
International Journal of Mathematics Trends and Technology – Volume 14 Number 1 – Oct 2014 

ISSN: 2231-5373                   http://www.ijmttjournal.org Page 46 
 

On Some Properties of a Generalization of 
Bessel-Maitland Function 

 
Manoj Singh1, Mumtaz Ahmad Khan2 and Abdul Hakim Khan3 

 
1Department of Mathematics, Faculty of Science, 

Jazan University, Jazan, Saudi Arabia. 
2,3Department of Applied Mathematics, Faculty of Engineering, 

Aligarh Muslim University, Aligarh - 202002, U.P., India. 
 

               
Abstract—The present paper is the investigation of certain 
properties of generalized Bessel-Maitland function, written in the 
form ࢗ,ࣇࡶ

(ࢠ)ࢽ,ࣆ = ∑ 	ஶ
ୀ૙࢔

࢔(ࢠି)࢔ࢗ(ࢽ)

ࢽ,ࣇ,ࣆ where , (ା૚ࣇା࢔ࣆ)ડ!࢔ ∈ (ࣆ)ࢋࡾ;࡯ ≥ ૙, 
(ࣇ)ࢋࡾ ≥ −૚,(ࢽ)ࢋࡾ ≥ ૙  and ࢗ ∈ (૙,૚)∪ࡺ . For the function 
ࢗ,ࣇࡶ
(ࢠ)ࢽ,ࣆ , a number of results including differentiation and 

integration formulas, Mellin-Barnes integral representation, 
Laplace transform, Euler transform, ࢑ -transform, Varma 
transform, Mellin transform. Various relationship with other 
functions including Fox's ࡴ-function and Wright hypergeometric 
function were also established. In the end certain relations have 
been obtained by using the Riemann-Liouville fractional integrals 
and derivatives.  
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I. INTRODUCTION 

The special function of the form defined by the 
series representation  

ఔܬ
ఓ(ݖ) = ෍	

ஶ

௡ୀ଴

௡(ݖ−)

݊!Γ(݊ߤ + ߥ + 1) 

											= ,ߤ)߶ ߥ +  (1.1)																																											(ݖ−;1
											= ଴,ଶܪ

ଵ,଴ ቂݖ│
− − −− −;

(0,1),  				ቃ;(ߤ,ߥ−)
is known as Bessel-Maitland function, or the Wright 
generalized function ([15], (8.3)). It has a wide 
application in the problem of physics, chemistry, 
biology, engineering and applied sciences. The theory 
of Bessel functions is intimately connected with the 
theory of certain types of differential equations. A 
detailed account of application of Bessel function is 

represented in the book of Watson [12]. 
  In this paper, a generalization of Bessel-Maitland 

function is investigated and is defined as  

ఔ,௤ܬ
ఓ,ఊ(ݖ) = ෍	

ஶ

௡ୀ଴

௡(ݖ−)௤௡(ߛ)

݊! Γ(݊ߤ + ߥ + 1) 																													(1.2) 

where, ߤ, ,ߥ ߛ ∈ (ߤ)ܴ݁;ܥ ≥ (ߥ)ܴ݁,0 ≥ (ߛ)ܴ݁,1− ≥
0  and ݍ ∈ (0,1) ∪ ܰ  and (ߛ)଴ = 1 ௤௡(ߛ) , =
୻(ఊା௤௡)
୻(ఊ)

, denotes the generalized pochhammer symbol 
(see Rainville, [8]), which in particular reduces to 
୯௡Π௝ୀଵݍ

௤ ቀఊା௝ିଵ
௤

ቁ
௡
 if ݍ ∈ ܰ. 

  Some important special cases of this function are 
enumerated below: 

(i) ܬఔ,଴
ఓ,ఊ(ݖ) = ఔܬ

ఓ(ݖ), defined by (1.1). 
(ii) ܬఔିଵ,଴

ఓ,ఊ (ݖ−) = ,ߤ)߶ ;ߥ (ݖ , known as Wright 
function ([1], section 18.1) was introduced by Wright 
[9]. 

(iii) ቆ௭
ଶ
ఔ,଴ܬ
ଵ,ఊ ቀ௭

మ

ସ
ቁቇ = (ݖ)ఔܬ , is the ordinary Bessel 

function (Rainville, [8], pp.109). 
(iv) If ߤ = ݇ ∈ ܰ and ݍ ∈ ܰ,  
      

ఔ,௤ܬ
௞,ఊ(ݖ) =

1
Γ(ߥ + 1) ௞௤ܨ ൤ Δ

;				(ߛ;ݍ)
Δ(݇; ߥ + 1);−

ݖ௤ݍ
݇௞ ൨				(1.3) 

where, 	௤ܨ௞(. )  is the generalized hypergeometric 
function and the symbol Δ(ߛ;ݍ)  is a ݍ -tuple 
ఊ
௤

, ఊାଵ
௤

, . . . , ఊା௤ିଵ
௤

;Δ(݇; ߥ + 1)  is a ݇ -tuple 
ఔାଵ
௞

, ఔାଶ
௞

, . . . , ఔା௞
௞

. 
Convergence criteria for the generalized 
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hypergeometric function 	௤ܨ௞. 
(a) If ݍ ≤ ݇, the function	௤ܨ௞ converges for |ݖ| < ∞. 
(b) If ݍ = ݇ + 1 , the function 	௤ܨ௞  converges for    
|ݖ|						 < 1. 
(c) If ݍ > ݇ + 1, the function 	௤ܨ௞  is divergent for 
ݖ									 ≠ 0. 
(d) If ݍ = ݇ + 1 , the function 	௤ܨ௞  is absolutely 
convergent on the unit circle |ݖ| = 1, if  

ܴ݁ቌ෍	
௞

௝ୀଵ

ߥ + ݆
݇ −෍	

௤

௜ୀଵ

ߛ + ݅ − 1
ݍ

ቍ > 0.				 

(v)  ܬఔ,௤
ఓ,ఊ(ݖ) = ଵ

୻(ఊ)
Ψଵଵ ൤						

,ߛ) ;					(ݍ
ߥ) + ;(݊ߤ,1 −  ൨ݖ

                    

																=
1

Γ(ߛ)ܪଵ,ଶ
ଵ,ଵ ൤		

(1− ,ߛ 	;			(ݍ
(0,1), 								z൨					;(ߤ,ߥ−)

(1.4)	 

where 	ଵΨଵ(. ) and ܪଵ,ଶ
ଵ,ଵ(. )  are respectively Wright 

generalized hypergeometric function [10] and 
 .function [6]-ܪ
(vi) ܬఔିଵ,௤

ఓ,ఊ (ݖ−) = ఓ,ఔܧ
ఊ,௤(ݖ) , where ߚ,ߙ, ߛ ∈ ܥ ; 

(ߙ)ܴ݁ > (ߚ)ܴ݁,0 > ߛ)ܴ݁,0 > 0)  and ݍ ∈ (0,1) ∪
ܰ, was given by Shukla and Prajapati [3]. 

 
ఔିଵ,ଵܬ  

ఓ,ఊ (ݖ−) = ఓ,ఔܧ
ఊ  was introduced by Prabhakar ,(ݖ)

[17]. 
ఔିଵ,ଵܬ	 

ఓ,ଵ (ݖ−) = ߚ,ߙ) where ,(ݖ)ఓ,ఔିଵܧ ∈ (ߙ)ܴ݁;ܥ >
(ߚ)ܴ݁,0 > 0), was studied by Wiman [2]. 
଴,ଵܬ	 

ఓ,ଵ(−ݖ) = (ݖ)ఓܧ , where ݖ ∈ ܥ  and ܴ݁(ߙ > 0) , 
was introduced by Ghosta Mittag-Leffler [11]. 
(vii) ݐఓିଵܬఓି,ଵ

ఓ,ଵ (ఓݖܽ) = ,ܽ−]ఓܨ ߤ,[ݖ > 0, was studied 
by Robotnov [18], with respect to hereditary integrals 
for application to solid mechanics. 

  In the investigation of various properties and 
relations of the function ܬఔ,௤

ఓ,ఊ(ݖ) , we need the 
following well known fact. 

Beta transform (Sneddon [13]): The Beta (Euler) 
transform of the function ݂(ݖ) is defined by  

;(ݖ)݂}ܤ ܽ,ܾ} = න 	
ଵ

଴

−௔ିଵ(1ݖ  (1.5)										ݖ݀(ݖ)௕ିଵ݂(ݖ

where, ܴ݁(ܽ) > 0,ܴ݁(ܾ) > 0.		 

Laplace transform (Sneddon [13]): The Laplace 
transform of the function ݂(ݖ) is defined as 

{(ݖ)݂}ܮ = න 	
ஶ

଴

݁ି௦௭݂(ݖ)݀.ݖ																																	(1.6) 

K-Trasnform (Meijer [7]): The ܭ-transform is 
defined by the following integral equation  

ܴఔ{݂(ݔ); {݌ = න 	
ஶ

଴

(ݔ݌)
ଵ
ଶܭఔ(ݔ݌)݂(ݔ)݀ݔ																(1.7) 

where ݌ is a complex parameter and ܭఔ(ݖ) represent 
a modified Bessel function of third kind defined by 
([7], p.28, eq.1.168). 

Varma Trasnform (Meijer [8]): The transform is 
defined by the integral equation  

ܸ(݂, ݇,݉; (ݏ

= න 	
ஶ

଴

௠ିଵଶexp(ݔݏ) ൬−
1
2 ൰ݔݏ ௞ܹ,௠(ݔݏ)݂(ݔ)݀,ݔ				(1.8) 

where ௞ܹ,௠(ݖ)  represents a Wittaker function 
defined by ([5], p.55, eq.2.39). 

Riemann-Liouville fractional derivative and integral 
(see, Samko, Kilbas and Marichev ([16], sect. 2)), 
for ߙ ∈ (ߙ)ܴ݁,ܥ > 0 : 

The operators are defined by  

଴ାఈܫ) (ݔ)(݂ =
1

Γ(ߙ)න 	
௫

଴

(ݐ)݂
ݔ) − ଵିఈ(ݐ ;ݐ݀ 																					(1.9) 

(ݔ)(ఈ݂ܫି)		 =
1

Γ(ߙ)න 	
ஶ

௫

(ݐ)݂
ݐ) − ଵିఈ(ݔ ;ݐ݀ 																		(1.10) 

଴ାఈܦ)		 (ݔ)(݂ = ൬
݀
൰ݔ݀

[ఈ]ାଵ

ቀܫ଴ା
ଵି{ఈ}݂ቁ  				(ݔ)

																							

=
1

Γ(1 − ({ߙ} ൬
݀
൰ݔ݀

[ఈ]ାଵ

න 	
௫

଴

(ݐ)݂
ݔ) − {ఈ}(ݐ ;ݐ݀ 									(1.11) 
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(ݔ)(ఈ݂ିܦ)			 = ൬
݀
൰ݔ݀

[ఈ]ାଵ

൫ିܫଵି{ఈ}݂൯(ݔ)				 
																						

=
1

Γ(1 − ({ߙ} ൬−
݀
൰ݔ݀

[ఈ]ାଵ

න 	
ஶ

௫

(ݐ)݂
ݐ) − {ఈ}(ݔ  (1.12)					,ݐ݀

where [ߙ] means the integral part of number ߙ and 
{ߙ}  means the fractional part of number ߙ , 0 ≤
{ߙ} < 1. The number ߙ = {ߙ} +  .[ߙ]

II. BASIC PROPERTIES 

 In this section we derive several interesting 
properties of the function ܬఔ,௤

ఓ,ఊ(ݖ). 

Theorem(2.1): If ߤ, ,ߥ ߛ ∈ (ߤ)ܴ݁;ܥ ≥ (ߥ)ܴ݁,0 ≥
(ߛ)ܴ݁,1− ≥ 0 and ݍ ∈ (0,1) ∪ ܰ is satisfied, then 
for ݉ ∈ ܰ  

൬
݀
൰ݖ݀

௠

ఔ,௤ܬ
ఓ,ఊ(ݖ) = (−1)௠(ߛ)௤௠ܬఔାఓ௠,௤

ఓ,ఊା௤௠(ݖ)							(2.1.1) 

ఔ,௤ܬ
ఓ,ఊ(ݖ) = ߥ) + ఔାଵ,௤ܬ(1

ఓ,ఊ (ݖ) + ݖߤ
݀
ݖ݀ ఔାଵ,௤ܬ

ఓ,ఊ  (2.1.2)	(ݖ)

ఔ,௤ܬ
ఓ,ఊ(ݖ) − ఔ,௤ܬ

ఓ,ఊିଵ(ݖ)

= ෍ݍݖ− 	
ஶ

௡ୀ଴

௤௡ା௤ିଵ(ߛ)
Γ(݊ߤ + ߤ + ߥ + 1)

௡(ݖ−)

݊! 													(2.1.3) 

In particular, 
ఔ,ଵܬ
ఓ,ఊିଵ(ݖ) − ఔ,ଵܬ

ఓ,ఊ(ݖ) = ఔାఓ,ଵܬݖ
ఓ,ఊ     			(2.1.4)																	(ݖ)

Proof: From (1.2),   

൬
݀
൰ݖ݀

௠

ఔ,௤ܬ
ఓ,ఊ(ݖ) = ෍ 	

ஶ

௡ୀ௠

(−1)௡(ߛ)௤௡
Γ(݊ߤ + ߥ + 1)

௡ି௠(ݖ)

(݊ −݉)!				 

  

= (−1)௠(ߛ)௤௠ ෍	
ஶ

௡ୀ଴

ߛ) + ௤௡(݉ݍ
Γ(݊ߤ + ߥ + ݉ߤ + 1)

௡(ݖ−)

݊!  

 
= (−1)௠(ߛ)௤௠ܬఔାఓ௠,௤

ఓ,ఊା௤௠(ݖ) 
which is a proof of (2.1.1);  

ߥ) + ఔାଵ,௤ܬ(1
ఓ,ఊ (ݖ) + ݖߤ

݀
ݖ݀ ఔାଵ,௤ܬ

ఓ,ఊ  				(ݖ)
  

= ߥ) + 1)෍	
ஶ

௡ୀ଴

௤௡(ߛ)
Γ(݊ߤ + ߥ + 2)

௡(ݖ−)

݊!

+ ݖߤ
݀
෍ݖ݀ 	

ஶ

௡ୀ଴

௤௡(ߛ)
Γ(݊ߤ + ߥ + 2)

௡(ݖ−)

݊!  

  

= ߥ) + 1)෍	
ஶ

௡ୀ଴

௤௡(ߛ)
Γ(݊ߤ + ߥ + 2)

௡(ݖ−)

݊!

+ ෍݊ߤ 	
ஶ

௡ୀ଴

௤௡(ߛ)
Γ(݊ߤ + ߥ + 2)

௡(ݖ−)

݊!  

= ఔ,௤ܬ
ఓ,ఊ(ݖ) 

which proves (2.1.2). 
  Now,   
ఔ,௤ܬ
ఓ,ఊ(ݖ) − ఔ,௤ܬ

ఓ,ఊିଵ(ݖ) 

= ෍	
ஶ

௡ୀ଴

௡(ݖ−)௤௡(ߛ)

݊! Γ(݊ߤ + ߥ + 1)−෍ 	
ஶ

௡ୀ଴

ߛ) − 1)௤௡(−ݖ)௡

݊!Γ(݊ߤ + ߥ + 1)	 

  

= ෍ݍ 	
ஶ

௡ୀଵ

௤௡ିଵ(ߛ)
Γ(݊ߤ + ߥ + 1)

௡(ݖ−)

(݊ − 1)! 

 

= ෍ݖݍ− 	
ஶ

௡ୀ଴

௤௡ା௤ିଵ(ߛ)
Γ(݊ߤ + ߤ + ߥ + 1)

௡(ݖ−)

݊!  

which proves (2.1.3). 
In particular, if ݍ = 1  in (2.1.3), which at once 

yield (2.1.4). 

Theorem(2.2): If ߤ, ,ߥ ,ߛ ߜ ∈ (ߤ)ܴ݁;ܥ ≥ (ߥ)ܴ݁,0 ≥
(ߛ)ܴ݁,1− ≥ (ߜ)ܴ݁,0 ≥ 0 and ݍ ∈ (0,1) ∪ ܰ is 
satisfied, then  

1
Γ(ߜ)න 	

ଵ

଴

(߱)ఔ(1− ߱)ఋିଵܬఔ,௤
ఓ,ఊ(߱ݖఓ)݀߱

= ఔାఋ,௤ܬ
ఓ,ఊ  (2.2.1)																																																															,(ݖ)

If,  ߤ, ,ߥ ,ߛ ߙ,ߜ ∈ (ߤ)ܴ݁;ܥ ≥ (ߥ)ܴ݁,0 ≥ −1, 
(ߛ)ܴ݁ ≥ (ߜ)ܴ݁,0 ≥ 0 and	ݍ ∈ (0,1) ∪ ܰ is satisfi 
-ed, then  

1
Γ(ߜ)න 	

௫

௧

ݔ) − ݏ)ఋିଵ(ݏ − ఔ,௤ܬఔ(ݐ
ఓ,ఊ[ݏ)ߙ −  ݀[ఓ(ݐ
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= ݔ) − ఔାఋ,௤ܬఋାఔ(ݐ
ఓ,ఊ ݔ)ߙ] −  (2.2.2)																										ఓ],(ݐ

If ߤ, ,ߜ,ߛ,ߥ ߣ ∈ (ߤ)ܴ݁;ܥ ≥ (ߥ)ܴ݁,0 ≥ −1, 
(ߛ)ܴ݁ ≥ (ߣ)ܴ݁,(ߜ)ܴ݁,0 ≥ 0 and ݍ = 1 is satisfied, 
then  

න 	
௫

଴

ݔ)ఒ(ݐ) − ఔ,ଵܬఔ(ݐ
ఓ,ఊ[߱(ݔ − ఒ,ଵܬ[ఓ(ݐ

ఓ,ఋ[߱ݐఓ]݀ݐ

= ఒାఔାଵ,ଵܬఒାఔାଵݔ
ఓ,ఊାఋ  (2.2.3)							,(ఓݔ߱−)

If ߤ, ߜ,ߛ,ߥ ∈ (ߤ)ܴ݁;ܥ ≥ (ߥ)ܴ݁,0 ≥ (ߛ)ܴ݁,1− ≥ 0, 
(ߜ)ܴ݁ ≥ 0 and ݍ ∈ (0,1) ∪ ܰ is satisfied, then  

න 	
௭

଴

ఔ,௤ܬఔ(ݐ)
ఓ,ఊ(߱ݐఓ)݀ݐ = ఔାଵ,௤ܬఔାଵݖ

ఓ,ఊ  (2.2.4)											.(ఓݖ߱)

Proof: By using the beta function, L.H.S. of (2.2.1) 
becomes   

1
Γ(ߜ)෍	

ஶ

௡ୀ଴

௤௡(ߛ)
Γ(݊ߤ + ߥ + 1)

௡(ݖ−)

݊! ݊ߤ)ܤ + ߥ +  (ߜ,1

= ෍	
ஶ

௡ୀ଴

௤௡(ߛ)
Γ(݊ߤ + ߥ + ߜ + 1)

௡(ݖ−)

݊! = ఔାఋ,௤ܬ
ఓ,ఊ  (ݖ)

which is the proof of (2.2.1). 
By changing the variable ݏ = ݐ + ݔ)߱ − (ݐ , the 

L.H.S. of (2.2.2) becomes   
1

Γ(ߜ)෍	
ஶ

௡ୀ଴

ݔ)ߙ−)௤௡(ߛ) − ఓ)௡(ݐ

݊! Γ(݊ߤ + ߥ + 1)  

× න 	
ଵ

଴

ݔ) − −ఋାఔ(1(ݐ ߱)ఋିଵ(߱)ఓ௡ାఔ݀߱				 

=
ݔ) − ఋାఔ(ݐ

Γ(ߜ) ෍	
ஶ

௡ୀ଴

ݔ)ߙ−)௤௡(ߛ) − ఓ)௡(ݐ

݊! Γ(݊ߤ + ߥ + 1)  

					× ݊ߤ)ܤ + ߥ +  (ߜ,1
which yield (2.2.2). 

Consider,   

න 	
௫

଴

ݔ)ఒ(ݐ) − ఔ,௤ܬఔ(ݐ
ఓ,ఊ[߱(ݔ − ఒ,௤ܬ[ఓ(ݐ

ఓ,ఋ[߱ݐఓ]݀ݐ				 

  

= ෍ 	
ஶ

௡,௞ୀ଴

௤௞(ߜ)௤௡(ߛ)
Γ(݊ߤ + ߥ + 1)Γ(݇ߤ + ߣ + 1)

(−߱)௡ା௞

݊! ݇!  

						× න 	
௫

଴

ݔ)ఓ௞ାఒ(ݐ) −  ݐఓ௡ାఔ݀(ݐ

  

= ఒାఔାଵ(ݔ) ෍ 	
ஶ

௡,௞ୀ଴

௤௞(ߜ)௤௡(ߛ)
Γ(݊ߤ + ߥ + 1)Γ(݇ߤ + ߣ + 1) 

					×
௡ା௞(ఓݔ߱−)

݊! ݇! ݇ߤ)ܤ	 + ߣ + ݊ߤ,1 + ߥ + 1) 
  

= ఒାఔାଵ(ݔ) ෍ 	
ஶ

௡,௞ୀ଴

௤௞(ߜ)௤௡(ߛ)
Γ(݊ߤ + ݇ߤ + ߣ + ߥ + 2)

௡ା௞(ఓݔ߱−)

݊!݇! 				 

  

= 	ఒାఔାଵ෍(ݔ)
ஶ

௡ୀ଴

෍	
௡

௞ୀ଴

ቀ
݊
݇ቁ

௤௞(ߜ)௤(௡ି௞)(ߛ)
Γ(݊ߤ + ߣ + ߥ + 1)

௡(ఓݔ߱−)

݊! 				 

substituting ݍ = 1 and using the identity Carlitz [1], 

(ܽ + ܾ)௠ = ෍	
௠

௥ୀ଴

ቀ
݉
ݎ ቁ (ܽ)௥(ܾ)݉−  ݎ

the above equation subsequently yield (2.2.3). 
Further,   

න 	
௭

଴

ఔ,௤ܬఔ(ݐ)
ఓ,ఊ(߱ݐఓ)݀ݐ 

= ෍	
ஶ

௡ୀ଴

௤௡(−߱)௡(ߛ)

݊! Γ(݊ߤ + ߥ + 1)න 	
௭

଴

 ݐఓ௡ାఔ݀(ݐ)

= ఔାଵ,௤ܬఔାଵݖ
ఓ,ఊ  (ఓݖ߱)

which is a proof of a (2.2.4). 

III. INTEGRAL TRANSFORM OF ܬఔ,௤
ఓ,ఊ(ݖ) 

In this section, several integral transforms like Beta, 
Laplace, Varma, Mellin's and ܭ -transform are 
discussed for the function ܬఔ,௤

ఓ,ఊ(ݖ) under the following 
theorem. 

Theorem(3.1)(Beta transform): By using the 
definition of Beta function, one obtain 

න 	
ଵ

଴

−ఈିଵ(1(ݖ) ఔ,௤ܬఉିଵ(ݖ
ఓ,ఊ(ݖݔఋ)݀ݖ 
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=
Γ(ߚ)
Γ(ߛ) Ψଶଶ ൤					

,	(ݍ,ߛ) ,ߙ) ;										(ߜ
ߥ) + ,(ߤ,1 ߙ) + ;(ߜ,ߚ −  (3.1.1)					൨ݔ

where, ߤ, ,ߥ ߛ ∈ (ߤ)ܴ݁;ܥ ≥ (ߥ)ܴ݁,0 ≥ (ߛ)ܴ݁,1− ≥
(ߙ)ܴ݁,0 ≥ (ߚ)ܴ݁,0 ≥ 0 and ݍ ∈ (0,1) ∪ ܰ 

Proof: From (1.2) and (1.5), we get   

න 	
ଵ

଴

−ఈିଵ(1(ݖ) ఔ,௤ܬఉିଵ(ݖ
ఓ,ఊ(ݖݔఋ)݀ݖ 

= ෍	
ஶ

௡ୀ଴

௡(ݔ−)௤௡(ߛ)

݊! Γ(݊ߤ + ߥ + ߙ)ܤ(1 +  				(ߚ,݊ߜ

  

=
Γ(ߚ)
Γ(ߛ)ଶ

Ψଶ ቈ
,ߛ)							 ,(ݍ ,ߙ) ;								(ߜ
ߥ) + ,(ߤ,1 ߙ) + ;(ߜ,ߚ −  ቉ݔ

which is (3.1.1). 

Particular Cases: If ߤ = ߙ and ߜ = ߥ + 1, then the 
relation (3.1.1) reduces to  

න 	
ଵ

଴

ఔ(1(ݖ) − ఔ,௤ܬఉିଵ(ݖ
ఋ,ఊ(ݖݔఋ)݀ݖ 

= Γ(ߚ)ܬఔାఉ,௤
ఋ,ఊ  (3.1.2)																																																				(ݔ)

If ߚ = ߥ + 1 ߜ , = ߤ  and ݖ = (1 − (ݖ , then the 
relation (3.1.1) reduces to  

න 	
ଵ

଴

−ఈିଵ(1(ݖ) ఔ,௤ܬఔ(ݖ
ఓ,ఊ(1)ݔ−  ݖ݀(ఓ(ݖ

= Γ(ߙ)ܬఔାఈ,௤
ఓ,ఊ  (3.1.3)																																																		(ݔ)

Theorem(3.2)(Laplace transform): By using the 
definition of Laplace transform, one obtain 

න 	
ஶ

଴

ఔ,௤ܬఈିଵ݁ି௦௭ݖ
ఓ,ఊ൫ݖݔఋ൯݀ݖ 

=
ఈିݏ

Γ(ߛ) Ψଵଶ ൤
,ߛ) ,(ݍ ,ߙ) ;(ߜ

ߥ) + 1, ;(ߤ −
ݔ
 (3.2.1)																							ఋ൨ݏ

where, ߤ, ,ߥ ߛ ∈ (ߤ)ܴ݁;ܥ ≥ (ߥ)ܴ݁,0 ≥ (ߛ)ܴ݁,1− ≥
(ߙ)ܴ݁,0 ≥ (ݏ)ܴ݁,0 ≥ 0 and ݍ ∈ (0,1) ∪ ܰ. 
 
 
 

Proof: In virtue of (1.2) and (1.6),  
ఔ,௤ܬఈିଵݖ}ܮ

ఓ,ఊ(ݖݔఋ)}

= න 	
ஶ

଴

݁ି௦௭ݖఈିଵ෍	
ஶ

௡ୀ଴

௡(ఋݖݔ−)௤௡(ߛ)

݊!Γ(݊ߤ + ߥ + 					ݖ݀(1

=
ఈିݏ

Γ(ߛ)ଶ
Ψଵ ൤

,ߛ) ,(ݍ ;(ߜ,ߙ)
ߥ)		 + ;		(ߤ,1 −

ݔ
 ఋ൨ݏ

which is (3.2.1). 

Particular Cases: If ݍ = ߙ,1 = ߥ + ߜ,1 =  in ߤ
(3.2.1), reduces to  

න 	
ஶ

଴

ఔ,ଵܬఔ݁ି௦௭ݖ
ఓ,ఊ(ݖݔఓ)݀ݖ 

= ఔିଵ(1ିݏ +  (3.2.2)																																											ఓ)ିఊିݏݔ
If ߙ = ߥ + 1, ߜ = ,ߤ ߛ = ݍ = 1, ݔ = ,ݐ±  in (3.2.1), 
reduces to  

න 	
ஶ

଴

ఔ,ଵܬఔ݁ି௦௭ݖ
ఓ,ଵ(∓ݖݐఓ)݀ݖ = 	ఔିଵ෍ିݏ

ஶ

௡ୀ଴

ቆ
ݐ∓
ఓቇݏ

௡

				 

																																													=
ఔିଵିݏ

1 ݐ∓−
ఓݏ

݁ݎℎ݁ݓ, ฬ
ݐ∓
ఓݏ ฬ < 1 

																																													=
ఓିఔିଵݏ

ఓݏ ± ݐ 																	(3.2.3) 

 
Theorem(3.3)(ܭ-transform):  

න 	
ஶ

଴

ఔ,௤ܬ(ݐݏ)ఒܭఈିଵݐ
ఓ,ఊ(߱ݐఘ)݀ݐ 

=
2ఈିଶ

(ߛ)ఈΓݏ Ψଵଷ ቈ
,ߛ) ,(ݍ ߙ) ± ,ߣ ;(ߩ
ߥ)							 + 1, ;					(ߤ −߱ ൬

2
൰ݏ

ఘ

቉	(3.3.1) 

where, ߤ, ,ߥ ,ߙ,ߛ ߩ ∈ (ߤ)ܴ݁;ܥ ≥ (ߥ)ܴ݁,0 ≥ −1, 
(ߛ)ܴ݁ ≥ (ߙ)ܴ݁,0 ≥ (ߩ)ܴ݁,0 ≥ 0 and ݍ ∈ ܰ. 

Proof: By changing the variable ݐݏ =  in L.H.S. of ݖ
(3.3.1), we get  

න 	
ஶ

଴

ቀ
ݖ
ቁݏ

ఈିଵ
	෍(ݖ)ఒܭ

ஶ

௡ୀ଴

௤௡(ߛ)
݊!Γ(݊ߤ + ߥ + 1) 
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× (−߱)௡ ቀ
ݖ
ቁݏ

ఘ௡
൬

1
				ݖ൰݀ݏ

= ఈିݏ ෍	
௡ୀ଴

௤௡(ߛ) ቀ−
߱
ఘቁݏ

௡

݊!Γ(݊ߤ + ߥ + 1)
න 	
ஶ

଴

 				ݖ݀(ݖ)ఒܭఈାఘ௡ିଵ(ݖ)

Now by using the formula (Mathai and Saxena [4], 
p.78 ):  

න 	
ஶ

଴

ݔ݀(ݔ)ఔܭఘିଵݔ = 2ఘିଶΓ ൬
ߩ ± ߥ

2 ൰,				 

in the above equation, we obtain the relation (3.3.1). 

Theorem(3.4)(Varma transform):  

න 	
ஶ

଴

݁ି
௦௧
ଶ ఈିଵݐ ఒܹ,ఋ(ݐݏ)ܬఔ,௤

ఓ,ఊ(߱ݐఘ)݀ݐ

=
ఈିݏ

Γ(ߛ) Ψଶଷ ቎ ,(ݍ,ߛ) ൬
1
2 ± ߜ + ߙ + ൰ߩ ;

ߥ) + ,(ߤ,1 (1 − ߣ + ,ߙ ;(ߩ
	−

߱
 ఘ቏ݏ

                                         									(3.4.1) 
where, ߤ, ,ߥ ,ߙ,ߛ ߩ ∈ (ߤ)ܴ݁;ܥ ≥ (ߥ)ܴ݁,0 ≥ −1, 
(ߛ)ܴ݁ ≥ (ߙ)ܴ݁,0 ≥ (ߩ)ܴ݁,0 ≥ 0 and ݍ ∈ ܰ. 

Proof: By changing the variable ݐݏ =  in L.H.S. of ݖ
(3.4.1), we get  

න 	
ஶ

଴

݁ି
௭
ଶ ቀ
ݖ
ቁݏ

ఈିଵ

ఒܹ,ఋ(ݖ)෍	
ஶ

௡ୀ଴

௤௡(ߛ)
݊!Γ(݊ߤ + ߥ + 1) 

× (−߱)௡ ቀ௭
௦
ቁ
ఘ௡
ቀଵ
௦
ቁ   				ݖ݀

= ఈିݏ ෍	
ஶ

௡ୀ଴

௤௡(ߛ) ቀ−
߱
ఘቁݏ

௡

݊!Γ(݊ߤ + ߥ + 1) 

					× න 	
ஶ

଴

݁ି
௭
ଶ(ݖ)ఈାఘ௡ିଵ ఒܹ,ఋ(ݖ)݀ݖ 

Now by using the formula (Mathai and Saxena [4], 
p.79 ):  

න 	
ஶ

଴

݁ି
௧
ଶݐఔିଵ ఒܹ,ఓ(ݐ)݀ݐ 

=
Γ ቀ1

2 + ߤ + ቁߥ Γ ቀ1
2 − ߤ + ቁߥ

Γ(1 − ߣ + (ߥ ߥ)ܴ݁, ± (ߤ > −
1
2 

in the above equation, we obtain the relation (3.4.1). 

IV. FRACTIONAL INTEGRATION AND DERIVATIVE 

In this section, we establish several interesting 
properties of the function ܬఔ,௤

ఓ,ఊ(ݖ)  defined by (1.2) 
associated with the operator of Riemann-Liouville 
fractional integrals and derivatives. 

Theorem(4.1): Let ߤ,ߙ, ,ߥ ߱,ߛ,ߣ ∈ (ߙ)ܴ݁;ܥ ≥
(ߤ)ܴ݁,0 ≥ (ߣ)ܴ݁,0 ≥ (ߥ)ܴ݁,1− ≥ (ߛ)ܴ݁,0 ≥
(ߜ)ܴ݁,0 ≥ 0, and ݍ ∈ ܰ, then the left sided operator 
of Riemann-Liouville fractional integral ܫ଴ାఈ  is given 
for ݔ > 0 by  
൫ܫ଴ାఈ ఒ,௤ܬఔݐൣ

ఓ,ఊ൫߱ݐఋ൯൧൯(ݔ)

=
ఒାఔݔ

Γ(ߛ) Ψଶଶ ൤ 						
,ߛ) ,(ݍ ߥ) + ;								(ߜ,1

ߣ) + ,(ߤ,1 ߙ) + ߥ + ;(ߜ,1  ఋ൨ݔ߱−

 (4.1.1) 

Proof: From the relation (1.2) and (1.9), we have  
൫ܫ଴ାఈ ఒ,௤ܬఔݐൣ

ఓ,ఊ൫߱ݐఋ൯൧൯(ݔ) 

=
1

Γ(ߙ)න 	
௫

଴

ݔ) − 	ఈିଵ෍(ݐ
ஶ

௡ୀ଴

ఋ௡ାఔ(ݐ)௤௡(−߱)௡(ߛ)

݊!Γ(݊ߤ + ߣ + 1)  ݐ݀

  

=
ఒାఔݔ

Γ(ߙ)෍	
ஶ

௡ୀ଴

௡(ఋݔ߱−)௤௡(ߛ)

݊!Γ(݊ߤ + ߣ + 1)න 	
ଵ

଴

 ଵି(ఋ௡ାఔାଵ)(ݖ)

																																																													× (1 −  ݖఈିଵ݀(ݖ
evaluating the inner integral by beta-function formula, 
above relation reduces to (4.1.1). 

Corollary(1.1): Let ߙ, ,ߤ ,ߥ ߱,ߛ ∈ (ߙ)ܴ݁;ܥ ≥ 0, 
(ߤ)ܴ݁ ≥ (ߥ)ܴ݁,0 ≥ (ߛ)ܴ݁,1− ≥ 0 and ݍ ∈ ܰ, then 
there holds the relation  
൫ܫ଴ାఈ ఔ,௤ܬఔݐൣ

ఓ,ఊ(߱ݐఓ)൧൯(ݔ) = ఈାఔ,௤ܬఈାఔݔ
ఓ,ఊ  (4.1.2)				(ఓݔ߱)

and  

൫ܫ଴ାఈ ఔ,ଵܬఔݐൣ
ఓ,ఊ(߱ݐఓ)൧൯(ݔ) =

1
߱ ݔ

ఈାఔିఓ 

												× ఈାఔିఓ,ଵܬൣ
ఓ,ఊିଵ −(ఓݔ߱) ఈାఔିఓ,ଵܬ

ఓ,ఊ  (4.1.3)					൧(ఓݔ߱)
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Proof: The proof of assertions (4.1.2), is similar to the 
theorem (4.1) and the proof of assertion (4.1.3) is 
obtained by virtue of the relation (2.1.4) and (4.1.2). 

Theorem(4.2): Let	ߙ, ,ߤ ,ߥ ߱,ߛ,ߣ ∈ (ߙ)ܴ݁;ܥ ≥
(ߤ)ܴ݁,0 ≥ (ߣ)ܴ݁,0 ≥ (ߥ)ܴ݁,1− ≥ (ߛ)ܴ݁,0 ≥
(ߜ)ܴ݁,0 ≥ 0, and ݍ ∈ ܰ, then the right sided 
operator of Riemann-Liouville fractional integral ିܫఈ 
is given for ݔ > 0 by 

൫ିܫఈൣିݐఈିఔିଵܬఒ,௤
ఓ,ఊ൫߱ିݐఋ൯൧൯(ݔ) =

ఔିଵିݔ

Γ(ߛ)  

× Ψଶଶ ൤ 					
,			(ݍ,ߛ) ߥ) + 1, ;						(ߜ

ߣ) + 1, ,(ߤ ߙ) + ߥ + ;(ߜ,1 −  (4.2.1)			ఋ൨ିݔ߱

Proof: From the relation (1.2) and (1.10), we have   

൫ିܫఈൣିݐఈିఔିଵܬఒ,௤
ఓ,ఊ൫߱ିݐఋ൯൧൯(ݔ) =

1
Γ(ߙ) 

			× 	න 	
ஶ

௫

ݐ) − 	ఈିଵ෍(ݔ
ஶ

௡ୀ଴

ఋ௡ିఈିఔିଵି(ݐ)௤௡(−߱)௡(ߛ)

݊!Γ(݊ߤ + ߣ + 1)  ݐ݀

  

=
ఔିଵିݔ

Γ(ߙ) ෍	
ஶ

௡ୀ଴

௡(ఋିݔ߱−)௤௡(ߛ)

݊! Γ(݊ߤ + ߣ + 1) 

		× න 	
ଵ

଴

ଵ(1ି(ఋ௡ାఔାଵ)(ݖ) −  ݖఈିଵ݀(ݖ

Evaluating the inner integral by beta-function formula, 
above relation reduces to (4.2.1). 

Corollary(1.2): Let ߙ, ,ߤ ,ߥ ߱,ߛ ∈ (ߙ)ܴ݁;ܥ ≥
(ߤ)ܴ݁,0 ≥ (ߥ)ܴ݁,0 ≥ (ߛ)ܴ݁,1− ≥ 0 and ݍ ∈ ܰ, 
then there holds the relation   
൫ିܫఈൣିݐఈିఔିଵܬఔ,௤

ఓ,ఊ(߱ିݐఓ)൧൯(ݔ) 

= ఈାఔ,௤ܬఔିଵିݔ
ఓ,ఊ  (4.2.2)																																								(ఓିݔ߱)

and   
൫ିܫఈൣିݐఈିఔିଵܬఔ,ଵ

ఓ,ఊ(߱ିݐఓ)൧൯(ݔ) 

=
1
߱ ݔ

ఓିఔିଵൣܬఈାఔିఓ,ଵ
ఓ,ఊିଵ (ఓିݔ߱)

− ఈାఔିఓ,ଵܬ
ఓ,ఊ  (4.2.3)																	൧(ఓିݔ߱)

 
 

Theorem(4.3): Let ߤ,ߙ, ,ߥ ߱,ߛ,ߣ ∈ (ߙ)ܴ݁;ܥ ≥ 0, 

(ߤ)ܴ݁ ≥ (ߣ)ܴ݁,0 ≥ (ߥ)ܴ݁,1− ≥ (ߛ)ܴ݁,0 ≥ 0, 

(ߜ)ܴ݁ ≥ 0, and ݍ ∈ ܰ, then the left sided operator of 
Riemann-Liouville fractional derivative ܦ଴ାఈ  is given 
for ݔ > 0 by  

൫ܦ଴ାఈ ఒ,௤ܬఔݐൣ
ఓ,ఊ൫߱ݐఋ൯൧൯(ݔ) =

ఔିఈ(ݔ)

Γ(ߛ)  

× Ψଶଶ ൤						
,(ݍ,ߛ) ߥ) + 1, ;										(ߜ

ߣ) + 1, ,(ߤ (1 + ߥ − ;(ߜ,ߙ −  (4.3.1)					ఋ൨ݔ߱

Proof: By virtue of (1.2) and (1.11), we have   
൫ܦ଴ାఈ ఒ,௤ܬఔݐ]

ఓ,ఊ(߱ݐఋ)]൯(ݔ)

= ൬
݀
൰ݔ݀

[ఈ]ାଵ

ቀܫ଴ା
ଵି{ఈ}[ݐఔܬఒ,௤

ఓ,ఊ(߱ݐఋ)]ቁ  				(ݔ)

= ෍	
ஶ

௡ୀ଴

௤௡(−߱)௡(ߛ)

݊! Γ(݊ߤ + ߣ + 1)Γ(1− ({ߙ} ൬
݀
൰ݔ݀

[ఈ]ାଵ

 

					× න 	
௫

଴

ݔ)ఋ௡ାఔݐ −  ݐ݀{ఈ}ି(ݐ

  

= ෍	
ஶ

௡ୀ଴

+݊ߜ)௤௡Γ(ߛ) ߥ + 1)(−߱)௡

݊! Γ(݊ߤ + ߣ + 1)Γ(݊ߜ + ߥ − {ߙ} + 2) 

					× ൬
݀
൰ݔ݀

[ఈ]ାଵ

 ఋ௡ାఔି{ఈ}ାଵ(ݔ)
  

= ෍	
ஶ

௡ୀ଴

݊ߜ)௤௡Γ(ߛ) + ߥ + 1)
݊! Γ(݊ߤ + ߣ + 1)Γ(݊ߜ + ߥ − ߙ + 1) 

				× (−߱)௡(ݔ)ఋ௡ାఔିఈ 				 
  

=
1

Γ(ߛ)  ఔିఈ(ݔ)

× Ψଶଶ ቈ
,(ݍ,ߛ)									 ߥ) + 1, ;								(ߜ

ߣ) + 1, ,(ߤ (1 + ߥ − ,+ߙ ;(ߜ ఋ቉ݔ߱− (4.3.1) 

Corollary(1.3): Let ߙ, ,ߤ ,ߥ ߱,ߛ ∈ (ߙ)ܴ݁;ܥ ≥
(ߤ)ܴ݁,0 ≥ (ߥ)ܴ݁,0 ≥ (ߛ)ܴ݁,1− ≥ 0 and ݍ ∈ ܰ, 
then there holds the relation, 
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൫ܦ଴ାఈ ఔ,௤ܬఔݐൣ
ఓ,ఊ(߱ݐఓ)൧൯(ݔ) = ఔିఈ,௤ܬఔିఈݔ

ఓ,ఊ  (4.3.2)			(ఓݔ߱)
and   

൫ܦ଴ାఈ ఔ,ଵܬఔݐൣ
ఓ,ఊ(߱ݐఓ)൧൯(ݔ) 

=
1
߱ ݔ

ఔିఓିఈൣܬఔିఓିఈ,ଵ
ఓ,ఊିଵ −(ఓݔ߱) ఔିఓିఈ,ଵܬ

ఓ,ఊ  ൧(ఓݔ߱)
(4.3.3) 

Theorem(4.4): Let ߤ,ߙ, ,ߥ ߱,ߛ,ߣ ∈ (ߙ)ܴ݁;ܥ ≥
(ߤ)ܴ݁,0 ≥ (ߣ)ܴ݁,0 ≥ (ߥ)ܴ݁,1− ≥ (ߛ)ܴ݁,0 ≥
(ߜ)ܴ݁,0 ≥ 0, and ݍ ∈ ܰ, then the right sided 
operator of Riemann-Liouville fractional derivative 
ݔ ఈ is given forିܦ > 0 by 
൫ିܦఈ[ݐఈିఔିଵܬఒ,௤

ఓ,ఊ(߱ିݐఋ)]൯(ݔ) 

=
1

Γ(ߛ) ఔିଵି(ݔ) Ψଶ ଶ ቈ
,ߛ)				 ,(ݍ ߥ) + 														(ߜ,1
ߣ) + ,(ߤ,1 (1 + ߥ − ,+ߙ  (ߜ

;
; ఋ൨ିݔ߱− (4.4.1) 

Proof: By virtue of (1.2) and (1.12), we have 
൫ିܦఈൣݐఈିఔିଵܬఒ,௤

ఓ,ఊ൫߱ିݐఋ൯൧൯(ݔ) 

= ൬−
݀
൰ݔ݀

[ఈ]ାଵ

൫ିܫଵି{ఈ}[ݐఈିఔିଵܬఒ,௤
ఓ,ఊ(߱ିݐఋ)]൯(ݔ) 

	= ෍	
ஶ

௡ୀ଴

௤௡(−߱)௡(ߛ)

݊! Γ(݊ߤ + ߣ + 1)Γ(1−  ({ߙ}

						× ൬−
݀
൰ݔ݀

[ఈ]ାଵ

න ݔ)ఋ௡ାఈିఔିଵିݐ − ݐ݀{ఈ}ି(ݐ
ஶ

଴

 

By changing the variable ݐ = ௫
௭
, the above expression 

reduces into the form  

				= ෍	
ஶ

௡ୀ଴

ߥ)௤௡Γ(ߛ) − ߙ + {ߙ} + ௡(߱−)(݊ߜ

݊! Γ(݊ߤ + ߣ + 1)Γ(1 + ߥ − ߙ +  (݊ߜ

								× ൬−
݀
൰ݔ݀

[ఈ]ାଵ

 ఋ௡ାఈିఔି{ఈ}ି(ݔ)
  

= ෍	
ஶ

௡ୀ଴

ߥ)௤௡Γ(ߛ) − ߙ + {ߙ} + (݊ߜ
݊! Γ(݊ߤ + ߣ + 1)Γ(1 + ߥ − ߙ +  (݊ߜ

Γ(1− ߥ + ߙ − {ߙ} − (݊ߜ
Γ(−ߥ − (݊ߜ (−߱)௡(ݔ)ିఋ௡ିఔିଵ		(4.4.2) 

 

By the reflection formula for the gamma-function 
(see, [16], (1.60)), 

  
1

Γ(−ߥ − (݊ߜ =
Γ(1 + ߥ + (݊ߜ

Γ(1 + ߥ + ߥ−)Γ(݊ߜ −  				(݊ߜ

  

= Γ(1 + ߥ + (݊ߜ
ܵ݅݊[Γ(1 + ߥ + [ߨ(݊ߜ

ߨ 				 
and 
 

Γ(ߥ − ߙ + {ߙ} + −Γ(1(݊ߜ ߥ + ߙ − {ߙ} −  				(݊ߜ
  

=
ߨ

(−1)[ఈ]ାଵܵ݅݊[Γ(1 + ߥ +  				[ߨ(݊ߜ

substituting these relations into (4.4.2), we obtain 
(4.4.1). 

Corollary(1.4): Let ߙ, ,ߤ ,ߥ ߱,ߛ ∈ (ߙ)ܴ݁;ܥ ≥ 0, 

(ߤ)ܴ݁ ≥ (ߥ)ܴ݁,0 ≥ (ߛ)ܴ݁,1− ≥ 0 and ݍ ∈ ܰ, then 
there holds the relation  
൫ିܦఈൣݐఈିఔିଵܬఔ,௤

ఓ,ఊ(߱ିݐఓ)൧൯(ݔ) 

= ఔିఈ,௤ܬఔିଵିݔ
ఓ,ఊ  (4.4.3)																																											(ఓିݔ߱)

and  
൫ିܦఈൣݐఈିఔିଵܬఔ,ଵ

ఓ,ఊ(߱ିݐఓ)൧൯(ݔ) 

=
1
߱ ݔ

ఓିఔିଵൣܬఔିఓିఈ,ଵ
ఓ,ఊିଵ (ఓିݔ߱) − ఔିఓିఈ,ଵܬ

ఓ,ఊ  ൧(ఓିݔ߱)
(4.4.4) 
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