International Journal of Mathematics Trends and Technology — Volume 14 Number 1 — Oct 2014
Coefficient Transformation of Polynomial Equations

Sankaralingam Lakshmanaraj

gloStream Technologies Pvt Ltd,
Flat no 307, Ishwar Pratik Apartment, Tapovan road, Bodhale Nagar, Nashik, India,

Abstract— This is the new concept to transform the Coefficient of polynomial equation to another set of coefficient to make the roots
in between a particular interval by which any person can easily identify how many real roots, after plotting the equation in a graph of
x axis having the desired range by compressing the curve.
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. INTRODUCTION

If each coefficient is linear to a variable, then we can substitute another variable to get another equation to that variable. If we design
the variable as a function such a way that it cannot exceed certain limits, then we can bring the roots in between an interval which
compresses the curve for plotting.

Il. DERIVATION
Following derivation is the new concept to transform the Coefficient of a, + a; * x + a, * x2 + a3 * x3 + -+ q, *x” into
another set of u, +u; * x + uy * x2 + ug * x3 +---+u, *x7 so that we can either minimize the coefficient of u, =
Owhere t = from 1 to r — 1, to obtain the roots or same can also be used to transform the roots to a particular interval by
which any person can easily identify how many real roots, after plotting the equation in a graph of x axis having the desired
range.

_ 2 3 2 3
Let F(p) = (ago + Qo1 * X + @gp * X2 + Qg3 * x> + o+ Qg * X™) ¥ ™ + (agp + Qyg * X + Ay ¥ X2 + g3 % X% + o+ Ay *
x™) x+p™ L+ (g + Ayy ¥ X F Ay x X% + Aoz * X5 F oy *X™) kP2 A o (A F Ay * X F Ay * X2 F Qg x x5+
"'+anm*xm)=0

— — 2 3 2
Then F(p) * (p — x) = E(p) = ((ago + gy * X + agp * X2 + Agg * X3 + -+ Qg * X™) % p™ + (agg + ayq * X + agp * X% +
Az * X3 F et Ay *X™) x PP+ (Ap + Agy * X+ Agp ¥ X2 F Apg * X5+ o Ay x X™) x P2+ o+ (A + Ay * X +
anz*xz+an3*x3+~--+anm*xm))*(p—x)= (ago + gy * X + gy * X2 + ag3 *X° + -+ Qg xx™) xp™H +
((ap+ay  xx+ap *x? +axx3+ -+ a, *x™) — (Ao + Qg * X+ Agy * X% + Aoz * X5 + -+ Qg * X™) xx ) *
p"+((a20+a21*x+a22*x2+a23*x3+---+a2m*xm)—(a10+a11*x+a12*x2+a13*x3+---+a1m*xm)*

x) % pPh A A (—(Ang F Ay * X F Ay * X%+ Qg X3 e @ * X)) xx) =0

Divide the coefficient of p™** and get all coefficient of p” where v = from n to 0. Then you will have coefficient of p™~"*1 is
((aro+aryxxtarysx?+apzexs++armx™)— (a(r—1)0+a(r—1)1*X+a(r—1)2*Xz+a(r—1)3*X3+'“+a(r—1)m*xm)*x)

equal to
q (ago+agr*x+agz*x2+agz*x3+-+agm*x™)

Let coefficient of p™™" =k, » z + . i.e.) coefficient of p™ = k, * z + [, coefficient of p"~* = k, * z + [, coefficient
of p"~2 =k, xz+1, .., and last coefficient of constant, p® = k,, * z+ I, Now obtain the value of z from Coefficient of
p™ which is

((a10+a11 wx+agzex?+agzaxd+otagmea™)— (ao0+a01*x+a02*x2+a03*x3+~~~+a0m*xm)*x)

= x 7+ i
(Cootae it e T Tt an ™) ko * z+ 1, Then you will get

((alo+a11*x+a12*x2+a13*x3+~~~+a1m*xm)— (aoo+a01*x+a02*x2+a03*x3+~~~+a0m*xm)*x)—(lo*(aoo+a01*x+a02*x2+a03*x3+~~~+a0m*xm))
7Z =

(ago+agi*x+agz*x2+agz*x3+-+agm*x™)xkq
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Now Substitute to all other equations from coefficient of p™~" =k, * z + [, where r = from 1 to n. Then you will get the

equation as
((aro+aryxx+arysx?+argx®++apm*x™)- (a(r—l)o+a(r—1)1*X"‘a(r—l)z*X2+a(r—1)3*X3+‘“+a(r—1)m*xm)*x) _

(ago+agr*x+agz*x2+agz*x3+-+agm*xm)
ke, *

<((al0+a11*x+a12*x2+a13*x3+~~~+a1m*xm)— (aoo+a01*x+a02*x2+a03*x3+~~~+a0m*xm)*x)—(lo*(aoo+a01*x+a02*x2+a03*x3+~~~+a0m*xm))> ‘]
-

(ago+agr*x+aga*x2+agz*x3+-+agm*xM)xkq

where r = from 1 to n.

Now expand these to have equations in terms of x* where w = from 0 to m + 1. After getting each coefficient of x*, solve
variables of a,,,,, by equating every coefficient of x where w = from 0 to m + 1 into zero.

Since there are n equations to coefficient of p™" =k, x z+ [, where r = from 1 to n which will have further sub forms of
where m + 2 equations to each coefficient of x*, we can resolve [n * (m + 2)] equations of a,,,,, which has [(n + 1) =
(m + 1)] — 1 variables.

We can have solution for a,,,, only if [n x (m +2)] < [(n+ 1) * (m + 1)] — 1, which resolves to the condition of n < m.
Hence if n < m, we can find a,,,,, which satisfies the above equations. Otherwise If n > m, then consider k,,,l,, of 2*n
variables to resolve additional n — m equations.

After substituting those variables, resolve F(p) = 0 and Let them are x;,x,, ..., x, then F(p) = (p — x;) * (p — x,) * ... *
(p—x,) = O0andthen F(P) «*(p—x)=E@)=@—-x)*(p—x)*(p—x,)*..x(p —x,) = 0 which is also equal to
E(p) =p"Jr1 +p" *(ko >!<z+l0)+p"_1 *(kl*z+l1)+~--+ po *(kn*z+ln)=0

Let P(x) = ay+a; *x +a, *x* +az *x° + -+ a, *x” = 0 where a, and a, are not zero.
If P(x) has py,p,,....p, roots. Then (x —p,) * (x —p,) *..x (x —p,) =0

Instead of solving P(x) solve P(x) = P(x;) * P(x,) = ..x P(x,) = 0. Since P(x;) = (x; — py) * (x; — p) = ... * (x; — p,),
P(x) * P(x;) * P(x,)*..* P(x,) =0 will become ((x —p)*(x—py)* .. (x — pr)) * ((x1 —py) * (] —py) * .. %
G =) * (Gra = p) * (ra = p2) # % Gy = ) % % (G = p2) * Gt = D) 5 % (= ) = 0

Now regroup the multiplication to have for every p, instead of x,, l.e.) ((x —p;) * (x; —py) * (X3 — py) * ... x (x,, —py) ) *
((x —p2) * (=) * (xy — ) * ok (x, — pz)) * ((x —p3) * (x; — p3) * (2 — p3) * .ox (o, — p3)) * Lk ((x —p,) *
(xl - pr) * (xz _pr) *ok (xn - pr)) =0

Since (x—p;) * (x; — pe) * (x, — pe) * ... % (x,, — p) = E(p,), above equation will lead into E(p,) * E(p,) * E(p3) *
..* E(p,) =0, Since

E(p) =p ™t +p (kg xz+ 1) +p L« (ky xz+ 1) + ..+ k,xz+1, = 0, wecangetzintermsof p,, i.e.)
—( D™+ #(lo)+ pe T+ (1) + A0 *(ln))
(pe™ (ko) + pe ™1 #(kq )+ .. +1¢0 *(kn))

Zy =

If E(qp,) * E(py) * E(p3) *..x E(p,) =0, Then(z —z,) * (z—z,) * ...* (z — z,) = 0. Since

~( P 4 1100+ P )+ AP+ )

each z, = R P S v o and each p, is a solution of P(x), we can substitute
t *Ko t *K )+ t *(Kn
_ —( XML 4 xT (1) + x L x(l)+ .. +x0 *(ln)) (x"+1 +x™#(1g)+ x L x(ly)+ .. +x0 *(ln)) _
o = T ) O G ot oy MO E@) * E(y) x E(ps) + . E(py) =
0

ISSN: 2231-5373 http://www.ijmttjournal.org Page 2




International Journal of Mathematics Trends and Technology — Volume 14 Number 1 — Oct 2014

Hence P(x) = P(x,) * P(x,) *..* P(x,) can substitute z, and get another polynomial of same degree but with different
coefficient. Since there are n variables of k. and [. we can find k, and [ which will make these coefficient to zero and thereby
can be used to resolve polynomial equations.

Let us see whether Same concept also can be extended to have F(p) * ((by + by * x + b, * x? + by * x> + -+ by x x5)p —
(c0+c1*x+c2*x2+c3*x3+~--+cs*x5))q=((a00+a01*x+a02*x2+a03*x3+~--+a0m*xm)*p"+
(ap+ay*x+a;, *x?+ a3 xx3+ o+ a, *x™)«p" L+ (ayo + Apy * X+ App * X% + g3 % X5 + o+ Ay * X™) *
PV A (A F Qg * X F Ay * X2+ Ay *x3+~--+anm*xm))*((b0+b1*x+b2 #x2 + by xx3 4+ by xx5)p —
(co+cr*x+cy*sx?+cgxxd+ 4o % xs))q and Divide the coefficient of p™*? and get all coefficient of p” where

r = fromn+q — 1to 0. Let coefficient of p"*9~1 =k, x z + [, co — efficient of p"*972 =k, +z+1; co—

efficient of p™*973 =k, x z+ 1, ... last coefficient of constant, p® =k, 4_1 *2z+ l,44_1 Whereintherearen+q —1
equations of coefficient p™ which will have further sub forms of where m + s * g + 1 equations to each coefficient of x*, we
can resolve [(n + g — 1) * (m + s * ¢ — 1)] equations of a,,, which has [(n + 1) * (m + 1)] — 1 variables and by, ¢, having
2 x s+ 1 variables

Henceif [((n+q—1) *(m +s* q—1)] < [(n + 1) * (m + 1) + 2 = s], we can have solution for a,,,,, b, c; which relates
(2—q)(m+s*(q+1)+1)
S*q

ton <= , otherwise we need to consider k,,, [, of 2 « (n + g — 1) variables to resolve additional equations

ofnxs*q+(q—2)(m+s=(qg+1)+1).If g =1, then above condition leads to ifn <=2 + ml

—, We can have solution

for a,,,,, bs, ¢ otherwise we need to consider k,,, [, of 2 (n + g — 1) = 2 = n variables to resolve. If ¢ > 2, thenn * s * q +
(q —2)(m + s % (q + 1) + 1) is always greater than 0, hence we need to consider k,, [, of 2+ (n + q — 1) variables. If g = 2,

irrespective of whatever m, [2 = n = s] < [2 = n + 2] which is possible only if s <=1 + % Ifqg=>2,

(2+(n+q-1)-(q—2)*(m+1)) which leads to s <= 2 + 4-q*(q—2)*(m+1)

then s <=
$ (nxq+(q—2)*(q+1)) q  qx(nxq+(q—2)*(q+1))

be > 2.

which means s < 1 which means g cannot

Hence coefficient transformation to the concept of F(p) * ((by + by * x + b, * x? + by *x3 + -+ b *x%)p —(co + ¢, * x +
Cpxx% +c3*x3 +"'+Cs*xs))q = ((a00+a01 £+ Qgg * X%+ Aoz *# X+ e Qo+ X)) "+ (ago +agy *x +

Ay % X2+ Qpa x X3 F oAy, * X)) x4 (A + Qpy ¥ X+ Ay * X2 + Ay % X5 + o @y *X™) * P2+ o

(apo + apy *x + ay, *x2+an3*x3+~--+anm*xm))*((b0+b1*x+b2*x2+b3*x3+---+bs*x5)p—

o+ xx+cy*x2+cgxxd+ 4% xs))q is possible when ¢ < 2 and by extending the same approach which we did
in the beginning, then we will have in general, the following transformation

Co+Cy*x+Co*x2+cz*x3+o+ogHxS

q
The equation <P( )) * P(x;)* P(xy)*...* P(x,) = 0can have

bo+b1*x+bp*x%+bg*x3+--+bg*xS

( X 4x 1 (1g)+ X724 (1)+ . A4x0 *(Inyg-1 ))
Z, —
x (x4 (ko) + X472 x (kg )+ ... +X0 *(Kptg-1))

same degree of P(x).

As substitution when g < 2 is possible, and after substituting, it will have

Similarly the same concept can also be extended to have the equation to the following form,

a1 az

C1o+C1y*x+Cy a2 +cygex St tepg xSl Ca0+C21*X+Cop*x 2 +Cag X3+ +Cp5, ¥X52

P * (P EE
D10+b11#x+b1*x2+byz*x3+-+byg ,x51 Do +b21%X+bog*x2+byg*x 3+ +bys, xx52

s; aj
Cjot+Cjirx+Ciprx24cjzrxdetcjs xx')
( < T * P(x;)* P(x,)*..* P(x,) = 0Can have

. .  *X24D k344D
bjo+bj1*x+bja*x2+bjzxx3+ +b]5j*x J
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<X"+ql+qz+~-+qj +x Az (L) + T *(11)+ ---+(ln+q1+qz+“'+‘1j_1 )>

Zy = (Xn+q1+qz+...+qj_ ETTLT P As substitution and after substituting, it

T Z
(ko) + x (ke )+ ---+(kn+q1+q2+»--+qj—1))

will have same degree of P(x). Since it is the same degree of P(x), we could transform the Coefficient of a, + a, * x +

a, *x% +az xx3+--+a, xx” intoanother set of uy + u; * x +uy * x2 +uy xx3 + -+ u,. * x” so that we can either
minimize the coefficient of u, = O where t = from 1 to r — 1, to obtain the roots or same can also be used to transform the
roots to a particular interval by which any person can easily identify how many real roots, after plotting the equation in a graph
of x axis having the desired range.

Let us go back to original derivation and explain the derivation with following example.
Letn=m=1.
Then F(p) = (agy + agy *x) *p* + (a;p +a;; *x) =0

Then F(p) * (p — x) = (ago + apq * x) *p* + (ayo + ayq * x ) * (p — x) = (ago + agy *x) xp®> + ((agp +as, *x) —
(ago+agy *x) *x)* pt + (—(ap+a;; *x)*x) =0

Divide the coefficient of p? and get all coefficient of p” where r = from 1 to 0.

_ ((agp+aq1*x)— (ago+ags*x)+x )

Let coefficient of p* = =k, * z+ 1, and coefficient of
(apo+ap1*x) '
0 — ((ago+ayy*x)*x) _
P = (ago+apy*x) - kl xz+ ll

(( (azo+air*x)— (agot+ao1*x)*x)-1lo *(ago+aps*x) )

- - 1 . _
After substituting coefficient of p*, you will get z Goe e e

After substituting z and equating coefficient of p°® =k, * z + I, , you will get

(—(azo+asr*x)*x) _ K. (( (ajotag1*x)— (ago+agy*x)*x)-1lg * (a00+a01*x)) +1
1 1

(ago+ag1*x) (ago+ap1*x)* ko

Then comparing coefficient of x2, x* and x° from left hand side to right hand side will lead into

Ao ky + ago* (=ly * ky + 1 * ko) =0,a1; *ky —ago * ky +agy *x(—ky * Ly + 1 * ko) = —ayo* kg, —ag *
. K ki#lo —l1+k
k, = —ay, * ko , Then you will get, ay, = a,, * k—‘i Ao = gy * 1*"Tll*",and a;; = ay

After putting F(p) = (ay + agx) * p* + (a,, + a,,x )=0 and solving p,

(—k1xlo 4 li*koy—kqx

You will get p =

ey + ko *x

(=k1xlo +1l1*Ko)—kq+x x2 +x1x(1g)+x0 *(14)
)~k — 0 1

) will have substitution of z = (XL ko) 0 o))

Hence P(x) * P<

1 + geg«x
Special cases from this substitution are
1) If kg=0,k; =1,1,=0, I, =0, then P(x) * P(—x) will have z = x? as substitution

2) If kg=1,k;=0,1,=0, I, =1, then P G) * P(i) will have z = T+ i as substitution

If P(x) = ay + a;x + a,x? + azx® + -« + a,x” = 0 where a, and a, are not zeros, then P(x) is of the polynomial having
degree r and it has p;,p,, ..., p, roots. Then
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X 1 — — —
P(I) *P(—) =(a,+ax +ax?+az;x3+ - +ax") x(agx" +ax" + a2+ ax" 3+ -4+ a,) =0
X

Since P G) * P (i) will have z = % + i as substitution, then P G) * P (i) =G (z = % + i) will have z, _ p—lt +

1 - 1 - 1
— asrootand formingz" * G (—) will have root as z, = pr—r = —5
143 z T+p—t P +1

Dt
t2 +1

. . . 1 1
since > is always in between -3 and +;,

Hence we can plot z" = G G) into the graph to know where it crosses x axis in zero, irrespective of larger root of p, .

After getting each z, which crosses zero, then we can get p, =

12/1-4 * 72
2 * Zt

from z, and one of the root will satisfy P G) =

0 and another root will satisfy P (i) =0

Since from the graph, it will give all real roots in between —; and +§, any person can easily identify how many real roots the
equation has.

1+/1-4 *zz) « P <1—\/1—4 z2

2%Z

Hence the transformation, z* * P < ) = G(z) = 0 will bring all the real roots in between —; and +%

2%Z

and Plotting G(z) = 0 can easily identify how many real roots the equation has with the x axis crossing zero in between —;

1
and +-.
2

Another advantage is that since every root is in between —; and +%, again applying transformation of G(z) * G(—z) =

H (y) which will have y = z2 as substitution. This will make every root is in between % and +%. Hence the transformation

yr % P <1+V2*1J_;*y) *P <1_V2:J_;*y) «P <1+_v21*—£_’*3’) *P <1__V21*:/‘:_,*y) = H(y) = 0 will make every root in between % and i. In this

case coefficient of y¥ can be easily judged whether all are real roots. Since every root cannot be greater than % and less than 0,

r T
maximum absolute value of coefficient of yV will not exceed the binomial coefficient of (y - i) = Z (Dy”(— i)r"’
v=0

Hence Coefficient of y"=! won’t be lesser than _Tr and greater than 0 and in general coefficient of y™™V is in between 0

and (D * (—4)~V. If the condition is not satisfied, then the equation has imaginary roots.

1+m) . P <1—m) =6() =0

2%Z

If you don’t want to have more multiplications and since the transformation, z* * P <

2%Z

which will bring all the real roots in between —% and +%, again applyingy =z — ; which will bring transformation of

2 2
(y+%)r «P H—Vl_“(y%) . pl 2 (r+3) — (2*3;+1)r*P<1+2*«/—Y*(y+1)) . P<1—2*\/—y*(y+1)

2*(y+%) 2*(y+%) 2*xy+1 2xy+1

between -1 and 0. Since every root cannot be lesser than -1 and greater than 0, maximum absolute value of coefficient of yv will

) =0, will have roots in

.
not exceed the binomial coefficient of (y + 1)" = Z (7)y”. Hence in general coefficient of y"= is in between 0 and (7). If
v=0

the condition is not satisfied, then the equation has imaginary roots.

Same can also be extended for any polynomial function P(x) having degree r to compress the curve to get the roots to desired
(rz—11)+2% (TZ—Y)*(Y—H)) « P <(7”2—7”1)—2*w/ (Tz—Y)*(y—Tl)) — G(y) =0 will
(2xy—12-11) (2xy-12-11)
be the transformation having same degree of r. Similarly for any function other than polynomial, F(x) to compress the curve to
(7”2—7”1)‘*'2*\/(7”2—)’)*(37—7”1)) < F <(7”2—7”1)—2*\/(7”2—)’)*(3’—7”1)) - G(y) = 0 will

(2xy-12-11) (2xy—12-11)

range between r; and r,, then (2 xy — 1, —1y)" = P<

get the roots to desired range between r; and r;, then F<

be the transformation.
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