
International Journal of Mathematics Trends and Technology – Volume 14 Number 1 – Oct 2014 

ISSN: 2231-5373                          http://www.ijmttjournal.org Page 6 
 

New Matrix Operators to Get an Expansion Series 
Sankaralingam Lakshmanaraj 
gloStream Technologies Pvt Ltd,  

Flat no 307, Ishwar Pratik Apartment, Tapovan road, Bodhale Nagar, Nashik, India,  
 

Abstract— This discovery of operator is similar to derivative of a function, but this is to derivative of a matrix function. This operator 
is bringing yet another expansion series to a function. This expansion series can be used to approximate wider range of the values. 
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I. INTRODUCTION 
The matrix multiplication of n x n and n x 1 will give n x 1 matrix. If we expand n x 1 further in to another n x n * n x 1 matrix, we get 
n x n * n x n * n x 1 and keep on extending, we get an expansion series.  

II. DERIVATION 

Let there be a 2 x 1 matrix, ቀܾܽቁ		and, operator [] to the matrix ቂቀܾܽቁቃ is ܽ ∶ ܾ 

Since݇ ∗ ܽ ∶ ݇ ∗ ܾ = ܽ ∶ ݇	݁ݎℎ݁ݓ	ݎ݋݂	ܾ ≠ 0, ቂቀ݇ ∗ ܽ݇ ∗ ܾቁቃ is also	ቂቀܾܽቁቃ which is ܽ ∶ ܾ 

Hence ቂቀ࢑ ∗ ࢑ࢇ ∗ ቁቃ࢈ = 	 ቂቀ࢈ࢇቁቃ this makes identity no 1 

Since	ቂቀܽ ܾ
ܿ ݀

ቁ	ቀ
∝
ቁቃߚ = ൤൬ܽ ∗ ߙ + ܾ ∗ ߚ

ܿ ∗ ߙ + ݀ ∗ ൰൨, then ቂቀܽߚ ܾ
ܿ ݀

ቁ	ቀ
∝
ቁቃߚ = (ܽ ∗ ߙ + ܾ ∗ (ߚ ∶ (ܿ ∗ ߙ + ݀ ∗  	(ߚ

Also ቂቀ݇ ∗ ܽ ݇ ∗ ܾ
݇ ∗ ܿ ݇ ∗ ݀ቁ	ቀ

∝
ቁቃߚ = (݇ ∗ ܽ ∗ ߙ + ݇ ∗ ܾ ∗ (ߚ ∶ (݇ ∗ ܿ ∗ ߙ + ݇ ∗ ݀ ∗ (ߚ = (ܽ ∗ ߙ + ܾ ∗ (ߚ ∶ (ܿ ∗ ߙ + ݀ ∗ (ߚ =

	ቂቀܽ ܾ
ܿ ݀

ቁ	ቀ
∝
 ቁቃߚ

Hence ቂቀ࢑ ∗ ࢇ ࢑ ∗ ࢈
࢑ ∗ ࢉ ࢑ ∗ ࢊ

ቁ	ቀ
∝
ቁቃࢼ = 	 ቂቀࢇ ࢈

ࢉ ࢊ
ቁ	ቀ

∝
 this makes identity no 2		ቁቃࢼ

If	ቂቀ
∝
ቁቃߚ = ൤൬݁ ݂

݃ ℎ൰	ቀ
ߛ
ߙ	 ൨, which equates to	ቁߜ ∶ ߚ = 	 (݁ ∗ ߛ + ݂ ∗ (ߜ ∶ (݃ ∗ ߛ + ℎ ∗ ߙ then			(ߜ = ݇ ∗	(݁ ∗ ߛ + ݂ ∗ ,(ߜ ߚ =

	݇ ∗ (݃ ∗ ߛ + ℎ ∗ ݇ for any		(ߜ ≠ 0 and if you substitute value of ߙ and ߚ  to the equation, ቂቀܽ ܾ
ܿ ݀ቁ	ቀ

∝
ቁቃߚ = (ܽ ∗ ߙ + ܾ ∗

:(ߚ (ܽ ∗ ߙ + ܾ ∗ ܽ)  ,then one can prove that	(ߚ ∗ ߙ + ܾ ∗ (ߚ ∶ (ܽ ∗ ߙ + ܾ ∗ (ߚ = ൫(݇ ∗ ܽ ∗ ݁ + ݇ ∗ ܾ ∗ ݃) ∗ ߛ + (݇ ∗ ܽ ∗ ݂ +
݇ ∗ ܾ ∗ ℎ) ∗ ൯(ߜ ∶ ൫(݇ ∗ ܿ ∗ ݁ + ݀ ∗ ݃) ∗ ߛ + (݇ ∗ ܿ ∗ ݂ + ݇ ∗ ݀ ∗ ℎ) ∗ ൯(ߜ = 	 ൫(ܽ ∗ ݁ + ݇ ∗ ܾ ∗ ݃) ∗ ߛ + (ܽ ∗ ݂ + ݇ ∗ ܾ ∗ ℎ) ∗
൯(ߜ ∶ ൫(ܿ ∗ ݁ + ݀ ∗ ݃) ∗ ߛ + (ܿ ∗ ݂ + ݇ ∗ ݀ ∗ ℎ) ∗  .൯ which simply follows to the identity No 3(ߜ

 If 	ቂቀ
∝
ቁቃࢼ = ൤൬ࢋ ࢌ

ࢍ ቀ	൰ࢎ
ࢽ
ࢇ൨then ቂቀ	ቁࢾ ࢈

ࢉ ࢊ
ቁ	ቀ

∝
ቁቃࢼ = ൤ቀࢇ ࢈

ࢉ ࢊ
ቁ൬ࢋ ࢌ
ࢍ ൰ࢎ ቀ

ࢽ
 ൨	ቁࢾ

Similarly we can also prove that, If	ቂቀ
∝
ቁቃߚ = ൤൬݁ ݂

݃ ℎ൰	ቀ
ߛ
ߚ:ߙ	 ൨, which equates to	ቁߜ = 	 (݁ ∗ ߛ + ݂ ∗ (ߜ ∶ (݃ ∗ ߛ + ℎ ∗  then			(ߜ

ߙ = ݇ ∗ 	(݁ ∗ ߛ + ݂ ∗ ,(ߜ ߚ = 	݇ ∗ (݃ ∗ ߛ + ℎ ∗ ݇ 	 and then		(ߜ ∗ ߛ	 = (௛∗ఈି௙∗ఉ)
௘∗௛ି௙∗௚

, ݇ ∗ ߜ = (ି௚∗ఈା௘∗ఉ)
௘∗௛ି௙∗௚

  for any ݇ ≠ 0 which 

makes the identity, 
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If  ቂቀ
∝
ቁቃߚ = ൤൬݁ ݂

݃ ℎ൰	ቀ
ߛ
ቃ	ቁߜߛ൨, then  ቂቀ	ቁߜ = ቈ൬݁ ݂

݃ ℎ൰
ିଵ
ቀ
∝
቉ = ቎ቌ	ቁߚ

௛
௘∗௛ି௙∗௚

− ௙
௘∗௛ି௙∗௚

− ௚
௘∗௛ି௙∗௚

௘
௘∗௛ି௙∗௚

ቍቀ
∝
 ,on applying identity no 3	቏,	ቁߚ

which gives ൤൬ ℎ −݂
−݃ ݁ ൰	ቀ

∝
݁ ቁ൨ ifߚ ∗ ℎ	 ≠ ݂ ∗ ݃ 

This leads to Identity no 4 as follows. 

If  ቂቀ
∝
ቁቃࢼ = ൤൬ࢋ ࢌ

ࢍ ቀ	൰ࢎ
ࢽ
ቃ	ቁࢾࢽ൨, then  ቂቀ	ቁࢾ = ቈ൬ࢋ ࢌ

ࢍ ൰ࢎ
ି૚
ቀ
∝
቉ = ൤൬	ቁࢼ ࢎ ࢌ−

ࢍ− ࢋ ൰	ቀ
∝
ࢋ ቁ൨ ifࢼ ∗ ࢎ ≠ ࢌ ∗ ࢍ ࢋ →

ࢍ
≠ ࢌ

ࢎ
 

Let ൤൬
(ݔ)݊
൰൨(ݔ)݀ = ൤൬݊

(ଵݔ) (ଶݔ)݊
(ଵݔ)݀ ൬	൰(ଶݔ)݀

݊ଵ(ݔ) ∗ ݔ) − (ଶݔ
݀ଵ(ݔ) ∗ ݔ) −   ଵ)൰൨ݔ

Then if ݔ = (ଵݔ)ଵ, ൤൬݊ݔ
൰൨(ଵݔ)݀ = ൤൬݊

(ଵݔ) (ଶݔ)݊
(ଵݔ)݀ ൬	൰(ଶݔ)݀

݊ଵ(ݔଵ) ∗ ଵݔ) − (ଶݔ
݀ଵ(ݔଵ) ∗ ଵݔ) − ଵ)൰൨ݔ = ൤൬݊

(ଵݔ) ∗ ݊ଵ(ݔଵ) ∗ ଵݔ) − (ଶݔ
(ଵݔ)݀ ∗ ݊ଵ(ݔଵ) ∗ ଵݔ) − ଶ)൰൨ݔ = ൤൬݊(ݔଵ)

  ൰൨(ଵݔ)݀

And if ݔ = (ଶݔ)ଶ, ൤൬݊ݔ
൰൨(ଶݔ)݀ = ൤൬݊

(ଵݔ) (ଶݔ)݊
(ଵݔ)݀ ൬	൰(ଶݔ)݀

ଵ݊(ݔଶ) ∗ ଶݔ) − (ଶݔ
݀ଵ(ݔଶ) ∗ ଶݔ) − ଵ)൰൨ݔ = ൤൬݀ଵ

(ଶݔ) ∗ ߚ ∗ ଵݔ) − (ଶݔ
݀ଵ(ݔଶ) ∗ ߚ ∗ ଵݔ) − ଶ)൰൨ݔ = 	 ൤൬݊(ݔଶ)

   ൰൨(ଶݔ)݀

Hence this equation satisfies for any ݊ଵ(ݔ) and ݀ଵ(ݔ) when	ݔ =  when x	(ݔ)and ݀ଵ (ݔ)ଶ. Let us find what is ݊ଵݔ	ݎ݋	ଵݔ
approaches either ݔଵ	ݎ݋	ݔଶ 

If ൤൬
(ݔ)݊
൰൨(ݔ)݀ = ൤൬݊

(ଵݔ) (ଶݔ)݊
(ଵݔ)݀ ൬	൰(ଶݔ)݀

݊ଵ(ݔ) ∗ ݔ) − (ଶݔ
݀ଵ(ݔ) ∗ ݔ) − ଵ)൰൨ݔ = ൤൬݊

(ଵݔ) ∗ ݔ) − (ଶݔ (ଶݔ)݊ ∗ ݔ) − (ଵݔ
(ଵݔ)݀ ∗ ݔ) − (ଶݔ (ଶݔ)݀ ∗ ݔ) − ൬	ଵ)൰ݔ

ଵ݊(ݔ)
݀ଵ(ݔ)൰൨  

Then ൤൬݊ଵ
(ݔ)

݀ଵ(ݔ)൰൨ = 	 ൤൬
(ଶݔ)݀ ∗ ݔ) − (ଵݔ (ଶݔ)݊− ∗ ݔ) − (ଵݔ
(ଵݔ)݀− ∗ ݔ) − (ଶݔ (ଵݔ)݊ ∗ ݔ) − (ଶݔ ൰	൬

(ݔ)݊
 .൰൨ using Identity no 4(ݔ)݀

Since ଵ݊(ݔ):݀ଵ(ݔ) = 	 (ଶݔ)݀) ∗ ݔ) − (ଵݔ ∗ (ݔ)݊ (ଶݔ)݊− ∗ ݔ) − (ଵݔ ∗ ((ݔ)݀ ∶ (ଵݔ)݀−) ∗ ݔ) − (ଶݔ ∗ (ݔ)݊ + (ଵݔ)݊ ∗ ݔ) − (ଶݔ ∗
 	,		((ݔ)݀

Which leads ݊ଵ(ݔ) = ݇ ∗ ൫ௗ(௫మ)∗௡(௫)ି௡(௫మ)∗ௗ(௫)൯
(௫ି௫మ)  and  ݀ଵ(ݔ) = ݇ ∗ ൫ିௗ(௫భ)∗௡(௫)ା௡(௫భ)∗ௗ(௫)൯

(௫ି௫భ)  

Hence ൤൬ ଵ݊(ݔ)
݀ଵ(ݔ)൰൨ = 	 ቎ቌ

݇ ∗ ൫ௗ(௫మ)∗௡(௫)ି௡(௫మ)∗ௗ(௫)൯
(௫ି௫మ)

݇ ∗ ൫ିௗ
(௫భ)∗௡(௫)ା௡(௫భ)∗ௗ(௫)൯

(௫ି௫భ)

ቍ቏ = ቎ቌ

൫ௗ(௫మ)∗௡(௫)ି௡(௫మ)∗ௗ(௫)൯
(௫ି௫మ)

൫ିௗ(௫భ)∗௡(௫)ା௡(௫భ)∗ௗ(௫)൯
(௫ି௫భ)

ቍ቏ 

Expand ൤൬ ଵ݊(ݔ)
݀ଵ(ݔ)൰൨	similar way to ൤൬݊(ݔ)

൰൨(ݔ)݀ = ൤൬݊
(ଵݔ) (ଶݔ)݊
(ଵݔ)݀ ൬	൰(ଶݔ)݀

݊ଵ(ݔ) ∗ ݔ) − (ଶݔ
݀ଵ(ݔ) ∗ ݔ) −   ଵ)൰൨ݔ

I.e.) ൤൬݊ଵ
(ݔ)

݀ଵ(ݔ)൰൨ = ൤൬݊ଵ
(ଵݔ) ݊ଵ(ݔଶ)

݀ଵ(ݔଵ) ݀ଵ(ݔଶ)൰	൬
݊ଶ(ݔ) ∗ ݔ) − (ଶݔ
݀ଶ(ݔ) ∗ ݔ) − ଵ)൰൨ݔ = 

⎣
⎢
⎢
⎢
⎡

⎝

⎜
⎛

൫݀(ݔଶ) ∗ −(ଵݔ)݊ (ଶݔ)݊ ∗ ൯(ଵݔ)݀
ଵݔ) − (ଶݔ ∗ ݔ) − (ଶݔ ൫݀(ݔଶ) ∗ ݊ᇱ(ݔଶ) − (ଶݔ)݊ ∗ ݀ᇱ(ݔଶ)൯ ∗ ݔ) − (ଵݔ

൫−݀(ݔଵ) ∗ ݊ᇱ(ݔଵ) + (ଵݔ)݊ ∗ ݀ᇱ(ݔଵ)൯ ∗ ݔ) − (ଶݔ
൫݀(ݔଶ) ∗ (ଵݔ)݊ − (ଶݔ)݊ ∗ ൯(ଵݔ)݀

ଶݔ) − (ଵݔ ∗ ݔ) − (ଵݔ
⎠

⎟
⎞
	൬݊ଶ

(ݔ)
݀ଶ(ݔ)൰

⎦
⎥
⎥
⎥
⎤
 

Hence,  
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൤൬݊(ݔ)
൰൨(ݔ)݀ = ൤൬݊

(ଵݔ) ∗ ݔ) − (ଶݔ (ଶݔ)݊ ∗ ݔ) − (ଵݔ
(ଵݔ)݀ ∗ ݔ) − (ଶݔ (ଶݔ)݀ ∗ ݔ) − ൬	ଵ)൰ݔ

݊ଶ(ݔ)
݀ଶ(ݔ)൰൨

=

⎣
⎢
⎢
⎢
⎡
൬݊

(ଵݔ) ∗ ݔ) − (ଶݔ (ଶݔ)݊ ∗ ݔ) − (ଵݔ
(ଵݔ)݀ ∗ ݔ) − (ଶݔ (ଶݔ)݀ ∗ ݔ) − ଵ)൰ݔ

∗

⎝

⎜
⎛

൫݀(ݔଶ) ∗ (ଵݔ)݊ − (ଶݔ)݊ ∗ ൯(ଵݔ)݀
ଵݔ) − (ଶݔ ∗ ݔ) − (ଶݔ ൫݀(ݔଶ) ∗ ݊ᇱ(ݔଶ) (ଶݔ)݊− ∗ ݀ᇱ(ݔଶ)൯ ∗ ݔ) − (ଵݔ

൫−݀(ݔଵ) ∗ ݊ᇱ(ݔଵ) + (ଵݔ)݊ ∗ ݀ᇱ(ݔଵ)൯ ∗ ݔ) − (ଶݔ
൫݀(ݔଶ) ∗ (ଵݔ)݊ (ଶݔ)݊− ∗ ൯(ଵݔ)݀

ଶݔ) − (ଵݔ ∗ ݔ) − (ଵݔ
⎠

⎟
⎞

∗	൬݊ଶ
(ݔ)

݀ଶ(ݔ)൰

⎦
⎥
⎥
⎥
⎤
 

And we can keep expanding these to get a series. For that let us work on the operators needed. 

Let the operator, ൤൬݊(ݔ)
൰൨(ݔ)݀ =

௫ୀ௫భ#௫మ

ଵ
ቌ

൫ௗ(௫మ)∗௡(௫)ି௡(௫మ)∗ௗ(௫)൯
(௫ି௫మ)

൫ିௗ(௫భ)∗௡(௫)ା௡(௫భ)∗ௗ(௫)൯
(௫ି௫భ)

ቍ = ൬ ଵ݊(ݔ)
݀ଵ(ݔ)൰ then 

൤൬݊(ݔ)
൰൨(ݔ)݀ =

௫ୀ௫భ#௫మ

ଶ
൤൬݊ଵ(ݔ)
݀ଵ(ݔ)൰൨ =

௫ୀ௫భ#௫మ

ଵ
ቌ

(ௗభ(௫మ)∗௡భ(௫)ି௡భ(௫మ)∗ௗభ(௫))
(௫ି௫మ)

(ିௗభ(௫భ)∗௡భ(௫)ା௡భ(௫భ)∗ௗభ(௫))
(௫ି௫భ)

ቍ 

 And finally  ൤൬݊(ݔ)
൰൨(ݔ)݀ =

௫ୀ௫భ#௫మ

௥
	 ൬݊௥

(ݔ)
݀௥(ݔ)൰ = ൤൬݊௥ିଵ

(ݔ)
݀௥ିଵ(ݔ)൰൨ =

௫ୀ௫భ#௫మ

ଵ
ቌ

൫ௗೝషభ(௫మ)∗௡ೝషభ(௫)ି௡ೝషభ(௫మ)∗ௗೝషభ(௫)൯
(௫ି௫మ)

൫ିௗೝషభ(௫భ)∗௡ೝషభ(௫)ା௡ೝషభ(௫భ)∗ௗೝషభ(௫)൯
(௫ି௫భ)

ቍ  

Also ൤ቀ݅ ݆
݇ ݈ቁ ൬

(ݔ)݊
൰൨(ݔ)݀ =

௫ୀ௫భ#௫మ

ଵ
൤൬݅ ∗ ݊

(ݔ) + ݆ ∗ (ݔ)݀
݇ ∗ (ݔ)݊ + ݈ ∗ ൰൨(ݔ)݀ 	=	௫ୀ௫భ#௫మ

ଵ

 

⎝

⎜⎜
⎛
ቀ൫݇ ∗ (ଶݔ)݊ + ݈ ∗ ൯(ଶݔ)݀ ∗ ൫݅ ∗ (ݔ)݊ + ݆ ∗ ൯(ݔ)݀ − ൫݅ ∗ (ଶݔ)݊ + ݆ ∗ ൯(ଶݔ)݀ ∗ ൫݇ ∗ (ݔ)݊ + ݈ ∗ ൯ቁ(ݔ)݀

ݔ) − (ଶݔ
ቀ−൫݇ ∗ (ଵݔ)݊ + ݈ ∗ ൯(ଵݔ)݀ ∗ ൫݅ ∗ (ݔ)݊ + ݆ ∗ ൯(ݔ)݀ − ൫݅ ∗ (ଵݔ)݊ + ݆ ∗ ൯(ଵݔ)݀ ∗ ൫݇ ∗ (ݔ)݊ + ݈ ∗ ൯ቁ(ݔ)݀

ݔ) − (ଵݔ ⎠

⎟⎟
⎞

 

 

= ቌ

൫ௗ(௫మ)∗௡ೝషభ(௫)ି௡(௫మ)∗ௗೝషభ(௫)൯
(௫ି௫మ)

൫ିௗ(௫భ)∗௡ೝషభ(௫)ା௡(௫భ)∗ௗೝషభ(௫)൯
(௫ି௫భ)

ቍ = ൤൬݊(ݔ)
൰൨௫ୀ௫భ#௫మ(ݔ)݀

ଵ
 If (݅ ∗ ݈ − ݆ ∗ ݇) ≠ 0  

Hence ൤ቀ ࢏ ࢐
࢑ ࢒

ቁ ൬࢔
(࢞)

൰൨(࢞)ࢊ = ൤൬࢔
(࢞)

൰൨࢞ୀ࢞૚#࢞૛(࢞)ࢊ

૚

࢞ୀ࢞૚#࢞૛

૚

 if (࢏ ∗ ࢒ − ࢐ ∗ ࢑) ≠ 0 →, ࢏
࢑
≠ ࢐

࢒
 which is identity no 5. 

As a special case to identity no 5, if ݅ = 0, ݆ = 1, ݇ = 1, ݈ = 0,	then one can prove that 
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 ൤൬݊
(ݔ)
൰൨௫ୀ௫భ#௫మ(ݔ)݀

ଵ
= 	 ൤൬݀

(ݔ)
൰൨௫ୀ௫భ#௫మ(ݔ)݊

ଵ
  

Let another operator, ൤൬݊(ݔ)
൰൨௫ୀ௫భ#௫మ(ݔ)݀

= 	 ൬݊
(ଵݔ) ∗ ݔ) − (ଶݔ (ଶݔ)݊ ∗ ݔ) − (ଵݔ
(ଵݔ)݀ ∗ ݔ) − (ଶݔ (ଶݔ)݀ ∗ ݔ) −  ଵ)൰ݔ

And then operator, ൤൬݊(ݔ)
൰൨௫ୀ௫భ#௫మ(ݔ)݀

௥

௫ୀ௫భ#௫మ

= 	 ൬݊௥
(ଵݔ) ∗ ݔ) − (ଶݔ ݊௥(ݔଶ) ∗ ݔ) − (ଵݔ

݀௥(ݔଵ) ∗ ݔ) − (ଶݔ ݀௥(ݔଶ) ∗ ݔ) −   ଵ)൰ andݔ

Let it be operator ൤൬݊(ݔ)
൰൨(ݔ)݀

௥

௫ୀ௫భ#௫మ

 

Also the inverse operator using identity 4 to	൭ ൤൬݊(ݔ)
൰൨(ݔ)݀

௥

௫ୀ௫భ,௫మ

൱
ିଵ

		= ቆ൬݊௥
(ଵݔ) ∗ ݔ) − (ଶݔ ݊௥(ݔଶ) ∗ ݔ) − (ଵݔ

݀௥(ݔଵ) ∗ ݔ) − (ଶݔ ݀௥(ݔଶ) ∗ ݔ) − ଵ)൰ቇݔ
ିଵ

=

൬ ݀௥
(ଶݔ) ∗ ݔ) − (ଵݔ −݊௥(ݔଶ) ∗ ݔ) − (ଵݔ

−݀௥(ݔଵ) ∗ ݔ) − (ଶݔ ݊௥(ݔଵ) ∗ ݔ) − (ଶݔ ൰	 

Using identity no 2 on dividing	(ݔ − (ଶݔ ∗ ݔ) − we will get ൭	ଵ),ݔ ൤൬݊(ݔ)
൰൨(ݔ)݀

௥

௫ୀ௫భ,௫మ

൱
ିଵ

= 	ቌ
ௗೝ(௫మ)
(௫ି௫మ)

ି௡ೝ(௫మ)
(௫ି௫మ)

ିௗೝ(௫భ)
(௫ି௫భ)

௡ೝ(௫భ)
(௫ି௫భ)

ቍ  and Let it be 

the operator as ൤൬݊(ݔ)
൰൨(ݔ)݀

௥

௫ୀ௫భ#௫మ

ିଵ

  

 Using these operators, we can expand the ൤൬݊(ݔ)
 .൰൨ to the following series which is identity no 6(ݔ)݀

൤൬࢔(࢞)
൰൨(࢞)ࢊ = ൥ ൤൬࢔(࢞)

൰൨(࢞)ࢊ
૙

࢞ୀ࢞૚#࢞૛

∗ 	 ൤൬࢔(࢞)
൰൨(࢞)ࢊ

૚

࢞ୀ࢞૚#࢞૛

∗ ൤൬࢔(࢞)
൰൨(࢞)ࢊ

૛

࢞ୀ࢞૚#࢞૛

∗… ∗	 ൤൬࢔(࢞)
൰൨(࢞)ࢊ

࢘ି૚

࢞ୀ࢞૚#࢞૛

∗	 ൤൬࢔(࢞)
൰൨࢞ୀ࢞૚#࢞૛(࢞)ࢊ

࢘
൩  

And ࢘ can be limited until ࢘࢔(࢞) ∶ (࢞)࢘ࢊ	 = ࢑ where ࢑ is a constant. 

Using identity no 4 to above identity no 6, one can prove that, 

൤൬݊(ݔ)
൰൨௫ୀ௫భ#௫మ(ݔ)݀

௥
= 	 ቎൭ ൤൬݊(ݔ)

൰൨(ݔ)݀
଴

௫ୀ௫భ#௫మ

∗	 ൤൬݊(ݔ)
൰൨(ݔ)݀

ଵ

௫ୀ௫భ#௫మ

∗ ൤൬݊(ݔ)
൰൨(ݔ)݀

ଶ

௫ୀ௫భ#௫మ

∗… ∗ ൤൬݊(ݔ)
൰൨(ݔ)݀

௥ିଵ

௫ୀ௫భ#௫మ

൱
ିଵ

∗	൬݊(ݔ)
 ,቏	൰(ݔ)݀

We can arrive at 

൤൬݊(ݔ)
൰൨௫ୀ௫భ#௫మ(ݔ)݀

௥
=

	቎൭ ൤൬݊(ݔ)
൰൨(ݔ)݀

௥ିଵ

௫ୀ௫భ#௫మ

൱
ିଵ

∗ 	൭ ൤൬݊(ݔ)
൰൨(ݔ)݀

௥ିଶ

௫ୀ௫భ#௫మ

൱
ିଵ

∗	൭ ൤൬݊(ݔ)
൰൨(ݔ)݀

௥ିଷ

௫ୀ௫భ#௫మ

൱
ିଵ

∗ … ∗	൭ ൤൬݊(ݔ)
൰൨(ݔ)݀

଴

௫ୀ௫భ#௫మ

൱
ିଵ

∗

	൬݊
(ݔ)
቏	൰(ݔ)݀ = 	 ൥ ൤൬݊(ݔ)

൰൨(ݔ)݀
௥ିଵ

௫ୀ௫భ#௫మ

ିଵ

∗	 ൤൬݊(ݔ)
൰൨(ݔ)݀

௥ିଶ

௫ୀ௫భ#௫మ

ିଵ

∗ ൤൬݊(ݔ)
൰൨(ݔ)݀

௥ିଷ

௫ୀ௫భ#௫మ

ିଵ

∗… ∗ ൤൬݊(ݔ)
൰൨(ݔ)݀

଴

௫ୀ௫భ#௫మ

ିଵ

∗	൬݊(ݔ)
  	൩	൰(ݔ)݀
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 Hence ൤൬࢔(࢞)
൰൨࢞ୀ࢞૚#࢞૛(࢞)ࢊ

࢘
= 		 ൥ ൤൬࢔(࢞)

൰൨(࢞)ࢊ
࢘ି૚

࢞ୀ࢞૚#࢞૛

ି૚

∗	 ൤൬࢔(࢞)
൰൨(࢞)ࢊ

࢘ି૛

࢞ୀ࢞૚#࢞૛

ି૚

∗ ൤൬࢔(࢞)
൰൨(࢞)ࢊ

࢘ି૜

࢞ୀ࢞૚#࢞૛

ି૚

∗ … ∗ ൤൬࢔(࢞)
൰൨(࢞)ࢊ

૙

࢞ୀ࢞૚#࢞૛

ି૚

∗

	൬࢔(࢞)
 .which is identity no 7	൩	൰(࢞)ࢊ

Using Identity no 6, one can prove for ࢞૚, ࢞૛ , … 	 ,࢞૛∗࢘ as ൤൬࢔(࢞)
൰൨(࢞)ࢊ =

⎣
⎢
⎢
⎢
⎢
⎡

൤൬࢔(࢞)
൰൨(࢞)ࢊ

૙

࢞ୀ࢞૚#࢞૛

∗	 ൤൬࢔(࢞)
൰൨࢞ୀ࢞૚#࢞૛(࢞)ࢊ

૚

࢞ୀ࢞૜#࢞૝

∗

ቈ ൤൬࢔(࢞)
൰൨࢞ୀ࢞૚#࢞૛(࢞)ࢊ

૚
቉

࢞ୀ࢞૜#࢞૝

૚

࢞ୀ࢞૞#࢞૟

	

∗ ቎ ቈ ൤൬࢔(࢞)
൰൨࢞ୀ࢞૚#࢞૛(࢞)ࢊ

૚
቉

࢞ୀ࢞૜#࢞૝

૚

቏

࢞ୀ࢞૞#࢞૟

૚

࢞ୀ࢞ૠ#࢞ૡ

	

∗ 	…	∗

⎣
⎢
⎢
⎡

൦… ቎ ቈ ൤൬࢔(࢞)
൰൨࢞ୀ࢞૚#࢞૛(࢞)ࢊ

૚
቉

࢞ୀ࢞૜#࢞૝

૚

቏

࢞ୀ࢞૞#࢞૟	

૚

൪

࢞ୀ࢞૛∗࢘ష૞#࢞૛∗࢘ష૝

૚

⎦
⎥
⎥
⎤

࢞ୀ࢞૛∗࢘ష૜#࢞૛∗࢘ష૛

૚

࢞ୀ࢞૛∗࢘ష૚#࢞૛∗࢘

∗

		

⎣
⎢
⎢
⎢
⎡

⎣
⎢
⎢
⎡

൦… ቎ ቈ ൤൬࢔(࢞)
൰൨࢞ୀ࢞૚#࢞૛(࢞)ࢊ

૚
቉

࢞ୀ࢞૜#࢞૝

૚

቏

࢞ୀ࢞૞#࢞૟	

૚

൪

࢞ୀ࢞૛∗࢘ష૞#࢞૛∗࢘ష૝

૚

⎦
⎥
⎥
⎤

࢞ୀ࢞૛∗࢘ష૜#࢞૛∗࢘ష૛

૚

⎦
⎥
⎥
⎥
⎤

࢞ୀ࢞૛∗࢘ష૚#࢞૛∗࢘

૚

⎦
⎥
⎥
⎥
⎥
⎤

  Which is identity no 8. 

Let the operator 

൤൬݊(ݔ)
൰൨௫ୀ௫భ#௫మ#…#௫మ∗ೝ(ݔ)݀

ଵ
=

⎣
⎢
⎢
⎢
⎡

൦ ቎… ൥ ቈ ൤൬݊(ݔ)
൰൨௫ୀ௫భ#௫మ(ݔ)݀

ଵ
቉

௫ୀ௫య#௫ర

ଵ

൩
௫ୀ௫ఱ#௫ల	

ଵ

቏

௫ୀ௫మ∗ೝషఱ#௫మ∗ೝషర

ଵ

൪

௫ୀ௫మ∗ೝషయ#௫మ∗ೝషమ

ଵ

⎦
⎥
⎥
⎥
⎤

௫ୀ௫మ∗ೝషభ#௫మ∗ೝ

ଵ

	 and the 

operator 

൤൬݊(ݔ)
൰൨௫ୀ௫భ#௫మ#…#௫మ∗ೝ(ݔ)݀

௦

= 	 ൬݊௦
(ݔ)

݀௦(ݔ)൰ =

⎣
⎢
⎢
⎢
⎡

⎣
⎢
⎢
⎢
⎡

൦… ቎ ൥ ቈ ൤൬݊(ݔ)
൰൨௫ୀ௫భ#௫మ#…#௫మ∗ೝ(ݔ)݀

௦ିଵ
቉

௫ୀ௫భ#௫మ

ଵ

൩
௫ୀ௫య#௫ర

ଵ

቏

௫ୀ௫ఱ#௫ల	

ଵ

൪

௫ୀ௫మ∗ೝషఱ#௫మ∗ೝషర

ଵ

⎦
⎥
⎥
⎥
⎤

௫ୀ௫మ∗ೝషయ#௫మ∗ೝషమ

ଵ

⎦
⎥
⎥
⎥
⎤

௫ୀ௫మ∗ೝషభ#௫మ∗ೝ

ଵ

 

And also the operator, 

൤൬݊(ݔ)
൰൨௫ୀ௫భ#௫మ#…#௫మ∗ೝ(ݔ)݀

= 	 ൤൬݊(ݔ)
൰൨(ݔ)݀

଴

௫ୀ௫భ#௫మ

∗	 ൤൬݊(ݔ)
൰൨௫ୀ௫భ#௫మ(ݔ)݀

ଵ

௫ୀ௫య#௫ర

∗ ቈ ൤൬݊(ݔ)
൰൨௫ୀ௫భ#௫మ(ݔ)݀

ଵ
቉

௫ୀ௫య#௫ర

ଵ

௫ୀ௫ఱ#௫ల

	

∗ …∗

൦ ቎… ൥ ቈ ൤൬݊(ݔ)
൰൨௫ୀ௫భ#௫మ(ݔ)݀

ଵ
቉

௫ୀ௫య#௫ర

ଵ

൩
௫ୀ௫ఱ#௫ల	

ଵ

቏

௫ୀ௫మ∗ೝషఱ#௫మ∗ೝషర

ଵ

൪

௫ୀ௫మ∗ೝషయ#௫మ∗ೝషమ

ଵ

௫ୀ௫మ∗ೝషభ#௫మ∗ೝ

and 

then ൤൬݊(ݔ)
൰൨௫ୀ௫భ#௫మ#…#௫మ∗ೝ(ݔ)݀

௦

௫ୀ௫భ#௫మ#…#௫మ∗ೝ

= 
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ቈ ൤൬݊(ݔ)
൰൨௫ୀ௫భ#௫మ#…#௫మ∗ೝ(ݔ)݀

௦
቉

଴

௫ୀ௫భ#௫మ

∗ 	 ൥ ቈ ൤൬݊(ݔ)
൰൨௫ୀ௫భ#௫మ#…#௫మ∗ೝ(ݔ)݀

௦
቉

௫ୀ௫భ#௫మ#…#௫మ∗ೝ

௥

൩
௫ୀ௫భ#௫మ

ଵ

௫ୀ௫య#௫ర

∗

൥ ቈ ൤൬݊(ݔ)
൰൨௫ୀ௫భ#௫మ#…#௫మ∗ೝ(ݔ)݀

௦
቉

௫ୀ௫భ#௫మ

ଵ

൩
௫ୀ௫య#௫ర

ଵ

௫ୀ௫ఱ#௫ల

	

∗… ∗

⎣
⎢
⎢
⎢
⎡

൦… ቎ ൥ ቈ ൤൬݊(ݔ)
൰൨௫ୀ௫భ#௫మ#…#௫మ∗ೝ(ݔ)݀

௦
቉

௫ୀ௫భ#௫మ

ଵ

൩
௫ୀ௫య#௫ర

ଵ

቏

௫ୀ௫ఱ#௫ల 	

ଵ

൪

௫ୀ௫మ∗ೝషఱ#௫మ∗ೝషర

ଵ

⎦
⎥
⎥
⎥
⎤

௫ୀ௫మ∗ೝషయ#௫మ∗ೝషమ

ଵ

௫ୀ௫మ∗ೝషభ#௫మ∗ೝ

and let it be operator 

൤൬݊(ݔ)
൰൨(ݔ)݀

௦

௫ୀ௫భ#௫మ#…#௫మ∗ೝ

 

 

If we also expand identity no 8, further as we did in identity no 6, we will get the following series. 

൤൬࢔(࢞)
൰൨(࢞)ࢊ =

൥ ൤൬࢔(࢞)
൰൨(࢞)ࢊ

૙

࢞ୀ࢞૚#࢞૛#…#࢞૛∗࢘

∗	 ൤൬࢔(࢞)
൰൨(࢞)ࢊ

૚

࢞ୀ࢞૚#࢞૛#…#࢞૛∗࢘

∗ … ∗	 ൤൬࢔(࢞)
൰൨(࢞)ࢊ

࢙ି૚

࢞ୀ࢞૚#࢞૛#…#࢞૛∗࢘

∗ 	 ൤൬࢔(࢞)
࢘∗൰൨࢞ୀ࢞૚#࢞૛#…#࢞૛(࢞)ࢊ

࢙
	൩  And 

limit to ࢙ terms until ࢙࢔(࢞) ∶ 	 (࢞)࢙ࢊ = ࢑ where ࢑ is a constant which is identity no 9. 

Instead of even terms, if we have odd terms, then also, we can construct matrix operators as follows: 

For the first term ݔଵ alone we need to have the matrix operator as, 

Let ൤൬݊
(ݔ)
൰൨(ݔ)݀ = ൤൬݊

(ଵݔ) ߙ ∗ ݔ) − (ଵݔ
(ଵݔ)݀ ߚ ∗ ݔ) − ൬	ଵ)൰ݔ

ଵ݊(ݔ)	
݀ଵ(ݔ)	൰൨ where	ߚ,ߙ  can be any constant and  		௡(௫భ)

ௗ(௫భ) ≠	
ఈ
ఉ
  and remaining terms will 

be even and hence there after even terms can be used for the operator as given in identity no 8. I.e.) 

൤൬݊(ݔ)
൰൨(ݔ)݀ = 	 ൤൬݊

(ଵݔ) ߙ ∗ ݔ) − (ଵݔ
(ଵݔ)݀ ߚ ∗ ݔ) − ൬	ଵ)൰ݔ

݊ଵ(ݔ)	
݀ଵ(ݔ)	൰൨,  ൤൬

(ݔ)݊
൰൨௫ୀ௫భ(ݔ)݀

= 	 ൬݊
(ଵݔ) ߙ ∗ ݔ) − (ଵݔ
(ଵݔ)݀ ߚ ∗ ݔ) −  and	ଵ)൰ݔ

൤൬݊(ݔ)
൰൨௫ୀ௫భ(ݔ)݀ 	

ଵ
= ൤൬ߚ ∗

ݔ) − (ଵݔ ߙ− ∗ ݔ) − (ଵݔ
(ଵݔ)݀− (ଵݔ)݊ ൰	൬݊

(ݔ)
൰൨(ݔ)݀ = 	 ൥൭

ߚ ߙ−
− ௗ(௫భ)

௫ି௫భ

௡(௫భ)
௫ି௫భ

൱	൬݊
(ݔ)
 ൰൩(ݔ)݀

We can also get what are	ߚ,ߙ.  Using identity no 2, by dividing (ݔ − we get ൤൬݊	ଵ),ݔ
(ݔ)
൰൨(ݔ)݀ = 

	൤൬݊
(ଵݔ) ߙ ∗ ݔ) − (ଵݔ
(ଵݔ)݀ ߚ ∗ ݔ) − ൬	ଵ)൰ݔ

ଵ݊(ݔ)	
݀ଵ(ݔ)	൰൨ = 	 ቎ቌ

௡(௫భ)
(௫ି௫భ) ߙ
ௗ(௫భ)

(௫ି௫భ) ߚ
ቍ	൬݊ଵ

	(ݔ)
݀ଵ(ݔ)	൰቏ and on substituting	ݔ = ∞, ൤൬݊

(∞)
݀(∞)൰൨ =	൤൬

0 ߙ
0 ൬	൰ߚ

ଵ݊(ݔ)	
݀ଵ(ݔ)	൰൨ =

ቂቀ
∝
ቁቃ. That simply makes൤൬݊ߚ

(∞)
݀(∞)൰൨ = 	 ቂቀ

∝
 .ቁቃߚ

Hence One can prove that, if ௡
(ஶ)

ௗ(ஶ) = 0,		then	ߙ = ߚ		݀݊ܽ	0 = 1, If 	௡(ஶ)
ௗ(ஶ) = ∞,		then	ߙ = ߚ		݀݊ܽ	1 = 0, for other values	ߚ =

ௗ(ஶ)
௡(ஶ) ∗  :And we can make following as identity no. 10 .ߙ	
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൤൬࢔(࢞)
൰൨࢞ୀ࢞૚(࢞)ࢊ

= 	 ൬࢔
(࢞૚) ࢻ ∗ (࢞ − ࢞૚)

(૚࢞)ࢊ ࢼ ∗ (࢞ − ࢞૚)൰	 And ൤൬࢔(࢞)
	൰൨࢞ୀ࢞૚(࢞)ࢊ

૚
= ൥൭

ࢼ ࢻ−
− (૚࢞)ࢊ

࢞ି࢞૚

(૚࢞)࢔
࢞ି࢞૚

൱	൬࢔
(࢞)

(ஶ)࢔ ൰൩ where if(࢞)ࢊ
(ஶ)ࢊ = ૙,		then	ࢻ =

૙	ࢊ࢔ࢇ		ࢼ = ૚, If 	࢔(ஶ)
(ஶ)ࢊ = ∞,		then	ࢻ = ૚	ࢊ࢔ࢇ		ࢼ = ૙, for other values	ࢼ = (ஶ)ࢊ

(ஶ)࢔ ∗  ࢻ	

 

 Using these operators, Identity no 8 can be expanded for odd numbers as given below. 

൤൬࢔(࢞)
൰൨(࢞)ࢊ =

⎣
⎢
⎢
⎢
⎢
⎡

൤൬࢔(࢞)
൰൨(࢞)ࢊ

૙

࢞ୀ࢞૚	
∗	 ൤൬࢔(࢞)

	൰൨࢞ୀ࢞૚(࢞)ࢊ

૚

࢞ୀ࢞૛#࢞૜

∗ ቈ ൤൬࢔(࢞)
൰൨࢞ୀ࢞૚(࢞)ࢊ

૚
቉

࢞ୀ࢞૛#࢞૜

૚

࢞ୀ࢞૝#࢞૞

	

∗ ቎ ቈ ൤൬࢔(࢞)
൰൨࢞ୀ࢞૚(࢞)ࢊ

૚
቉

࢞ୀ࢞૛#࢞૜

૚

቏

࢞ୀ࢞૝#࢞૞

૚

࢞ୀ࢞૟#࢞ૠ

	

	 ∗ 	… 	∗

⎣
⎢
⎢
⎡

൦… ቎ ቈ ൤൬࢔(࢞)
൰൨࢞ୀ࢞૚(࢞)ࢊ

૚
቉

࢞ୀ࢞૛#࢞૜

૚

቏

࢞ୀ࢞૝#࢞૞	

૚

൪

࢞ୀ࢞૛∗࢘ష૟#࢞૛∗࢘ష૞

૚

⎦
⎥
⎥
⎤

࢞ୀ࢞૛∗࢘ష૝#࢞૛∗࢘ష૜

૚

࢞ୀ࢞૛∗࢘ష૛#࢞૛∗࢘ష૚

∗

		

⎣
⎢
⎢
⎢
⎡

⎣
⎢
⎢
⎡

൦… ቎ ቈ ൤൬࢔(࢞)
൰൨࢞ୀ࢞૚(࢞)ࢊ

૚
቉

࢞ୀ࢞૛#࢞૜

૚

቏

࢞ୀ࢞૝#࢞૞	

૚

൪

࢞ୀ࢞૛∗࢘ష૟#࢞૛∗࢘ష૞

૚

⎦
⎥
⎥
⎤

࢞ୀ࢞૛∗࢘ష૝#࢞૛∗࢘ష૜

૚

⎦
⎥
⎥
⎥
⎤

࢞ୀ࢞૛∗࢘ష૛#࢞૛∗࢘ష૚

૚

⎦
⎥
⎥
⎥
⎥
⎤

  Which is identity no 11. 

And similarly identity no 9 will be expanded for odd numbers as below. 

 

൤൬࢔(࢞)
൰൨(࢞)ࢊ =

൥ ൤൬࢔(࢞)
൰൨(࢞)ࢊ

૙

࢞ୀ࢞૚#࢞૛#…#࢞૛∗࢘ష૚

∗	 ൤൬࢔(࢞)
൰൨(࢞)ࢊ

૚

࢞ୀ࢞૚#࢞૛#…#࢞૛∗࢘ష૚

∗ … ∗ 	 ൤൬࢔(࢞)
൰൨(࢞)ࢊ

࢙ି૚

࢞ୀ࢞૚#࢞૛#…#࢞૛∗࢘ష૚

∗ 	 ൤൬࢔(࢞)
൰൨࢞ୀ࢞૚#࢞૛#…#࢞૛∗࢘ష૚(࢞)ࢊ

࢙

	൩  

And limit to s terms until ࢙࢔(࢞) ∶ (࢞)࢙ࢊ	 = ࢑ where k is a constant which is identity no 12. 

Using identity no 12, if we expand only for the term ݔଵ alone then we gets special expansion as follows to identity no.13:   

If  ൤൬࢔(࢞)
൰൨(࢞)ࢊ =

࢞ୀ࢞૚

࢙
 ൬࢙࢔

(࢞)
ࢻ ൰  and if(࢞)࢙ࢊ = ૚	ࢊ࢔ࢇ		ࢼ = ૙,  then ࢙࢔(࢞) = 	   and	૚(࢞)ି࢙ࢊ

(࢞)࢙ࢊ = 	 (	(࢞)ష૚࢙ࢊ	∗	ష૚(࢞૚)࢙࢔	ି(࢞)ష૚࢙࢔	∗	ష૚(࢞૚)࢙ࢊ)
(࢞ି࢞૚)

 for  ࢙ = ૚,૛,૜… ,∞ and after substituting	ି࢙࢔૚(࢞)	࢙ࢇ	ି࢙ࢊ૛(࢞), then  ࢙ࢊ(࢞) =

(	(࢞)ష૚࢙ࢊ	∗	ష૛(࢞૚)࢙ࢊ	ି(࢞)ష૛࢙ࢊ	∗	ష૚(࢞૚)࢙ࢊ)	
(࢞ି࢞૚)

 for ࢙ = ૛,૜,૝… ,∞  

If ࢻ = ૙	ࢊ࢔ࢇ		ࢼ = ૚,   then ࢙࢔(࢞) = 	 (࢞)࢙ࢊ  and	૚(࢞)ି࢙࢔ = 	 (	(࢞)ష૚࢙ࢊ	∗	ష૚(࢞૚)࢙࢔	ష૚(࢞)ା࢙࢔	∗	ష૚(࢞૚)࢙ࢊି)
(࢞ି࢞૚)

 for	࢙ = ૚,૛,૜… ,∞. . And 

Expansion series will be as given below. 

൤൬࢔(࢞)
൰൨(࢞)ࢊ = ൥ ൤൬࢔(࢞)

൰൨(࢞)ࢊ
૙

࢞ୀ࢞૚

∗ 	 ൤൬࢔(࢞)
൰൨(࢞)ࢊ

૚

࢞ୀ࢞૚

∗… ∗	 ൤൬࢔(࢞)
൰൨(࢞)ࢊ

࢙ି૚

࢞ୀ࢞૚

∗	 ൤൬࢔(࢞)
൰൨࢞ୀ࢞૚(࢞)ࢊ

࢙
	൩  And limit to ࢙ terms until ࢙࢔(࢞) ∶

(࢞)࢙ࢊ	 = ࢑ where ࢑ is a constant 
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In identity no 6, If  ௡
(௫భ)

ௗ(௫భ) = 	 ௡(௫మ)
ௗ(௫మ) then we need to expand the series like following, 

If ൤൬
(ݔ)݊
൰൨(ݔ)݀ = ൤൬݊

(ଵݔ) ∗ ݔ) − (ଷݔ (ଷݔ)݊ ∗ ݔ) − (ଵݔ ∗ ݔ) − (ଶݔ
(ଵݔ)݀ ∗ ݔ) − (ଷݔ (ଷݔ)݀ ∗ ݔ) − (ଵݔ ∗ ݔ) − ൬	ଶ)൰ݔ

݊ଵ(ݔ)
݀ଵ(ݔ)൰൨   and let operator, ൤൬݊(ݔ)

൰൨(ݔ)݀
଴

௫ୀ௫భ ,௫మ#௫య

=

൬݊
(ଵݔ) ∗ ݔ) − (ଷݔ (ଷݔ)݊ ∗ ݔ) − (ଵݔ ∗ ݔ) − (ଶݔ
(ଵݔ)݀ ∗ ݔ) − (ଷݔ (ଷݔ)݀ ∗ ݔ) − (ଵݔ ∗ ݔ) −  ଶ)൰ thenݔ

൤൬݊(ݔ)
൰൨(ݔ)݀ =

൥ ൤൬݊(ݔ)
൰൨(ݔ)݀

଴

௫ୀ௫భ ,௫మ#௫య

∗	 ൤൬݊(ݔ)
൰൨(ݔ)݀

ଵ

௫ୀ௫భ,௫మ#௫య

∗ ൤൬݊(ݔ)
൰൨(ݔ)݀

ଶ

௫ୀ௫భ,௫మ#௫య

∗ … ∗ 	 ൤൬݊(ݔ)
൰൨(ݔ)݀

௥ିଵ

௫ୀ௫భ ,௫మ#௫య

∗	 ൤൬݊(ݔ)
#൰൨௫ୀ௫భ,௫మ(ݔ)݀ య

௥
൩   

Similar way, if  ௡(௫భ)
ௗ(௫భ) = 	 ௡(௫మ)

ௗ(௫మ) = ⋯ = ௡(௫ೞషభ)
ௗ(௫ೞషభ) = 	 ௡(௫ೞ)

ௗ(௫ೞ)				 and  ௡(௬భ)
ௗ(௬భ) = 	 ௡(௬మ)

ௗ(௬మ) = ⋯ = ௡(௬೟షభ)
ௗ(௬೟షభ) = 	 ௡(௬೟)

ௗ(௬೟)			 and let operator, 

൤൬݊(ݔ)
൰൨(ݔ)݀

଴

௫ୀ௫భ ,௫మ,…	,௫ೞ		#௬భ ,௬మ,…	,௬೟		

= ൬݊
(ଵݔ) ∗ ∏ (x −୲

୰ୀଵ (௥ݕ (ଵݕ)݊ ∗ ∏ (x−ୱ
୰ୀଵ (௥ݔ

(ଵݔ)݀ ∗ ∏ (x−୲
୰ୀଵ (௥ݕ (ଵݕ)݀ ∗ ∏ (x −ୱ

୰ୀଵ (௥ݔ
൰  then we need to expand the series like 

following, 

൤൬࢔(࢞)
൰൨(࢞)ࢊ = ൥ ൤൬࢔(࢞)

൰൨(࢞)ࢊ
૙

࢞ୀ࢞૚,࢞૛,…	,࢙࢞		#࢟૚ ,࢟૛,…	,࢚࢟		

∗ 	 ൤൬࢔(࢞)
൰൨(࢞)ࢊ

૚

࢞ୀ࢞૚,࢞૛,…	,࢙࢞		#࢟૚,࢟૛,…	,࢚࢟		

∗ ൤൬࢔(࢞)
൰൨(࢞)ࢊ

૛

࢞ୀ࢞૚,࢞૛,…	,࢙࢞		#࢟૚ ,࢟૛,…	,࢚࢟		

∗… ∗

	 ൤൬࢔
(࢞)

൰൨(࢞)ࢊ
࢘ି૚

࢞ୀ࢞૚,࢞૛,…	,࢙࢞		#࢟૚,࢟૛,…	,࢚࢟		

∗	 ൤൬࢔
(࢞)

#࢟૚		,࢙࢞	൰൨࢞ୀ࢞૚,࢞૛,…(࢞)ࢊ ,࢟૛,…	,࢚࢟		

࢘
൩   Which is identity no 14. 

Since ܽ ∶ ܾ = ܿ ∶ ݀, ℎ݁݊ݐ ௔
௕

= ௖
ௗ
	 and using Identity no 6 or Identity no 13, Let right hand side expands to൤൬ܰ

(ݔ)
 then		൰൨(ݔ)ܦ

௡(௫)
ௗ(௫) = ே(௫)

஽(௫) where ݊(ݔ)=numerator and ݀(ݔ) =denominator 

If ࢔(࢞)	is a polynomial of degree ࢘࢔ and ࢊ(࢞)	is a polynomial of degree ࢘ࢊ then above series, expands up to maximum 
, ࢔࢘)   .terms and the last term is constant	(ࢊ࢘

For other functions using identity no 13, we can limit ࢘ to where ࢘࢔(࢞) ∶  is almost constant or ࢞  can be nearer (࢞)࢘ࢊ	
to	࢞૚	ܚܗ	∞	.	Similarly using identity no 6, we can limit ࢘ to where ࢘࢔(࢞) ∶  is almost constant or ࢞  can be nearer (࢞)࢘ࢊ	

to	࢞૚	࢘࢕	࢞૛ Or if ࢞ = ൫࢞૛∗(࢒ି࢒૚)ି࢞૚∗(࢒ି࢒૛)൯
૚࢒૛ି࢒

  , then ࢒  can be nearer to ࢒૚ which leads ࢞ nearer to ࢞૚	૛,࢒	࢘࢕	  and we can	૛࢞	࢘࢕	

expand to ࢒ instead of	࢞. This is identity no 15. 

Similar concept of 2 x 1 matrixes can be expanded to m x 1 matrixes to all the identities above which is identity no 16.  

For example, for identity no 6, m x 1 matrix will be, 

 

൥൭
ଵ(x)ݕ
⋮

௠(x)ݕ
൱൩ =
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൦ ൥൭
ଵ(x)ݕ
⋮

௠(x)ݕ
൱൩

଴

௫ୀ௫భ#௫మ#…#௫೘

	 ∗ 		 ൥൭
ଵ(x)ݕ
⋮

௠(x)ݕ
൱൩

ଵ

௫ୀ௫భ#௫మ#…#௫೘

	 ∗	 ൥൭
ଵ(x)ݕ
⋮

௠(x)ݕ
൱൩

ଶ

௫ୀ௫భ#௫మ#…#௫೘

∗ … ∗ ൥൭
ଵ(x)ݕ
⋮

௠(x)ݕ
൱൩

௥ିଵ

௫ୀ௫భ#௫మ#…#௫೘

∗

	 ൥൭
ଵ(x)ݕ
⋮

௠(x)ݕ
൱൩

௫ୀ௫భ#௫మ#…#௫೘

௥

൪  

 And r can be expanded until ݕଵ௥(ݔ) ∶ 	 :(ݔ)ଶ௥ݕ … (ݔ)௠௥ݕ: = ݇ where k is a constant.  Where in following are the operators used 

 ൥൭
ଵ(x)ݕ
⋮

௠(x)ݕ
൱൩

௫ୀ௫భ#௫మ#…#௫೘

= 	

⎝

⎜
⎛
	௬భ(௫భ)∗∏ (୶ିౣ

౫సభ ௫ೠ)
(୶ି௫భ)

⋯ 	௬భ(௫೘)∗∏ (୶ିౣ
౫సభ ௫ೠ)

(୶ି௫೘)
⋮ ⋱ ⋮

	௬೘(௫భ)∗∏ (୶ିౣ
౫సభ ௫ೠ)

(୶ି௫భ)
⋯ 	௬೘(௫೘)∗∏ (୶ିౣ

౫సభ ௫ೠ)
(୶ି௫೘) ⎠

⎟
⎞

 , 

൥൭
ଵ(x)ݕ
⋮

௠(x)ݕ
൱൩

௫ୀ௫భ#௫మ#…#௫೘

ଵ

= 	

⎝

⎜
⎛
	௬భ(௫భ)∗∏ (୶ିౣ

౫సభ ௫ೠ)
(୶ି௫భ) ⋯ 	௬భ(௫೘)∗∏ (୶ିౣ

౫సభ ௫ೠ)
(୶ି௫೘)

⋮ ⋱ ⋮
	௬೘(௫భ)∗∏ (୶ିౣ

౫సభ ௫ೠ)
(୶ି௫భ) ⋯ 	௬೘(௫೘)∗∏ (୶ିౣ

౫సభ ௫ೠ)
(୶ି௫೘) ⎠

⎟
⎞

ିଵ

∗ ൥൭
ଵ(x)ݕ
⋮

௠(x)ݕ
൱൩  And 

൥൭
ଵ(x)ݕ
⋮

௠(x)ݕ
൱൩ = 	 ቎ ൥൭

ଵ(x)ݕ
⋮

௠(x)ݕ
൱൩

௫ୀ௫భ#௫మ#…#௫೘

௥ିଵ

቏

௫ୀ௫భ#௫మ#…#௫೘

ଵ

௫ୀ௫భ#௫మ#…#௫೘

௥

 

Similarly for identity no 13, m x 1 matrix will be 

൥൭
ଵ(x)ݕ
⋮

௠(x)ݕ
൱൩ = ൦ ൥൭

ଵ(x)ݕ
⋮

௠(x)ݕ
൱൩

଴

௫ୀ௫భ#௫మ#…#௫೘షభ

	 ∗ 		 ൥൭
ଵ(x)ݕ
⋮

௠(x)ݕ
൱൩

ଵ

௫ୀ௫భ#௫మ#…#௫೘షభ

	 ∗ 	 ൥൭
ଵ(x)ݕ
⋮

௠(x)ݕ
൱൩

ଶ

௫ୀ௫భ#௫మ#…#௫೘షభ

∗… ∗

൥൭
ଵ(x)ݕ
⋮

௠(x)ݕ
൱൩

௥ିଵ

௫ୀ௫భ#௫మ#…#௫೘షభ

∗ 	 ൥൭
ଵ(x)ݕ
⋮

௠(x)ݕ
൱൩

௫ୀ௫భ#௫మ#…#௫೘షభ

௥

൪  

 And ݎ can be expanded until ݕଵ௥(ݔ) ∶ 	 :(ݔ)ଶ௥ݕ … (ݔ)௠௥ݕ: = ݇ where ݇ is a constant.  Where in following are the operators used 

 ൥൭
ଵ(x)ݕ
⋮

௠(x)ݕ
൱൩

௫ୀ௫భ#௫మ#…#௫೘షభ

= 	

⎝

⎜
⎛
	௬భ(௫భ)∗∏ (୶ିౣషభ

౫సభ ௫ೠ)
(୶ି௫భ)

⋯ 	௬భ(௫೘షభ)∗∏ (୶ିౣషభ
౫సభ ௫ೠ)

(୶ି௫೘షభ)
⋮ ⋱ ⋮

	௬೘(௫భ)∗∏ (୶ିౣషభ
౫సభ ௫ೠ)

(୶ି௫భ)
⋯ 	௬೘(௫೘షభ)∗∏ (୶ିౣషభ

౫సభ ௫ೠ)
(୶ି௫೘షభ)

(∞)ଵݕ		 ∗ ∏ (x −୫ିଵ
୳ୀଵ (௨ݔ
⋮

(∞)௠ݕ	 ∗ ∏ (x −୫ିଵ
୳ୀଵ (௨ݔ

⎠

⎟
⎞

 , 

൥൭
ଵ(x)ݕ
⋮

௠(x)ݕ
൱൩

௫ୀ௫భ#௫మ#…#௫೘షభ

ଵ

= 	

⎝

⎜
⎛
	௬భ(௫భ)∗∏ (୶ିౣషభ

౫సభ ௫ೠ)
(୶ି௫భ)

⋯ 	௬భ(௫೘షభ)∗∏ (୶ିౣషభ
౫సభ ௫ )

(୶ି௫೘షభ)
⋮ ⋱ ⋮

	௬೘(௫భ)∗∏ (୶ିౣషభ
౫సభ ௫ೠ)

(୶ି௫భ)
⋯ 	௬೘(௫೘షభ)∗∏ (୶ିౣషభ

౫సభ ௫ೠ)
(୶ି௫೘షభ)

(∞)ଵݕ	 ∗ ∏ (x −୫ିଵ
୳ୀଵ (௨ݔ
⋮

(∞)௠ݕ ∗ ∏ (x −୫ିଵ
୳ୀଵ (௨ݔ

⎠

⎟
⎞

ିଵ

∗ ൥൭
ଵ(x)ݕ
⋮

௠(x)ݕ
൱൩  And 

൥൭
ଵ(x)ݕ
⋮

௠(x)ݕ
൱൩ = 	 ቎ ൥൭

ଵ(x)ݕ
⋮

௠(x)ݕ
൱൩

௫ୀ௫భ#௫మ#…#௫೘షభ

௥ିଵ

቏

௫ୀ௫భ#௫మ#…#௫೘షభ

ଵ

௫ୀ௫భ#௫మ#…#௫೘షభ

௥
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Another concept also can be looked in to expand the series like the following. 

Let If ݊௩(ݔ) = ܽ௩଴ + ܽ௩ଵ ∗ ݔ + ܽ௩ଶ ∗ ଶݔ + ܽ௩ଷ ∗ ଷݔ + ⋯+ ܽ௩௥ ∗ ௥ݔ = 0 where ܽ௩଴	and	ܽ௩௥	are not zero, ݀௩(ݔ) = ܾ௩଴ + ܾ௩ଵ ∗
ݔ + ܾ௩ଶ ∗ ଶݔ + ܾ௩ଷ ∗ ଷݔ + ⋯+ ܾ௩௦ ∗ ௦ݔ = 0 where ܾ௩଴	and	ܾ௩௦	are not zero and then for ௡ೡబ

(௫)
ௗೡబ(௫) , all the variables 

ܽ௩଴, ܽ௩ଵ, ܽ௩ଶ, … ,ܽ௩௥	and	ܾ௩଴,ܾ௩ଵ, ܾ௩ଶ, … ,ܾ௩௦	 can be found if we know the values of  ௡ೡబ(௫ೠ)
ௗೡబ(௫ೠ)  for all ݑ = 1,2,3, … , ݎ + ݏ + 1. Let 

us say	ݐ = ݎ	 + ݏ + 1, then for any natural number ݐ we can have multiple	ݎ and ݏ as whole numbers. For example, if	ݐ = 2, 
then (ݎ = ݏ	݀݊ܽ	0 = ݎ)	ݎ݋	(1 = ݏ	݀݊ܽ	1 = 0)	.  If in case	ݎ =  then we can use the identity no 8 to get the variables. If in ,ݏ
case	(ݎ = ݏ − ݎ)	ݎ݋	(1 − 1 =  we can get ,ݏ	and ݎ then we can use identity no 11 to get the variables. For all other values of ,(ݏ
after solving linear equations via matrixes.  

If we can find these variables, then we can expand to the following series which is identity no 17, 

(࢞)࢔ 
(࢞)ࢊ = 	 (࢞)૙࢔

(࢞)૙ࢊ + (࢞)૚࢔	
(࢞)૚ࢊ ∗ ൫(࢞ − ࢞૚) ∗ 	(࢞ − ࢞૛) 	 ∗ 	(࢞ − ࢞૜) ∗… 	(࢞ − ࢚࢞)൯

૚
+ (࢞)૛࢔	

(࢞)૛ࢊ ∗	൫(࢞ − ࢞૚) ∗	(࢞ − ࢞૛) 	 ∗ 	(࢞ − ࢞૜) ∗

… 	(࢞ − ࢚࢞)൯
૛

+ ⋯+ (࢞)࢜࢔	
(࢞)࢜ࢊ ∗ 	൫(࢞ − ࢞૚) ∗ 	(࢞ − ࢞૛) 	 ∗ 	 (࢞ − ࢞૜) ∗… 	(࢞ − ࢚࢞)൯

ܞ
 Until the value ൫(࢞ − ࢞૚) ∗	(࢞ − ࢞૛) 	 ∗

	(࢞ − ࢞૜) ∗… 	(࢞ − ࢚࢞)൯
ܞ
	is very small enough Where  ࢔૚(࢞)

(࢞)૚ࢊ =
൬	࢔(࢞)
	ି(࢞)ࢊ

(࢞)૙࢔
൰	૙(࢞)ࢊ

൫(࢞ି࢞૚)∗	(࢞ି࢞૛)	∗	(࢞ି࢞૜)∗…	(࢞ି࢚࢞)൯
 and 

(࢞)࢜࢔

(࢞)࢜ࢊ =
൬	࢜࢔ష૚(࢞)
	ି(࢞)ష૚࢜ࢊ

(࢞)ష૛࢜࢔
൰	ష૛(࢞)࢜ࢊ

൫(࢞ି࢞૚)∗	(࢞ି࢞૛)	∗	(࢞ି࢞૜)∗…	(࢞ି࢚࢞)൯
	for all ࢜ = 	૛,૜,૝, … ,∞ 

 

Let us see examples of expansion series below. 

For	݊(ݔ) = ݁ + ݂ ∗ ݔ) − (ଵݔ + ඥ݃ଶ + ℎ ∗ ݔ) − (ଵݔ + ݅ ∗ ݔ)	 − (ݔ)݀ and if		ଵ)ଶݔ = 1,	then using identity no 13, matrix will be 
as follows:  

Since 
௡(ஶ)

ௗ(ஶ) = ∞, ൤൬݊(ݔ)
	൰൨௫ୀ௫భ(ݔ)݀

ଵ
= ቈቆ

0 −1
− ௗ(௫భ)

௫ି௫భ

௡(௫భ)
௫ି௫భ

ቇ	൬݊
(ݔ)
൰቉(ݔ)݀ =

	ቈቆ
0 −1

− ଵ
௫ି௫భ

௘ା௚
௫ି௫భ

ቇ	൬݁ + ݂ ∗ ݔ) − (ଵݔ + ඥ݃ଶ + ℎ ∗ ݔ) − (ଵݔ + ݅ ݔ)	∗ − ଵ)ଶݔ
1

൰቉ =൥ቆ
1

௘ା௙∗(௫ି௫భ)ାඥ௚మା௛∗(௫ି௫భ)ା௜∗	(௫ି௫భ)మି௘ି௚
௫ି௫భ

ቇ൩ 	On 

multiplying, −݂ ∗ ݔ) − (ଵݔ + ඥ݃ଶ + ℎ ∗ ݔ) − (ଵݔ + ݅ ∗ ݔ)	 − ଵ)ଶݔ + ݃ both the sides, we get, 

ቈቆ−݂ ∗ ݔ) − (ଵݔ + ඥ݃ଶ + ℎ ∗ ݔ) − (ଵݔ + ݅ ∗ ݔ)	 − ଵ)ଶݔ + ݃
(݅ − ݂ଶ) ∗ ݔ) − (ଵݔ + 2 ∗ ݂ ∗ ݃ + ℎ

ቇ቉ 

If 	݅ = ݂ଶ = 0,			then we get 	݊(ݔ) repeats itself with only change in constant variable	݃. Hence it will be repeating from second 
term. 

  I.e.) ൤൬݊
(ݔ)
൰൨(ݔ)݀ = ൤൬݁ + ඥ݃ଶ + ℎ ∗ ݔ) − (ଵݔ

1
൰൨ = ൤ቀ݁ + ݃ ݔ − ଵݔ

1 0 ቁ	∗ 	ቀ2 ∗ ݃ ݔ − ଵݔ
ℎ 0

ቁ
ஶ
	∗ ൬

݊∝
ఉ݀
൰൨  

If	݅ = ݆ଶ ≠ 0 then	௡భ(ஶ)
ௗభ(ஶ) = ଵ

௝ା௙
, hence it will be looking like following: 

 ൤൬݊
(ݔ)
൰൨(ݔ)݀ = ൤ቀ݁ + ݃ ݔ − ଵݔ

1 0 ቁ 	∗ 	൬
2 ∗ ݃ ݔ − ଵݔ

2 ∗ ݂ ∗ ݃ + ℎ (݂ + ݆) ∗ ݔ) − ଵ)൰ݔ ∗ …	 ∗ ൬
݊∝
ఉ݀
൰൨ 
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For	݊(ݔ) = ݁ + ݂ ∗ ݔ +ට݃ ∗ ݔ) − (ଵݔ ∗ ݔ) − (ଶݔ + ℎଶ + ((௜మି௛మ)∗(௫ି௫భ)ା(௛మି	௝మ)∗(௫ି௫మ)
(௫మି௫భ) )		and if ݀(ݔ) = 1,	then using identity 

no 6, matrix will be repeating after every two terms with all real numbers.  

I.e.) ൤൬݊
(ݔ)
൰൨(ݔ)݀ = ቈ൬(݁ + ݂ ∗ ଵݔ + ݆) ∗ ݔ) − (ଶݔ (݁ + ݂ ∗ ଶݔ + ݅) ∗ ݔ) − (ଵݔ

ݔ)	 − (ଶݔ ݔ) − (ଵݔ ൰ ∗ ቆ൬ܽଵ ∗
ݔ) − (ଶݔ ܽଶ ∗ ݔ) − (ଵݔ

ܽଷ ∗ ݔ) − (ଶݔ ܽସ ∗ ݔ) − ଵ)൰ݔ ∗

൬ ଵܾ ∗ ݔ) − (ଶݔ ܾଶ ∗ ݔ) − (ଵݔ
ܾଷ ∗ ݔ) − (ଶݔ ܾସ ∗ ݔ) − ଵ)൰ቇݔ

ஶ

∗ ൬
݊∝
݀ఉ൰቉ 	 or  

൤൬݊(ݔ)
൰൨(ݔ)݀ = ቈ൬݊

(ଵݔ) ∗ ݔ) − (ଶݔ (ଶݔ)݊ ∗ ݔ) − (ଵݔ
(ଵݔ)݀ ∗ ݔ) − (ଶݔ (ଶݔ)݀ ∗ ݔ) − ଵ)൰ݔ ∗ ቆ൬

ܽଵ ∗ ݔ) − (ଶݔ ܽଶ ∗ ݔ) − (ଵݔ
ܽଷ ∗ ݔ) − (ଶݔ ܽସ ∗ ݔ) − ଵ)൰ݔ ∗ ൬

ܾଵ ∗ ݔ) − (ଶݔ ܾଶ ∗ ݔ) − (ଵݔ
ܾଷ ∗ ݔ) − (ଶݔ ܾସ ∗ ݔ) − ଵ)൰ቇݔ

ஶ

∗

൬ܽଵ ∗
ݔ) − (ଶݔ ܽଶ ∗ ݔ) − (ଵݔ

ܽଷ ∗ ݔ) − (ଶݔ ܽସ ∗ ݔ) − ଵ)൰ݔ ∗ ൬
݊ఋ
݀ఊ൰቉ 

Thus these derivations can be used to expand any function into matrix multiplication series. 

 


