International Journal of Mathematics Trends and Technology — Volume 14 Number 1 — Oct 2014

New Matrix Operators to Get an Expansion Series

Sankaralingam Lakshmanaraj

gloStream Technologies Pvt Ltd,
Flat no 307, Ishwar Pratik Apartment, Tapovan road, Bodhale Nagar, Nashik, India,

Abstract— This discovery of operator is similar to derivative of a function, but this is to derivative of a matrix function. This operator
is bringing yet another expansion series to a function. This expansion series can be used to approximate wider range of the values.

Keywords— Matrix expansion series, matrix derivative operator, matrix operator, matrix, derivative, operator, series, expansion

. INTRODUCTION

The matrix multiplication of n x n and n x 1 will give n x 1 matrix. If we expand n x 1 further in to another n x n * n x 1 matrix, we get
nxn*nxn*nx1and keep on extending, we get an expansion series.

I1l. DERIVATION

a) and, operator [] to the matrix [(Z)] isa:b

Let there be a 2 x 1 matrix, (b

Sincek xa: kb =a:b for where k # 0, [(Z : Z)] is also [(Z)] whichisa: b

Hence [(’l: : Z)] = [(Z)] this makes identity no 1

sial(2) (][22 728 ven (0 2) ()] = mapepri e

AISO[(I;’:CCL II:Z) (Z,C)]:(k*a*a+k*b*ﬁ):(k*c*a+k*d*ﬁ):(a*a+b*ﬁ):(c*a+d*ﬁ):

E & )]
Hence [(iz‘: ::Z) (;;)] = [(‘Z Z) (;;)] this makes identity no 2

If[(z,c)]:KZ Z) (g)],whichequatesto a:B=(exy+f=x8):(gxy+h=*68) thena=k=x (exy+f=8), p=

k*(g=*y+h=6) forany k = 0 and if you substitute value of & and 8 to the equation, [(Ccl Z) (;)] =(a*a+bx

B): (a *a+ b= ) then one can prove that, (axa+b*B): (a*a+bxB)=((kxaxe+k*bxg)xy+(k+ax*f+
k*b*h)*é‘)):((k*c*e+d*g)*y+(k*c*f+k*d*h)*6)): ((a*e+k*b*g)*y+(a*f+k*b*h)*
8)) : ((cxe+dx*g)*y+(c*f~+k=d=xh)x8&)) which simply follows to the identity No 3.

()] =[5 ) DlerenlE 2 GI=[E DG 2)G)]

- X .
Similarly we can also prove that, If [(ﬁ)] = [(; Z) (g) ] which equatesto a:f = (exy +f*68): (g xy +h=*8) then

a=kx (exy+f=x8), B=kx(g*y+h=65) andthen k * y:%, k*SZ% for any k # 0 which

makes the identity,

ISSN: 2231-5373 http://www.ijmttjournal.org Page 6




International Journal of Mathematics Trends and Technology — Volume 14 Number 1 — Oct 2014

LG DO 1[G 0G| TE TE)G) |mobis o

ehfg exh—fxg

which gives [(_hg _ef) (B)] ifexh #fxg

This leads to Identity no 4 as follows.
f@I=[G 1 @Len (D1=(C D @)= D @liecneroa-zet
e =166 56 (-6 )

menitx = (D =[G o) (e e el =1 -6 )= )

maite=s (GO =63 563) (6 (e el =15 e o)l = 1)

Hence this equation satisfies for any n, (x) and d, (x) when x = x; or x,. Let us find what is n, (x) and d, (x) when x
approaches either x; or x,

()] = [ 0) (G ] =[G s 2w ey ()

men (= 1R 62 s 6 ) G

Since n, (x): d; (x) = (d(xy) * (x — xp) *n(x) —nlxy) * (x — x;) *d(x)) : (=d(x;) * (x — x,) *n(x) +nlxy) * (x — x,) *
d(x)) ,

)] using Identity no 4.

Which leads n, (x) = k * (d(x2)*n(x)—n(xz)*d(x)) and d, (x) = k * (=d (1) *n(x)+n(x1)*d (x))

(x—x2) (x-x1)
( ) (d(xz2)n(x) —n(xz)*d(x)) (d(2)*n(x)—n(xz)*d (x))
nl X (x—x3) _ (x-x32)
Hence dl( ) ] Kk (—dGe)nG)+nxy)» am))] = [((—a(acl)*n(x)+n(x1>*a(x>)>]
(x—x1) (x—x1)

Expand [(dlg ;)] similar way to [(Zg;)] = [(Zgi; :ilgz;) Cilig; ig : ij;)]

e [l =0 o) (i a )=

I( (d(xz) *n(x,) — nlx,) * d(xl))

(x; — x3)
(d0) #nCey) =) +dCx) o

(xz x1)

*(x — x,) (d(xz) x*n'(x,) — nlx,) * d'(xz)) (x—x) <n (x))
d;
(=d(xy) * n' () + ) * d' () * (x = x,) o ) E

Hence,
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(G =1 e aes e sm) (o))

_ <n(x1) #(x —xp) nley) *(x — xl))
d(e) * (x —x,)  d(xy) * (x —xy)

( (d(XZ) * TL(X1) - TL(XZ) * d(X1)) % (x _xz) (d(xz) % n,(xz) _n(xz) % d’(xz)) % (x _ xl)\'

(e, —x3)
(d(xy) * nlxy) — nlx,) * d(xy))
(x, —x4)

*(x—xl)/

\ () ) o) ) » e =)
()
d,(x)
And we can keep expanding these to get a series. For that let us work on the operators needed.

L ) (d(xz)*n(x)—nlx;)*d(x)) )
n(x _ (x—x3) _ (X
Let the operator, [(d(x))] - ((—d(xl)*n(X)+n(X1)*d(x))) - <d1(x)) then

X=x1#x2

2 ( ) 1 ( ) (dl((jz_):ll)l(x)—nl(xz)*dﬂx))
n(x n, (x —
R [(d(x))] - . [(di(x))] = ((_dl(Xl)*nl((x)'i'n)l(Xl)*dl(X))>
e v (x—x1)
r ) ) 1 ) (dr—10e2)*ny_1 () —nr_1 (x2)*dr_1(x))
. nx _ X)\ _ n,_1\x _ (x—x2)
And finally ory #xz[<d(x))] a <Z:(x)) - o #X2[<dr_i(x))] - ((—dr_l(xl)*n,._l(x)+nr_1(x1)*dr_1(x))>
(x—x1)
o NG DGoN= L LG e V) =
((k xn(x,) + 1 % d(xz)) * (i xn(x) +j * d(x)) - (i xn(x,) + j * d(xz)) * (k xn(x) +1* d(x)))
(x—x,)
(—(k wn(x) + 1 * d(xl)) * (i *n(x) + j* d(x)) - (i *n(xg) + j * d(xl)) * (k *n(x) +1 % d(x)))
(x —x,)
(d(xz)*ny_q (x)—n(xz)*dyr_1(x)) )
X—Xp _ n\x 3 ;
- ((—dm)*nr_{<x>+n:<x1)*aH(x))) = x:xl#xz[<d("))] If(fxl=jxk)#0
1., 1
Hence [(; ]l) C;g;)] = [(Zgg)] if(ixl—jxk)+0 —>,£ * ]1 which is identity no 5.
x=x1#x7 X=x1#x2

As a special case to identity no 5, if i = 0,j =1,k = 1,1 = 0, then one can prove that
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I (75 R (54

n(x) _ ey * (x —x3)  nlxy) * (x — xy)
Let another operator, [<d(x))]x=x1#x2 = <d(x1) «(x—x,) dle,)x (x— x1))
"T(n(x) _ (e (o) * (x = x3) 1 () * (x — xy)
And then operator, sz1#xz[<d(x))]xzx ) = <dr(x1) x (x—2x,) dy(xp) % (x — xl)) and

Let it be operator r[(;g;)]

X=x1#x2

Also the inverse operator using identity 4 to ( [(ng;)] ) = <<ngl; : g :izg ngzg : g B i1;)>_ =

< d () *(x—x;)  —n.(x) * (x — xl)) o
—d, () * (x —x;)  n,.(x)) * (x — x,)

dy(x2) —nr(xz)

r -1
Using identity no 2 on dividing (x — x,) * (x — x,), we will get( [(Zgg)] ) = (_(Z:(X;l)) i’i};‘f;) and Let it be

*=X1x2 (x—2x1) (x—2x1)
[(n(x)
the operator as [(d(x))]

x=x1#x,

-1

Using these operators, we can expand the [(Z(g)] to the following series which is identity no 6.

(6 o N R 0%~ R [ |
And 7 can be limited untll n (x) d.(x) = k where k is a constant.

Using identity no 4 to above identity no 6, one can prove that,
N =1 3 R N v R ) N I

We can arrive at

G-

x=x1#x7

(e, )‘1 Cle,) - (en,) - (e.,.)

xxxxxxxxxxxx

a0 i I ) RO ) R 31
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" e -1 r— -1 1
ST ) O e R A ] RS (<
<38) which is identity no 7.
wwmmWwwmwmmuﬂzxmwﬁgJ\waxmmxmgamLW4
1 1 )
xa L=x1#x:[<:;§zg)]] #: * [x=x #x. [x=x1#x:[<3§zg)__ o X
3#x4 x=x5#xg  x=xshrg 3#X4 )i
1 1 . 1 1 ( ) . #.
Ll
x=x5txg |

X=X2ur -5HX24r—4

X=X2ur—3#X24r—2 X=X24r—1#X 241

1 1 1
n(x) ] Which is identity no 8.
x=x3#x4 x=x1#x2 d(x)
# X=X2.r_3H#X2 2 X=X2:r—5H#X 244 x=x5#x¢
X=X24r—17X24r i i
Let the operator
1 1 1
1 1
1[<n(x))] = [ n(x) ]] and the
Xx=x1#x2#. HX2ur d(x) X=xatx xX=x1#x2 d( )
X=Xpur—5#X24r—4 x=x5#xe e

X=X47—3HX 24—
X=Xpsr— 18X 2xr—37#X2x1—2

operator
e LGN = (5=

1
1 1

]mj“;Lmﬁ;ﬂ%mMH

X
X=X5HxX
X=X —5HX 24— 5746
_ X=X _H#x _ 247 =57 X2xr—4
X=Xpay1# Xy 2+7—3%X2x7r—2

And also the operator,

(oS (1] RN (09 NN (¢ I

x=x3#x4 x=x3#x4 x=xstxe

1 ' n(x)
[= # L=x1#x d(x) ]H” and

xX=xg5HxXg

*

1

- X=X xpr—5#Xpup—.
X=Xpur—3H#Xger_p 2xr—57X2xr—4

e [G3)

X=X #x 8. #Xp

X=X2r—1#X24r

X=X1#x8. HX2r
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[ n(x) n(x)
*
d(x) d(x)
X=X #xXH. . HXpur _ X=X HXo .. H#Xo,
1752 2 X=X1HXy  ymxgthay XXX Ay 2 27 xexatrs
1 1
[ n(x) ]]
Y=t X=X1HX o #. HX gy d(x)
x=x3#xa ez x=xg#xg
1
T 1)
[ [ (x) ]H and let it be operator
X=X1HX #. . H#Xo,
x=xstrg X=X3HXs *=x1#27 i 2 T

X=Xup—5HX 2
X=X24r—3HX 2472 2T =5TA2xT—4 X=X ur—1HX ey

(G

xX=x1#xH. . HX g4

If we also expand identity no 8, further as we did in identity no 6, we will get the following series.
n(x))]
d(x)
(e o 7 T (< NI ¢4
d(x) x=x1#x2#. #X24r d(x) x=x1#x2H. #X2:p d(x) X=x1#x28. Hxp.r  X=X1HXH. HXQ d(x)
limit to s terms until ny(x) : d(x) = k where k is a constant which is identity no 9.

And

Instead of even terms, if we have odd terms, then also, we can construct matrix operators as follows:

For the first term x; alone we need to have the matrix operator as,

Let [(Zg;)] = [(chi; g : g :’;3) <Zig€; )] where a, 8 can be any constant and Zg:; # % and remaining terms will

be even and hence there after even terms can be used for the operator as given in identity no 8. l.e.)
Kﬁﬁﬂ=Kﬁ2§Zi&:2§Cﬁ£ﬂi@8§]1=<ﬁ2§2i8229md

(3 [ st e | R e

X—Xq xX—Xx

We can also get what are a, 8. Using identity no 2, by dividing (x — x,), we get [(Zgg)] =

()
663 5267 D)) [( 1) G0 oo = ) (6 ) (: )]

(x— X1)
n(e) °<
[(ﬁ)] That simply makes[(d(m))]
Hence One can prove that, |fM =0, thena=0and g=1,If — "(w) = oo, thena = 1 and B = 0, for other values g =

d(o0)
n(c)

* a. And we can make following as identity no. 10:
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[ I o b N (| Kum>&w)cﬁb
n(OO) (o)
(oo)

where |f =0, thena =

Oand B =1, If = oo, thena =1 and B = 0, for other values g =

*

Using these operators, Identity no 8 can be expanded for odd numbers as given below.
(o)) -
[\d(x)/] ~

TG

1

*

1
B (<3 R W (4]

e -

x=
X=X4#X5  x=x4#xg

L Lesil]

X=X4#X5

=x1

x=xeHx7

1

X=X 4y —6HX 24—
X=X2ur_4#X2.r_3 2+ —6752+r=5 X=X 2#X 201

1 1

1
n(x)
[ M L d(x) ]]] Which is identity no 11.
x=xp#x3

— x=x4#x5
- X=X24r—6#X 241 -5
X=X 2HX24r—1 X=X24r—4HX2:r-3

And similarly identity no 9 will be expanded for odd numbers as below.

(Gl =

d(x)) -

() G S (] : [n]
d(x) x=x1#x2#. #X2:r-1 d(x) x=x1#x#. #X2r-1 d(x) x=x1#x2#. H#X24r-1 X=x1#x2#. #X2.:0-1 d(x)

And limit to s terms until ng(x) : d(x) = k where k is a constant which is identity no 12.

Using identity no 12, if we expand only for the term x; alone then we gets special expansion as follows to identity no.13:

If s[(n(x))] = <ns(x)) and ifa =1and B =0, then ny,(x) = d,_,(x) and

ey LA () d,(x)
d,(x) = = 1)« 1(2 xn‘) 1)+ ds-10) 0 ¢ — 1 2 3 o and after substituting n,_; (x) as d,_,(x), then d (x) =
1
(ds_1(x1) * dg_p(x)— dg_(x1) * ds_ 1(x))fOI’S =234.

(x—x1)

Ifa=0and =1, thenn,(x) = n,_;(x) and d,(x) = Cdsa () v me-q (4 g1 (1) ds1 () g o 1,2,3..,..And

(x—x1)
Expansion series will be as given below.

(6 ) o 7 N 7]

X

And limit to s terms until n (x) :

d,(x) = kwhere kisa constant
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n(xp) — n(x;)

d(xg)  d(xz)

CRI-CE: 73 BT ) G o D) -

In identity no 6, If then we need to expand the series like following,

X=X1XHX3

R S s e o L

()] =
[ (63 RE <) C ( NERR ) IO ()|
Similar way, if Zglz Zgz; == % = % % Zgz; . % = % and let operator,
0[(3&;)] = <Zgli : gizlg :ir; Zg]l; i g;zlg :ir;) then we need to expand the series like
following, T B

G-, G T
r— 1[ <Zgg)]x=xlyx2“xs . . s o ngg ] Which is identity no 14.

Sincea:b=c:d, then% = 5 and using Identity no 6 or Identity no 13, Let right hand side expands to[(ll\)]g;)] then

") _ NG

0 G )Where n(x)=numerator and d(x) =denominator

If n(x) is a polynomial of degree r,, and d(x) is a polynomial of degree r, then above series, expands up to maximum
(r,, ,r4) terms and the last term is constant.

For other functions using identity no 13, we can limit r to where n,.(x) : d,.(x) is almost constant or x can be nearer

to x, or oo, Similarly using identity no 6, we can limit r to where n,.(x) : d,.(x) is almost constant or x can be nearer

(2 (1-11)—x1+(1-13))
lp—-1q

expand to L instead of x. This is identity no 15.

tox; or x, Orifx = , then I can be nearer to I, or l,, which leads x nearer to x; or x, and we can

Similar concept of 2 x 1 matrixes can be expanded to m x 1 matrixes to all the identities above which is identity no 16.

For example, for identity no 6, m x 1 matrix will be,

(ol
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0 3’1()() ! 3’1()() 2 3’1()() 1 3’1()()
* : * : * L.,k *
Y m(X) Hoo#h. Hxm Yim (X) x=x1 828, Hxm Yim (X) x=x1#x 8. Hxm Y m(X) =x1#xy 8. Hxy
3’1 (X) ]
x=x1#x#. Hxm ym (X)
And r can be expanded until y;,(x) : y,,(x):...: y,,(x) = k where k is a constant. Where in following are the operators used

¥ ()T 1 (x=%)
(x—x1)

y1 (%)

[

Ym(x1)*HT=1(X_Xu)

Ym(xm)*HT=1(x_xu)

Y1 o)+ ik 1 (x=%)

(x—xm)

x=x1#x#. . H#xm (—x7)

Y1 (X1)*HT=1(X_XV.)

(x—xm)

Y1 (Xm)*H$=1(X_Xu)

Ty G0N (1) ) y1(%)
( : ) = : : * [( : ) And
it e LY (/] \ym<x1>*n&‘=1<x—xu> YmCGem)* T 1 (x=%0) / Vi (X)
e m (x—x1) (Xx—%m)
r 1
yl(X)

[ <y1 () )
[\ym (X)/
Similarly for identity no 13, m x 1 matrix will be

X=X #x#. . Hxm_q

— x=x1#x2#.. Hxm
X=x1#x,#.. Hxm X=X #XH. A e

y1 (X) y1 (X) y1 (%)

ym (X) ym (X)

=x1#x,8#. Hxy

r—

y1(x)

[(y;@

And r can be expanded until y,,.(x) : y,,(x):...

er
ym(X)

xX=x1#xH. Hxm_1q

v1 (o) IIg ! (x=xu)

* 1[<ymE(X) |
|

Yy () =

)

ym (X)

y1 (%)

[

X=xX1HxXH. HxXm_q x=x1#Hx . Hxm_q

k where k is a constant. Where in following are the operators used

¥1 (- ! (x=xy)

y1(X)

(5

(x— Xl)

)

X1)* X—X.
x=x1#at. Hxm -1 ym(x1) Hu 1( u)

(x—x1)

Y1 (X1)*H$=_11(X_Xu)

(x—x1)

Ym(x1)*HT=_11(X_Xu)

Hi <y1 00 )
! ym(X) ]

xX=x1H#x#. . HXm—q 1)
—X1

r-<y1gx>
[\ 0)

xX=x1#x#. . HXm—q

x=x1#x8#. . Hxpm 1

x=x1#x#. . H#xpm 1

(x—xm-1) yl(oo) H (X xu)
ym(xm_l)*HT;ll(X—Xu) VY (00) H (X xu)

(x—xm-1)

-1

3’1(Xm—1)*HT=_11(X_X )

(x—xm-1) yl(oo) H (X Xy) yl(X)

: * : And

Ym(xm—l)*HT;ll(x_xu)Vm(OO) * Hu=1 (X - xu) ym(X)

(x—xm-1)

J’1 (X)

)

ym (X)
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Another concept also can be looked in to expand the series like the following.

Let If n,(x) = @, + Ay * x + ayy * x? + ayg * x° + -+ a,, * x” = 0 where a,, and a,, are not zero, d,(x) = b,y + b, *
Tyo (%)

dyo(x) '

QAo Ay1y Ay ey Ay @NA byg, b1, byo, ... by, can be found if we know the values of "”"EX”; forallu =123,...,r+s+1. Let
VO 'll.

ussayt = r+s + 1, then for any natural number t we can have multiple r and s as whole numbers. For example, if t = 2
then(r =0and s=1) or (r = 1and s =0). Ifincase r = s, then we can use the identity no 8 to get the variables. If in
case (r = s —1) or (r — 1 = 5), then we can use identity no 11 to get the variables. For all other values of r and s, we can get
after solving linear equations via matrixes.

X+ by xx? + b3 * x3 + -+ b, x x5 = 0 where b, and b, are not zero and then for 2= all the variables

If we can find these variables, then we can expand to the following series which is identity no 17,

n) _ nol) , m©) _ _ _ _ 1, m®k) _ _ _
ke do(x)+ dl(x)*((x x)* (x—x3) * (x—2x3) *... (x xt)) + N ((x x)* (x—x) * (x—x3) *

L x - xt))2 + et Z"Ex; * ((x x)x (x—x) « (x—x3) .. (x— xt))v Until the value ((x —x) x (x—x,) *
v ® (i)
(x —x3) * ... (x—1x,)) is very small enough Where “-= = 40 4o nd

a1 ((-xD* (-x2) * (x—x3)*... (x-2¢))
(22t _mama())

ny,(x) — dy_1(x) dy_p(x)

dy(x)  ((x—x1)* (x—x2) * (x—x3)*... (x—21))

forallv= 23,4, . 6 o

Let us see examples of expansion series below.

Forn(x) =e+f*(x—x;)+/g?+hx(—x)+i* (x—x)? and if d(x) = 1, then using identity no 13, matrix will be
as follows:

Since

n(e) _ n(x) EANLONE
5= |Gm)= [( — @) <d(x))]_

X=X X=X
[<_ 01 §> <e o mx)+ \/gz +hoxGe—xy)+ix (- xl)z)] :[(e+f*(x—x1)+\/yz+h*(3c-—x1)+i* (x—xl)z—e_g>
x—xq X—Xq 1
multiplying, —f = (x — x;) + /g% + h = (x — x;) + i * (x — x;)? + g both the sides, we get,
[(—f*(x—x1)+\/g2+h*(x—x1)+i* (x —x,)? +g>]
(—f)«(x—x)+2xf*xg+h

On

X—xq1

If i =f2 =0, thenwe get n(x) repeats itself with only change in constant variable g. Hence it will be repeating from second
term.

G- TR T G )

d(x) 0 h 0

If i = j? # 0then=—— () ,—, hence it will be looking like following:

dy(e0)  j+f

[(Zg;)] - [(eIg xBxl) * <2*}g:5+h (f+j); :(xxl—xl))* *<Z;)]
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21 2Ve(x— 2 i 2Ya(x—
Forn(x):e+f*x+\/g*(x_xl)*(x_xz)_'_hz_'_((l h2)*(x 92;)+(:) Jj2)x(x—x,)
2741

no 6, matrix will be repeating after every two terms with all real numbers.

) and if d(x) = 1, then using identity

Ie)[n(x)] (e+frx;+))x(x—x,) (e+frxy,+1i)x (x—xl)) <a1*(x—x2) a2>r<(x—xl))>I<
el d(x) (x—x3) (x—2x) as x(x—x;) a,*(x—x)

by x(x —x,) by*(x—x N
<b *Ex—ng b, *Ex—xj)) *<dﬁ)] o
n(x) ] [ n(xl) x(x—xy) nlxy)* (x— xl)) . <<a1 x(x—xy) ap*(x— xl)) <b1 x(x—xy) byx(x— xl))>
d(x) d(x) * (x —x,) d(xy) *(x —x) as x(x—x) a,*(x—x) by * (x —x5) by *(x—x;)
<a1 x(x—x,) ap*(x— xl)) <n5)]

as x (x —x,)  ag* (x—x;)) " \dy

Thus these derivations can be used to expand any function into matrix multiplication series.
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