve additional	݊ − ݉ equations.  

After substituting those variables, resolve (݌)ܨ = 	0 and Let them are	ݔଵ,ݔଶ, … , (݌)ܨ	௡ thenݔ = ݌) − (ଵݔ ݌)	∗ − (ଶݔ ∗… ∗
݌)	 − (௡ݔ 	= 	0 and then (݌)ܨ ∗ ݌) − (ݔ = (݌)ܧ = ݌) − (ݔ ∗ ݌) − (ଵݔ ∗ ݌) − (ଶݔ ∗… ∗ ݌) − (௡ݔ 	= 	0   which is also equal to 
(݌)ܧ = 	௡ାଵ݌ + 	௡݌ ∗ (݇଴ ∗ ݖ + ݈଴) + 	௡ିଵ݌ ∗ (݇ଵ ∗ ݖ + ݈ଵ) +⋯+ 	଴݌	 ∗ (݇௡ ∗ ݖ + ݈௡	) = 0 

Let ܲ(ݔ) = 	 ܽ଴ + ܽଵ ∗ ݔ + ܽଶ ∗ ଶݔ + ܽଷ ∗ ଷݔ + ⋯+ ܽ௥ ∗ ௥ݔ 	= 	0		where ܽ଴	and	ܽ௥ are not zero. 

If ܲ(ݔ)	has		݌ଵ,݌ଶ, … , ௥݌  roots. Then (ݔ − (ଵ݌ ∗ ݔ) − (ଶ݌ ∗… ∗ ݔ) − (௥݌ = 0    

Instead of solving ܲ(ݔ)	solve	ܲ(ݔ) ∗ (ଵݔ)ܲ	 ∗ (ଶݔ)ܲ	 ∗ …∗ (௡ݔ)ܲ	 = 0. Since ܲ(ݔ௧) = ௧ݔ) (ଵ݌− ∗ ௧ݔ) (ଶ݌− ∗… ∗ ௧ݔ) ,(௥݌−
(ݔ)ܲ ∗ (ଵݔ)ܲ	 ∗ (ଶݔ)ܲ	 ∗ …∗ (௡ݔ)ܲ	 = 0	 will become ൫(ݔ − (ଵ݌ ∗ ݔ) − (ଶ݌ ∗ … ∗ ݔ) − ௥)൯݌ ∗ ൫(ݔଵ − (ଵ݌ ∗ ଵݔ) − (ଶ݌ ∗ …∗
ଵݔ) − ௥)൯݌ ∗ ൫(ݔଶ − (ଵ݌ ∗ ଶݔ) − (ଶ݌ ∗… ∗ ଶݔ) − ௥)൯݌ ∗… ∗ ൫(ݔ௡ − (ଵ݌ ∗ ௡ݔ) − (ଶ݌ ∗… ∗ ௡ݔ) ௥)൯݌− = 0	 

Now regroup the multiplication to have for every   ݌௧ 	instead	of	ݔ௧	, I.e.) (	(ݔ − (ଵ݌ ∗ ଵݔ) (ଵ݌− ∗ ଶݔ) − (ଵ݌ ∗… ∗ ௡ݔ) − (	(ଵ݌ ∗
൫(ݔ − (ଶ݌ ∗ ଵݔ) (ଶ݌− ∗ ଶݔ) − (ଶ݌ ∗… ∗ ௡ݔ) − ଶ)൯݌ ∗ ൫(ݔ − (ଷ݌ ∗ ଵݔ) − (ଷ݌ ∗ ଶݔ) − (ଷ݌ ∗… ∗ ௡ݔ) − ଷ)൯݌ ∗ … ∗ ൫(ݔ − (௥݌ ∗
ଵݔ) − (௥݌ ∗ ଶݔ) (௥݌− ∗ …∗ ௡ݔ) − ௥)൯݌ = 0	 

Since 	(x− (௧݌ ∗ ଵݔ) − (௧݌ ∗ ଶݔ) − (௧݌ ∗ … ∗ ௡ݔ) − (௧݌ 	= (ଵ݌)ܧ into	lead	will	equation	above 	,(௧݌)ܧ	 ∗ (ଶ݌)ܧ	 ∗ (ଷ݌)ܧ	 ∗
… ∗ (௥݌)ܧ	 = 0,	Since 

(௧݌)ܧ  = 	௧௡ାଵ݌ + 	௧௡݌ ∗ (݇଴ ∗ ݖ + ݈଴) + 	௧௡ିଵ݌ ∗ (݇ଵ ∗ ݖ + ݈ଵ) + 	… + 	݇௡ ∗ ݖ + ݈௡, 	= 	0, we can get ݖ in terms of	݌௧, i.e.)  

௧ݖ = 		
ିቀ	௣೟೙శభ	ା௣೟೙	∗(௟బ)ା	௣೟೙షభ	∗(௟భ)ା	…ା௣೟బ	∗(௟೙	)ቁ

(௣೟೙	∗(௞బ)ା	௣೟೙షభ	∗(௞భ)ା	…	ା௣೟బ	∗(௞೙))
 

If	ܧ(݌ଵ) ∗ (ଶ݌)ܧ	 ∗ (ଷ݌)ܧ	 ∗ … ∗ (௥݌)ܧ	 = 0	, Then	(ݖ − (ଵݖ ∗ ݖ) − (ଶݖ ∗ … ∗ ݖ) − (௥ݖ = 0. Since 

each	ݖ௧ =
ିቀ	௣೟೙శభ	ା௣೟೙	∗(௟బ)ା	௣೟೙షభ	∗(௟భ)ା	…ା௣೟బ	∗(௟೙	)ቁ

(௣೟೙	∗(௞బ)ା	௣೟೙షభ	∗(௞భ)ା	…	ା௣೟బ	∗(௞೙))
	 and each	݌௧	is	a	solution	of	ܲ(ݔ),	we can substitute 

୶ݖ	 =
ିቀ	୶೙శభ	ା୶೙	∗(௟బ)ା	୶೙షభ	∗(௟భ)ା	…ା୶బ	∗(௟೙	)ቁ

(	୶೙	∗(௞బ)ା	୶೙షభ	∗(௞భ)ା	…	ା୶బ	∗(௞೙)	)
	ݎ݋		

ቀ	୶೙శభ	ା୶೙	∗(௟బ)ା	୶೙షభ	∗(௟భ)ା	…ା୶బ	∗(௟೙	)ቁ

(	୶೙	∗(௞బ)ା	୶೙షభ	∗(௞భ)ା	…	ା୶బ	∗(௞೙)	)
	 In to ܧ(݌ଵ) ∗ (ଶ݌)ܧ	 ∗ (ଷ݌)ܧ	 ∗… ∗ (௥݌)ܧ	 =

0 
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Hence ܲ(ݔ) ∗ (ଵݔ)ܲ	 ∗ (ଶݔ)ܲ	 ∗ …∗  ୶ and get another polynomial of same degree but with differentݖ can substitute  (௡ݔ)ܲ	
coefficient.  Since there are ݊ variables of ݇୰ and ݈୰  we can find ݇୰ and ݈୰ which will make these coefficient to zero and thereby 
can be used to resolve polynomial equations. 

Let us see whether Same concept also can be extended to have (݌)ܨ ∗ ൫(ܾ଴ + ܾଵ ∗ ݔ + ܾଶ ∗ ଶݔ + ܾଷ ∗ ଷݔ +⋯+ ܾ௦ ∗ ݌(௦ݔ −
(ܿ଴ + ܿଵ ∗ ݔ + ܿଶ ∗ ଶݔ + ܿଷ ∗ ଷݔ + ⋯+ ܿ௦ ∗ ௦)൯௤ݔ = ൫(ܽ଴଴ + ܽ଴ଵ ∗ ݔ + ܽ଴ଶ ∗ ଶݔ + ܽ଴ଷ ∗ ଷݔ + ⋯+ ܽ଴௠ ∗ (௠ݔ ∗ ௡݌ +
(ܽଵ଴ + ܽଵଵ ∗ ݔ + ܽଵଶ ∗ ଶݔ + ܽଵଷ ∗ ଷݔ + ⋯+ ܽଵ௠ ∗ (௠ݔ ∗ ௡ିଵ݌ + (ܽଶ଴ + ܽଶଵ ∗ ݔ + ܽଶଶ ∗ ଶݔ + ܽଶଷ ∗ ଷݔ + ⋯+ ܽଶ௠ ∗ (௠ݔ ∗
௡ିଶ݌ + ⋯+ (ܽ௡଴ + ܽ௡ଵ ∗ ݔ + ܽ௡ଶ ∗ ଶݔ + ܽ௡ଷ ∗ ଷݔ + ⋯+ ܽ௡௠ ∗ ௠)൯ݔ ∗ ൫(ܾ଴ + ܾଵ ∗ ݔ + ܾଶ ∗ ଶݔ + ܾଷ ∗ ଷݔ + ⋯+ ௦ܾ ∗ ݌(௦ݔ −
(ܿ଴ + ܿଵ ∗ ݔ + ܿଶ ∗ ଶݔ + ܿଷ ∗ ଷݔ + ⋯+ ܿ௦ ∗  where	௥݌ ௡ା௤ and get all coefficient of݌ ௦)൯௤  and Divide the coefficient ofݔ
ݎ = ݊	݉݋ݎ݂ + ݍ − 	௡ା௤ିଵ݌ Let coefficient of .0	݋ݐ	1 = ݇଴ ∗ ݖ + ݈଴,				co− efficient	of	݌௡ା௤ିଶ	 = ݇ଵ ∗ ݖ + ݈ଵ,		co−
efficient	of	݌௡ା௤ିଷ	 = ݇ଶ ∗ ݖ + ݈ଶ	,  ... last coefficient of constant, ݌଴	  = ݇௡ା௤ିଵ ∗ ݖ + ݈௡ା௤ିଵ, where in there are ݊ + ݍ − 1 
equations of coefficient ݌௥	 	which will have further sub forms of where	݉ + ݏ ∗ ݍ + 1 equations to each coefficient of	ݔ௪,   we 
can resolve [(݊ + ݍ − 1) ∗ (݉ + ݏ ∗ ݍ − 1)]  equations of ܽ௡௠ 	which has [(݊ + 1) ∗ (݉ + 1)]− 1 variables and ܾ௦,	ܿ௦ having 
2 ∗ ݏ + 1 variables 

Hence if	[(݊ + ݍ − 1) ∗ (݉ + ݏ ∗ ݍ − 1)] ≤	 [(݊ + 1) ∗ (݉ + 1) + 2 ∗ 	,ܽ௡௠, ܾ௦	we can have solution for ,[ݏ ௦ܿ which relates 

to	݊ <= (ଶି௤)(௠ା௦∗(௤ାଵ)ାଵ)	
௦∗௤

, otherwise we need to consider ݇௡ , ݈௡, of 2 ∗ (݊ + ݍ − 1) variables to resolve additional equations 

of	݊ ∗ ݏ ∗ ݍ + ݍ) − 2)(݉ + ݏ ∗ ݍ) + 1) + 1). If	ݍ = 1, then above condition leads to if	݊ <= 2 + ௠ାଵ	
௦

,	 we can have solution 

for	ܽ௡௠, ܾ௦,	ܿ௦ otherwise we need to consider ݇௡, ݈௡, of 2 ∗ (݊ + ݍ − 1) = 2 ∗ ݊ variables to resolve. If	ݍ ≥ 2, then ݊ ∗ ݏ ∗ ݍ +
ݍ) − 2)(݉ + ݏ ∗ ݍ) + 1) + 1) is always greater than 0, hence we need to consider ݇௡ , ݈௡, of 2 ∗ (݊ + ݍ − 1) variables. If	ݍ = 2, 
irrespective of whatever ݉, [2 ∗ ݊ ∗ [ݏ ≤ [2 ∗ ݊ + 2] which is possible only if	ݏ <= 1 + ଵ	

௡
. If	ݍ > 2, 

then	ݏ <= (ଶ∗(௡ା௤ିଵ)ି(௤ିଶ)∗(௠ାଵ))	
(௡∗௤ା(௤ିଶ)∗(௤ାଵ))

 which leads to	ݏ <= ଶ
௤

+ ସି௤∗(௤ିଶ)∗(௠ାଵ)	
௤∗(௡∗௤ା(௤ିଶ)∗(௤ାଵ))

  which means	ݏ < 1 which means	ݍ cannot 

be	> 2. 

Hence coefficient transformation to the concept of (݌)ܨ ∗ ൫(ܾ଴ + ܾଵ ∗ ݔ + ܾଶ ∗ ଶݔ + ܾଷ ∗ ଷݔ +⋯+ ܾ ∗ ݌(௦ݔ − (ܿ଴ + ܿଵ ∗ ݔ +
ܿଶ ∗ ଶݔ + ܿଷ ∗ ଷݔ + ⋯+ ܿ௦ ∗ ௦)൯௤ݔ = ൫(ܽ଴଴ + ܽ଴ଵ ∗ ݔ + ܽ଴ଶ ∗ ଶݔ + ܽ଴ଷ ∗ ଷݔ + ⋯+ ܽ଴௠ ∗ (௠ݔ ∗ ௡݌ + (ܽଵ଴ + ܽଵଵ ∗ ݔ +
ܽଵଶ ∗ ଶݔ + ܽଵଷ ∗ ଷݔ +⋯+ ܽଵ௠ ∗ (௠ݔ ∗ ௡ିଵ݌ + (ܽଶ଴ + ܽଶଵ ∗ ݔ + ܽଶଶ ∗ ଶݔ + ܽଶଷ ∗ ଷݔ + ⋯+ ܽଶ௠ ∗ (௠ݔ ∗ ௡ିଶ݌ + ⋯+
(ܽ௡଴ + ܽ௡ଵ ∗ ݔ + ܽ௡ଶ ∗ ଶݔ + ܽ௡ଷ ∗ ଷݔ + ⋯+ ܽ௡௠ ∗ ௠)൯ݔ ∗ ൫(ܾ଴ + ܾଵ ∗ ݔ + ܾଶ ∗ ଶݔ + ܾଷ ∗ ଷݔ + ⋯+ ௦ܾ ∗ ݌(௦ݔ −
(ܿ଴ + ܿଵ ∗ ݔ + ܿଶ ∗ ଶݔ + ܿଷ ∗ ଷݔ + ⋯+ ܿ௦ ∗ ௦)൯ݔ

௤
 is possible when ݍ ≤ 2  and  by extending the same approach which we did 

in the beginning, then we will have in general, the following transformation  

The equation ቆܲ ቀ௖బା௖భ∗௫ା௖మ∗௫
మା௖య∗௫యା⋯ା௖ೞ∗௫ೞ	

௕బା௕భ∗௫ା௕మ∗௫మା௕య∗௫యା⋯ା௕ೞ∗௫ೞ
ቁቇ

௤

∗ (ଵݔ)ܲ	 ∗ (ଶݔ)ܲ	 ∗… ∗ (௡ݔ)ܲ	 	= 0	can have  

୶ݖ = 	
ቀ	୶೙శ೜	ା୶೙శ೜షభ	∗(௟బ)ା	୶೙శ೜షమ	∗(௟భ)ା	…ା୶బ	∗൫௟೙శ೜షభ	൯ቁ

൫୶೙శ೜	∗(௞బ)ା	୶೙శ೜షమ	∗(௞భ)ା	…	ା୶బ	∗(௞೙శ೜షభ)൯
 As substitution when ݍ ≤ 2   is possible, and after substituting, it will have 

same degree of	ܲ(ݔ).   

Similarly the same concept can also be extended to have the equation to the following form, 

ቆܲ ൬
௖భబା௖భభ∗௫ା௖భమ∗௫మା௖భయ∗௫యା⋯ା௖భೞభ∗௫

ೞభ 	

௕భబା௕భభ∗௫ା௕భమ∗௫మା௕భయ∗௫యା⋯ା௕భೞభ∗௫
ೞభ
൰ቇ

௤భ

∗ ቆܲ ൬
௖మబା௖మభ∗௫ା௖మమ∗௫మା௖మయ∗௫యା⋯ା௖మೞమ∗௫

ೞమ 	

௕మబା௕మభ∗௫ା௕మమ∗௫మା௕మయ∗௫యା⋯ା௕మೞమ∗௫
ೞమ
൰ቇ

௤మ

∗ … ∗

൭ܲቆ
௖ೕబା௖ೕభ∗௫ା௖ೕమ∗௫మା௖ೕయ∗௫యା⋯ା௖ೕೞೕ∗௫

ೞೕ 	

௕ೕబା௕ೕభ∗௫ା௕ೕమ∗௫మା௕ೕయ∗௫యା⋯ା௕ೕೞೕ∗௫
ೞೕቇ൱

௤ೕ

∗ (ଵݔ)ܲ	 ∗ (ଶݔ)ܲ	 ∗ … ∗ (௡ݔ)ܲ	 	= 0	Can have 
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୶ݖ  =
ቆ	୶೙శ೜భశ೜మశ⋯శ೜ೕ	ା୶೙శ೜భశ೜మశ⋯శ೜ೕషభ	∗(௟బ)ା	୶೙శ೜భశ೜మశ⋯శ೜ೕషమ	∗(௟భ)ା	…ାቀ௟೙శ೜భశ೜మశ⋯శ೜ೕషభ	ቁቇ

ቀ୶೙శ೜భశ೜మశ⋯శ೜ೕషభ	∗(௞బ)ା	୶೙శ೜భశ೜మశ⋯శ೜ೕషమ	∗(௞భ)ା	…	ା(௞೙శ೜భశ೜మశ⋯శ೜ೕషభ)ቁ
  As substitution and after substituting, it 

will have same degree of	ܲ(ݔ).  Since it is the same degree of	ܲ(ݔ), we could transform the Coefficient of ܽ଴ + ܽଵ ∗ ݔ +
ܽଶ ∗ ଶݔ + ܽଷ ∗ ଷݔ +⋯+ ܽ௥ ∗ ௥ݔ    into another set of ݑ଴ + ଵݑ ∗ ݔ + ଶݑ ∗ ଶݔ + ଷݑ ∗ ଷݔ + ⋯+ ௥ݑ ∗ ௥ݔ  so that we can either 
minimize the coefficient of ݑ௧ = 0	where	ݐ = ݎ	݋ݐ	1	݉݋ݎ݂ − 1, to obtain the roots or same can also be used to transform the 
roots to a  particular interval by which any person can easily identify how many real roots, after plotting the equation in a graph 
of x axis having the desired range.  

  

Let us go back to original derivation and explain the derivation with following example. 

Let	݊ = ݉ = 1. 

Then (݌)ܨ = 	 (ܽ଴଴ + ܽ଴ଵ ∗ (ݔ ∗ ଵ݌ + (ܽଵ଴ + ܽଵଵ ∗ (	ݔ = 0 

Then (݌)ܨ ∗ ݌) − (ݔ = (ܽ଴଴ + ܽ଴ଵ ∗ (ݔ ∗ ଵ݌ + (ܽଵ଴ + ܽଵଵ ∗ (	ݔ ∗ ݌) − (ݔ = (ܽ଴଴ + ܽ଴ଵ ∗ (ݔ ∗ ଶ݌ + 		(	(ܽଵ଴ + ܽଵଵ ∗ (ݔ −
	(ܽ଴଴ + ܽ଴ଵ ∗ (ݔ ∗ (	ݔ ଵ݌	∗ + 	(−(ܽଵ଴ + ܽଵଵ ∗ (	ݔ ∗ (ݔ = 0	 

Divide the coefficient of ݌ଶ and get all coefficient of	݌௥	where	ݎ =  .0	݋ݐ	1	݉݋ݎ݂

Let coefficient of ݌ଵ	 = (	(௔భబା௔భభ∗௫)ି	(௔బబା௔బభ∗௫)∗௫	)	
(௔బబା௔బభ∗௫) 	= ݇଴ ∗ ݖ + ݈଴,	 and coefficient of  

	଴݌		 = (ି(௔భబା௔భభ∗௫	)∗௫)		
(௔బబା௔బభ∗௫) = 		݇ଵ ∗ ݖ + ݈ଵ	  

After substituting coefficient of	݌ଵ	, you will get ݖ =
ቀ(	(௔భబା௔భభ∗௫)ି	(௔బబା௔బభ∗௫)∗௫	)–	௟బ				∗	(௔బబା௔బభ∗௫)	ቁ

(௔బబା௔బభ∗௫)∗	௞బ				
  

After substituting z and equating coefficient of 	݌଴	 = ݇ଵ ∗ ݖ + ݈ଵ,,	you will get  
	(ି(௔భబା௔భభ∗௫	)∗௫)

(௔బబା௔బభ∗௫) = 	 ݇ଵ	 ∗	
ቀ(	(௔భబା௔భభ∗௫)ି	(௔బబା௔బభ∗௫)∗௫	)–	௟బ		∗	(௔బబା௔బభ∗௫)	ቁ

(௔బబା௔బభ∗௫)∗	௞బ				
+ 	 ݈ଵ		 

Then comparing coefficient of	ݔଶ, ݔଵ	and ݔ଴ from left hand side to right hand side will lead into 

	ܽଵ଴ ∗ 	݇ଵ	 + 	ܽ଴଴ ∗ (−݈଴				 ∗	݇ଵ	 + 	 ݈ଵ	 ∗	݇଴	) = 0, ܽଵଵ ∗ ݇ଵ − ܽ଴଴ ∗	݇ଵ	 + ܽ଴ଵ ∗ (−	݇ଵ	 ∗ 	݈଴	 + ݈ଵ	 ∗ 	݇଴	) = −	ܽଵ଴ ∗	݇଴	,−ܽ଴ଵ ∗
	݇ଵ	 = −ܽଵଵ ∗	݇଴	 ,	 Then you will get,  ܽ଴ଵ = ܽ଴଴	 ∗ 	

௞బ
	௞భ

,	  ܽଵ଴ = ܽ଴଴	 ∗	
	௞భ	∗	௟బ			ష	௟భ	∗	௞బ	

	௞భ
, and ܽଵଵ = ܽ଴଴	 

After putting (݌)ܨ = 	 (ܽ଴଴ + ܽ଴ଵݔ) ∗ ଵ݌ + (ܽଵ଴ + ܽଵଵݔ	0=( and solving	݌,  

You will get  ݌ =
	(ି௞భ	∗	௟బ		శ	௟భ	∗	௞బ	)ష	ೖభ	∗	ೣ	

	௞భ	 	ା		ೖబ	∗	ೣ
  

Hence ܲ(ݔ) ∗ 	ܲ ൬
	(ି௞భ	∗	௟బ			ା	௟భ	∗	௞బ	)ష	ೖభ	∗	ೣ	

	௞భ	 	ା		ೖబ	∗	ೣ	
൰  will have substitution of ݖ = (୶మ	ା୶భ∗(௟బ)ା୶బ	∗(௟భ))

(		୶భ	∗(௞బ)ା	୶బ	∗(௞భ))
	   

Special cases from this substitution are 

1) If  ݇଴ = 0,݇ଵ = 1, ݈଴ = 0, 	݈ଵ = 0,	then ܲ(ݔ) ∗ ݖ will have	(ݔ−)ܲ =   as substitution	ଶݔ
2) If  ݇଴ = 1,݇ଵ = 0, ݈଴ = 0, ݈ଵ = 1,	then ܲ ቀ୶

ଵ
ቁ ∗ 	ܲ ቀଵ

୶
ቁ	will have ݖ = ୶

ଵ
+ 	ଵ

୶
  as substitution  

If ܲ(ݔ) = ܽ଴ + ܽଵݔ + ܽଶݔଶ + ܽଷݔଷ + ⋯+ ܽ௥ݔ௥ = 0 where ܽ଴	and	ܽ௥	are not zeros, then ܲ(ݔ) is of the polynomial having 
degree ݎ and it has	݌ଵ,݌ଶ, …  ௥ roots. Then݌,
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 ܲ ቀ୶
ଵ
ቁ ∗ ܲ ቀଵ

୶
ቁ 	= (ܽ଴ + ܽଵݔ + ܽଶݔଶ + ܽଷݔଷ + ⋯+ ܽ௥ݔ௥) ∗ (ܽ଴ݔ௥ + ܽଵݔ௥ିଵ + ܽଶݔ௥ିଶ + ܽଷݔ௥ିଷ + ⋯+ ܽ௥) 	= 	0 

Since ܲ ቀ୶
ଵ
ቁ ∗ 	ܲ ቀଵ

୶
ቁ	will have ݖ = ୶

ଵ
+ 	ଵ

୶
  as substitution, then ܲ ቀ୶

ଵ
ቁ ∗ 	ܲ ቀଵ

୶
ቁ = ܩ	 ቀݖ = ୶

ଵ
+ 	 ଵ

୶
ቁ  will have 	ݖ୲	ୀ 	

௣೟
ଵ

+

	 ଵ
௣೟
		as	root	and	forming	z୰ ∗ ܩ	 ቀଵ

୸
ቁ	 will have root as 	ݖ୲ = ଵ

೛೟
భ ା	

భ
೛೟

	= 	௣౪
	௣౪మ	ାଵ					

  since 	௣౪
	௣౪మ	ାଵ				 	

 is always in between − ଵ
ଶ
  and	+ଵ

ଶ
, 

Hence we can plot z୰ ∗ ܩ	 ቀଵ
୸
ቁ	into the graph to know where it crosses x axis in zero, irrespective of larger root of		݌୲ . 

After getting each 	ݖ୲		which	crosses	zero,	then we can get  	݌୲ = ଵ±ඥଵିସ	∗	௭౪మ

ଶ	∗	௭౪
 from 	ݖ୲	 and one of the root will satisfy ܲ ቀ୶

ଵ
ቁ =

0	and another root will satisfy ܲ ቀଵ
୶
ቁ = 0  

Since from the graph, it will give all real roots in between − ଵ
ଶ
  and	+ ଵ

ଶ
, any person can easily identify how many real roots the 

equation has. 

Hence the transformation,	z୰ ∗ ܲ ൬ଵା
ඥଵିସ	∗୸మ

ଶ∗୸
൰ ∗ 	ܲ ൬ଵି

ඥଵିସ	∗୸మ

ଶ∗୸
൰ = (ݖ)ܩ = 0 will bring all the real roots in between − ଵ

ଶ
  and	+ ଵ

ଶ
 

and Plotting (ݖ)ܩ = 0 can easily identify how many real roots the equation has with the x axis crossing zero in between − ଵ
ଶ
  

and	+ ଵ
ଶ
.  

Another advantage is that since every root is in between − ଵ
ଶ
  and	+ଵ

ଶ
, again applying transformation of (ݖ)ܩ ∗ (ݖ−)ܩ =

ݕ which will have	(ݕ)ܪ = zଶ	 as substitution. This will make every root is in between ଴
ଵ
  and	+ ଵ

ସ
.  Hence the transformation 

y୰ ∗ ܲ ൬ଵାඥଵିସ∗୷
ଶ∗ඥ୷

൰ ∗ ܲ ൬ଵିඥଵିସ∗୷
ଶ∗ඥ୷

൰ ∗ ܲ ൬ଵାඥଵିସ∗୷
ିଶ∗ඥ୷

൰ ∗ ܲ ൬ଵିඥଵିସ∗୷
ିଶ∗ඥ୷

൰ = (ݕ)ܪ = 0 will make every root in between ଴
ଵ
  and	ଵ

ସ
. In this 

case coefficient of y୴ can be easily judged whether all are real roots.  Since every root cannot be greater than ¼ and less than 0, 

maximum absolute value of coefficient of y୴	will not exceed the binomial coefficient of ቀݕ − ଵ
ସ
ቁ
௥

= ෍ ൫௥௩൯ݕ
௩(− ଵ

ସ
)௥ି௩

௥

௩ୀ଴
 

Hence Coefficient of y୴ିଵ  won’t be lesser than ି୰
ସ

 and greater than 0 and in general coefficient of y୰ି୴  is in between 0 

and	൫௥௩൯ ∗ (−4)ି୴.  If the condition is not satisfied, then the equation has imaginary roots. 

 If you don’t want to have more multiplications and since the transformation,	z୰ ∗ ܲ ൬ଵା
ඥଵିସ	∗୸మ

ଶ∗୸
൰ ∗ 	ܲ ൬ଵି

ඥଵିସ	∗୸మ

ଶ∗୸
൰ = (ݖ)ܩ = 0 

which will bring all the real roots in between − ଵ
ଶ
  and	+ଵ

ଶ
, again applying ݕ = ݖ − ଵ

ଶ
 which will bring transformation of 

ቀy + ଵ
ଶ
ቁ
୰
∗ ܲ ቌ

ଵାටଵିସ	∗ቀ୷ାభమቁ
మ

ଶ∗ቀ୷ାభమቁ
ቍ ∗ 	ܲቌ

ଵିටଵିସ	∗ቀ୷ାభమቁ
మ

ଶ∗ቀ୷ାభమቁ
ቍ = 	 ቀଶ∗୷ାଵ

ଶ
ቁ
୰
∗ ܲ ൬ଵାଶ∗ඥି୷∗(୷ାଵ)

ଶ∗୷ାଵ
൰ ∗ 	ܲ ൬ଵିଶ∗ඥି୷∗(୷ାଵ)

ଶ∗୷ାଵ
൰ = 0, will have roots in 

between -1 and 0. Since every root cannot be lesser than -1 and greater than 0, maximum absolute value of coefficient of y୴	will 

not exceed the binomial coefficient of	(ݕ + 1)௥ = ෍ ൫௥௩൯ݕ
௩

௥

௩ୀ଴
. Hence in general coefficient of y୰ି୴  is in between 0 and	൫௥௩൯.  If 

the condition is not satisfied, then the equation has imaginary roots.  

Same can also be extended for any polynomial function ܲ(ݔ)	having degree r to compress the curve to get the roots to desired 

range between ݎଵ  and	ݎଶ , then (2 ∗ y−	ݎଶ − ଵ)୰ݎ ∗ 	ܲ ൬(௥మି௥భ)ାଶ∗ඥ(௥మି୷)∗(௬ି௥భ)	
(ଶ∗୷ି	௥మି௥భ)

൰ ∗ 	ܲ ൬(௥మି௥భ)ିଶ∗ඥ(௥మି୷)∗(௬ି௥భ)	
(ଶ∗୷ି	௥మି௥భ)

൰ = (ݕ)ܩ =	0 will 

be the transformation having same degree of	r. Similarly for any function other than polynomial, (ݔ)ܨ	to compress the curve to 

get the roots to desired range between ݎଵ and	ݎଶ , then 	ܨ ൬(௥మି௥భ)ାଶ∗ඥ(௥మି୷)∗(௬ି௥భ)	
(ଶ∗୷ି	௥మି௥భ)

൰ ∗ ܨ	 ൬(௥మି௥భ)ିଶ∗ඥ(௥మି୷)∗(௬ି௥భ)	
(ଶ∗୷ି	௥మି௥భ)

൰ = (ݕ)ܩ =	0 will 

be the transformation. 


