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Abstract—The present paper is the investigation of certain

properties of generalized Bessel-Maitland function, written in the

: v (Mgm(=2)" .
form J47(2) = Ero mrvyyy + Where i v,y € CiRe(w) > 0,

Re(v)>—-1,Re(y) =0 and q€ (0,1)UN . For the function
]f,'z};'(z)’ a number of results including differentiation and

integration formulas, Mellin-Barnes integral representation,
Laplace transform, Euler transform, k -transform, Varma
transform, Mellin transform. Various relationship with other
functions including Fox's H-function and Wright hypergeometric
function were also established. In the end certain relations have
been obtained by using the Riemann-Liouville fractional integrals
and derivatives.
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I. INTRODUCTION
The special function of the form defined by the
series representation
- (on
Jy(2) = Z
n!T(un +v + 1)

n=0

=puv+1l-z)

(1.1)

is known as Bessel-Maitland function, or the Wright
generalized function ([15], (8.3)). It has a wide
application in the problem of physics, chemistry,
biology, engineering and applied sciences. The theory
of Bessel functions is intimately connected with the
theory of certain types of differential equations. A
detailed account of application of Bessel function is

represented in the book of Watson [12].
In this paper, a generalization of Bessel-Maitland
function is investigated and is defined as

, _ M gn(=2)"
Juq (@) = Z n!F(;;1+v + 1)

n=0
where, u,v,y € C;Re(u) = 0,Re(v) = —1,Re(y) =
0 and g€ (01)UN and (¥)o=1, (Ngn =

%, denotes the generalized pochhammer symbol

(see Rainville, [8]), which in particular reduces to
gL, (Hé_l)n if g€ N.
Some important special cases of this function are

enumerated below:

(i ]%(z) = JI'(2), defined by (1.1).

(ii) J5 o(=2) = ¢(u,v;z) , known as Wright
function ([1], section 18.1) was introduced by Wright
[9].

(iii) <5 o (;)) =7J,(2), is the ordinary Bessel

function (Rainville, [8], pp.109).
(v yIf u=keN and g €N,

(1.2)

kY(y—  ~ Maqy) ; 9z
]v,q (Z) - F(V"‘ 1) q''k [A(k,v + 1)’ kk (13)
where, ,F,(.) is the generalized hypergeometric
function and the symbol A(q;y) is a q -tuple

1 -1 .
Z,%,...,%;A(k;v+l) is a k -tuple
v+l v+2 vtk
e _

Convergence criteria  for the generalized
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hypergeometric function ,F;.

(@) If g < k, the function ,F;, converges for |z]| < co.

(b) If g=k+1, the function ,F, converges for
|z| < 1.

(c) If g >k+1, the function ,F, is divergent for

z#0.
(d) If g=k+1, the function ,F, is absolutely
convergent on the unit circle |z| = 1, if

L R 1
P I
j=1 i=1 q

(v.q)

V) J(2) = r(ly) P [(v . le);' _ Z]
1 1-vr9 ;
F(V)H [ 0.1, (=v, 1): Z] (1.4)

where ,W;(.) and Hy,(.) are respectively Wright
generalized hypergeometric function [10] and
H-function [6].

(vi) ]5'—]/1,61(—2) = E‘{f(z) , Where a,B,yEC ;
Re(a) > 0,Re(B) > 0,Re(y >0) and q € (0,1) U
N, was given by Shukla and Prajapati [3].

(=2 =
[17].
J8 1(=2) = E,yy—1(2), where (a, B € C;Re(a) >
0, Re(p) > 0), was studied by Wiman [2].
w'(—z) = E,(z), where z € C and Re(a > 0),
was introduced by Ghosta Mittag-Leffler [11].
(vii) t#71% (az#) = F,[—a,z],u > 0, was studied
by Robotnov [18], with respect to hereditary integrals
for application to solid mechanics.
In the investigation of various properties and
relations of the function J;'Y(z), we need the
following well known fact.

Beta transform (Sneddon [13]): The Beta (Euler)
transform of the function f(z) is defined by
1
B{f(2);a,b} = f z1(1 - 2)P"1f(2)dz

0

E,,(2), was introduced by Prabhakar

(15)

where, Re(a) > 0,Re(b) > 0.

Laplace transform (Sneddon [13]): The Laplace
transform of the function f(z) is defined as

W@} = [ er)da (16)
K-Trasnform (Meijer [7]): The K-transform is

defined by the following integral equation
RU@iR = [ G Gof@ar @)

0
where p isacomplex parameter and K, (z) represent
a modified Bessel function of third kind defined by
([7], p-28, €q.1.168).

Varma Trasnform (Meijer [8]): The transform is
defined by the integral equation

V(f, k,m;s)

:f (sx)m_%exp<—%sx)Wk'm(sx)f(x)dx, (1.8)

0
where W ,(z) represents a Wittaker function

defined by ([5], p.55, €qg.2.39).

Riemann-Liouville fractional derivative and integral
(see, Samko, Kilbas and Marichev ([16], sect. 2)),
for « € C,Re(a) >0 :

The operators are defined by

a f(@©) _
U5 = oy f e (19)
a f(t) _
(I£f)(x) = F(a)f =0 —dt; (1.10)
d [a]+1 1 N
(DE.F)(x) = (a) (15:)
1 [a]+1 f(t) .
=@ (@) f G-pwd G

ISSN: 2231-5373

http://www.ijmttjournal.org

Page 47




International Journal of Mathematics Trends and Technology — Volume 14 Number 1 — Oct 2014

d [a]+1 o o
(D=1 = (a) (£ =@+1)) F(Mn( ]:L):I/n+ 2) : nZ!)
1 [a]+1 f( ) + i C (y)qn (_Z)n
T —{a}) ra- {a}) dx f (t —x)@ dat, (1.12) K2 4z - T(un+v+2) n!

where [a] means the mtegral part of number « and oo n
{a} means the fractional part of number a, 0 < — (v + 1)2 (Nan (-2)
{a} < 1. The number a = {a} + [a]. F(un+v+2) n!

Il. BASIC PROPERTIES + Mgn (=2)"
In this section we derive several interesting L T(un+v+2) nl
properties of the function /7 (z). = J4 (2)

Theorem(2.1): If u,v,y € C;Re(u) = 0,Re(v) = which proves (2.1.2).
—1,Re(y) = 0 and g € (0,1) U N is satisfied, then Now, )
forme N Joa(2) = Jy7 (2)

d m tam d (= n * 1 (- n
(3) @ =Eomo, th‘fqu(z) (211) =) (gn(=2) (¥ = Dgn(-2)

— n'(un +v + 1)_n=0 nT'(un+v+1)
Jvq (@) =@+ D)), (@) + uz —]ﬂl 4(2) (21.2)

1Y@ = @ —q i Wans (2"
n F'(un+v+1)(n—1)!
-, (y)qn+q—1 (—2) (2.1.3) n=1
1 _OF(im+u+v+1) n! - )
In particular — _qzz - (V) gn+q-1 - (—ZI)
BN @) = 15 (@) = 21,4 (2) (21.4) 4 TenrprveD) n
which proves (2.1.3).
Proof: From(1.2),oo In particular, if g =1 in (2.1.3), which at once
( d )m]w (2) = ED"W)gn @ yield (2.1.4).
dz) "M = T(un+v+1)(n-m)l Theorem(2.2): If u,v,y,8 € C;Re(u) = 0,Re(v) =

—1,Re(y) = 0,Re(8) >0 and q € (0,1) UN is

satisfied then
(v +qm)gn (—2)"

=(=D"Wgm
q P F(ﬂn +v+um+ 1) nl F(6)f (w)v(l 0))6 1]5Y(Z0)”)d0)
= (D)™ gmlui i (2) J4Ts o (@), (2.2.1)
which is a proof of (2.1. 1) If, wv,y,6,a€C;Re() =0 Re(v)>—1,
(v + 1)]v+1q(z) + MZ_]v+1q( z) RE(]/) > 0,Re(6) =0 and q € (0, 1) UN s satisfi

-ed, then

F(5)f (x =) (s = )]y q [a(s — t)*]d
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= (x = )7V Y5 glaCx — )], (2.2.2) ; o .
If u,v,y,6,1€ C;Re(u) =0,Re(v) = —1, x f @ (x — )Vt
Re(y) = 0,Re(8),Re(A) =0 and q = 1 is satisfied, 0
then oo
- (V) qn(6) g
— A+v+1 qn q
| @G- ot - 04 Lor e =0T L TGm v+ DM+ 2+ D)
_ u 'n+k
— x/1+v+1]/l1lll_]/v++51'1(_wx#), (223) % B(ﬂk +1+1, un + v + 1)
If u,v,y,6 € C;Re(u) =0,Re(v) = —1,Re(y) =0, S
Re(8) =0 and q € (0,1) U N is satisfied, then w n
e (%) 1€ (L) _ oy D@ (—wxhyrk
f (t) ”y(wt”)dt — v+1]v+1q(wzu). (2.2.4) = Fun+uk +A1+v+2) nlk!
Proof: By using the beta function, L.H.S. of (2.2.1)  _ (v i i (N)qn-r)()gr  (—wx*)"
becomes - — £ F(;m +A1+v+1) nl

1o Mg 2m
r'(s) ~ Fr(un+v+1) nl!

substituting q = 1 and using the identity Carlitz [1],

(a+b)y = Z (7) @ (bym—r
(y)qn (_Z)

T +v+o+1) nl er(Sq( z) the above equatlon subsequently yield (2.2.3).
n=0 Further,

which is the proof of (2.2.1). ‘
By changing the variable s =t + w(x —t), the f (t)"jf”(wt”)dt

B(un+v+1,6)

L.H.S. of (2.2.2) becomes 0
1 (y)qn(_a(x - t)u)n — Z (y)qn(_w)n (t)l”“‘vdt
r'(s) ] n!T(un+v + 1) n!T'(un +v + 1)
n= 0
— v+1 (wz”)
v - n+v v+1q
x f (x = )**(1 - )’ (W)™ dw which is a proof of a (2.2.4).

0
oo wy
(-t () an(—a(x — £)F) _ III.-INTEGRAL TI-?ANSFORM OF J3» (z)-
= TG) W TGm +v + 1) In this section, several integral transforms like Beta,
n=0 ' Laplace, Varma, Mellin's and K -transform are
discussed for the function J}¥(z) under the following

X B(un +v +1,98)
which yield (2.2.2).

Consider theorem.
Theorem(3.1)(Beta transform): By using the
f (O (x = )]y y [w(x — )“]]/‘1"‘:1S [wtH]dt definition of Beta function, one obtain
. | @ra-2r ey
(y)qn(5)qk (_w)n+k 0

\ F(un+v+1)T(uk+1+1) nlk!
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_I v.q) (@8)
TT@) 27 [(v + 1,0, (a+B8); " (3.1.1)
where, u,v,y € C;Re(u) = 0,Re(v) = —1,Re(y) =
0,Re(a) = 0,Re(f) =0 and g€ (O 1)UN

Proof: From (1.2) and (1.5), we get
1

| @ra-2r ey

_ Z (y)qn(_x)n
B nl(un+v+1)

n=0

B(a + én,B)

_T(p) .. (a8) ; l

TTM), lo+iw. @+
which is (3.1.1).

Particular Cases: If u =6 and a = v + 1, then the
relation (3.1.1) reduces to

| @yra-artee

0

=T(B)y 15 () (312)
If p=v+1, §=pu and z=(1—-2), then the
relation (3.1.1) reduces to

1

| @ra- g ea -2

= T(@)]y{q,q ()

Theorem(3.2)(Laplace transform): By using the
definition of Laplace transform, one obtain

0]

f 7%~ lg=sz ﬁg(xz‘s)dz

0

(3.1.3)

s™¢ . q) (a,8); x
O N (32.1)
where, u,v,y € C;Re(u) = 0,Re(v) = —1,Re(y) =
0,Re(a) = 0,Re(s) 20 and g € (0,1) UN.

Proof: In virtue of (1.2) and (1.6),

L{z* "]} (xz°)}

— f —sz._a—1 (y)qn(_xza)n

B z P nT'(un+v+1) z

_ s [(% q), (a,6); _1]
r@y), *

v+21,u); s°
which is (3.2.1).

Particular Cases: If g=1L,a=v+ 16 =p in
(3.2.1), reduces to

0]

f zVe S2 ] (xz*)dz

0

=s V1A +xsTH)Y (322)
If a=v+16d=uy=q=1x==t in (3.2.1),
reduces to

o — \n
+t
— wl,— =
f zVe™¥], (Ftz#)dz = s7V7 1 E <_s“>
n=0

0

sTv1 +t
= — where|—| < 1
1— +t sk
N
Su—v—l
= g (3.2.3)

Theorem(3.3)(K-transform):
f t* K (st)], o (wtP)dt
0

_2e2 . q), (@ £ 4,p); 2\”
=y | ;—a)<§) (33.1)
where, u,v,y,a,p € C;Re(u) = 0,Re(v) = —1,
Re(y) = 0,Re(a) = 0,Re(p) =0 and g € N.

Proof: By changing the variable st = z in L.H.S. of
(3.3.1), we get

N ) an
f (E) KA(Z)T; n! F(m]:—lilv +1)

0
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<cor() (e
e W)
-3 Zn'[‘(un+v+1)

f (2)**tP-1K, (2)dz

Now by using the formula (Mathai and Saxena [4],

p.78):
+

f xP=1K, (x)dx = 2°~2T (p = v),

0

in the above equation, we obtain the relation (3.3.1).

Theorem(3.4)(Varma transform):

st
f e 2t W, s(st)], 7 (wtP)dt
0
S—(l

=y ¥ (Vq)< +5+a+p) @
14

v+1uw),Q-21+a,p); st

sP

(341)
where, u,v,y,a,p € C;Re(u) = 0,Re(v) = —1,
Re(y) = 0,Re(a) = 0,Re(p) =0 and g €EN.
Proof: By changing the variable st = z in L.H.S. of
(3 4.1), we get

z"‘1 (Nqn
fe : S W“()Z n!l"(;m—lilv+1)

0

o ()" (@)
S 0u ()

0n!F(;m+v+1)

n=

0]

Z
x f e 2(z)* P 1w, s(2)dz

0

Now by using the formula (Mathai and Saxena [4],

p.79):

t
f e 2tV ,(t)dt

0

I 1+y+v I 1—y+v
= ¢ 1“(1—),1521/) ),Re(viu)>—§

in the above equation, we obtain the relation (3.4.1).

IV.FRACTIONAL INTEGRATION AND DERIVATIVE
In this section, we establish several interesting
properties of the function ;'Y (z) defined by (1.2)

associated with the operator of Riemann-Liouville
fractional integrals and derivatives.

Theorem(4.1): Let a,u,v, A, 7,0 € C;Re(a) =
0,Re(u) = 0,Re(1) = —1,Re(v) = 0,Re(y) =
0,Re(6) = 0, and q € N, then the left sided operator
of Riemann-Liouville fractional integral Ig, is given
for x > 0 by

(18 [ty (wtd)])(x)
_ XM [ v.q).(v+1,8) s

TTO) 2l L), (@+v+18) Y
(4.1.1)

Proof: From the relation (1.2) and (1.9), we have

(184 [£"77q (wt®)])(x)

1 D () gn (@) ()
= mof (x - t) d

nIT(un + 21+ 1)

dt

n=0

YT () gn(—wxd)”
B F(a) n'F(;m+/1+ 1)

f ( )(6n+v+1) 1

x(1—-2)%1dz
evaluating the inner integral by beta-function formula,
above relation reduces to (4.1.1).

Corollary(1.1): Let a,u,v,y,w € C;Re(a) = 0,
Re(u) = 0,Re(v) = —1,Re(y) = 0 and q € N, then
there holds the relation

(18 [t T (wt)]) () = x g, o (wx*) - (4.1.2)
and

(15 [0 @ty ) ) = =

[c‘rl-ll-/v 1;1 1(wx ) ]a+v ul(wxu)] (413)

Pandal’
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Proof: The proof of assertions (4.1.2), is similar to the
theorem (4.1) and the proof of assertion (4.1.3) is
obtained by virtue of the relation (2.1.4) and (4.1.2).

Theorem(4.2): Leta, u,v, 4,7, w € C;Re(a) =
0,Re(u) = 0,Re(1) = —1,Re(v) = 0,Re(y) =
0,Re(6) = 0, and q € N, then the right sided
operator of Riemann-Liouville fractional integral /¢
is given for x > 0 by

x~V 1

(1=t ()6 = Ty

.9 (v+1,8) ; _
S [(/1+1,y),(a+v+1,5);_wx 5] (4.2.1)

Proof: From the relation (1.2) and (1.10), we have

1
(e[ ry (wt=2)) () = @

' (F)gn (—w)n(£) a1
nT'(un+1+1)

0]

< [ e-net _

X n=

dt

_ I WanCex )"
I'(a) —~ n!T(un + 21+ 1)
1

xf (Z)(6n+v+1)—1(1 _Z)a—ldz
0

Evaluating the inner integral by beta-function formula,
above relation reduces to (4.2.1).

Corollary(1.2): Let a,u,v,y,w € C;Re(a) =
0,Re(u) = 0,Re(v) = —1,Re(y) =0 and q € N,
then there holds the relation

(IE‘ [t‘““"ljﬁg(wt‘”)])(x)

= X7Vl g (@x ™) (4.2.2)
and
(re[ee 1 (e ]) ()
1 _
= 5 X et (0x™)
o O (D) (4.2.3)

Theorem(4.3): Let a,u,v,1,¥,w € C;Re(a) = 0,
Re(n) = 0,Re(1) > —1,Re(v) > 0,Re(y) =0,

Re(6) =0, and g € N, then the left sided operator of
Riemann-Liouville fractional derivative D§, is given
for x >0 by

(x)v—a

(D[t )5y (wt?)])(x) = TO)
A I AR
22 lA+1,w), QA +v—a,d);

Proof: By virtue of (1.2) and (1.11), we have
(D& [EV)5Y (wt®)]) (%)
d [a]+1

[a]+1
() (e o)
N gn(—w)"

B ; nT(un+21+1)r@ - {a}) (a)

xf t6n+1/(x _ t)—{a}dt

0

— wa] (43.1)

X P gnl (G + v + 1) (—w)™
B Z n!'T(un + 1+ 1DI(6n+v —{a} + 2)

n=0

d
()
_ M)gnl(6n+v +1)
B Z nT(un+2+Drn+v—a+1)

x=(_w)n(x)6n+v—a

[a]+1
(x)6n+v—{a}+1

1 -
O
.. v+1,6) ;
<t l(xl +1,1),(1+v—a+8); wx?| (431)

Corollary(1.3): Let a, 1, v,y,w € C; Re(a) =
0,Re(u) = O,Re(v) = —1,Re(y) =0 and q € N,
then there holds the relation,
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(D& [tV 1) (wtM)]) (x) = x4, (wx*) (4.3.2)
and

(D& [ev1 Y (wt*)])(x)

%xv - a[]#]/u 1a1(wxu) ]1‘; n— al(wx )]
(4.3.3)

Theorem(4.4): Let a,u,v, A, 7,0 € C;Re(a) =
0,Re(u) = 0,Re(A) = —1,Re(v) = 0,Re(y) =
0,Re(6) = 0, and g € N, then the right sided
operator of Riemann-Liouville fractional derivative
D% is given for x > 0 by
(DE‘[1:"“"‘1 ”‘y(wt‘5)])(x)

(r. @), (v +1,9)
A+1,),Q+v—a+,6)

- wx—5] (44.1)

Proof: By virtue of (1.2) and (1.12), we have
(D=[eer=1727 (t=5)])(x)

d [a]+1
= <— E) (1@ feev=1 Y (wt=9)]) (x)
= ; n!T'(un + A2+ 1)Ir(1 —{a})

(y)qn(_w)n
FINCIEE! e
x <_a) f t—6n+a—v—1(x _ t)—{a}dt

()(x)V12 2

0
By changing the variable t = g the above expression

reduces into the form

ML (v — a +{a} + én)(—w)"
—~ nT(un+ 2+ +v—a+dn)
"= PINGIEE!
_ -én+a—-v—{a}
% ( dx) (x)

_ Wanl (v — @+ {a} + n)

_Z nT(un + 2+ +v—a+4dn)

F(l—v+a—{a} én)
['(—v — 6n) =

w)* (%) V-1 (4.4.2)

By the reflection formula for the gamma-function
(see, [16], (1.60)),

1 _ '(L+v+dn)
[(—v—6n) T(@+v+dn)l(—v—dn)
(L +v + 8n) Sin[l'(1 +ﬂv + 6n)m]

and

Tv—a+{a}+n)I(L—v+a—{a}—dbn)

T

T (CDEFISInT(L + v + o)
substituting these relations into (4.4.2), we obtain
(4.4.2).

Corollary(1.4): Let a,u,v,y,w € C;Re(a) =0,

Re(u) = 0,Re(v) = —1,Re(y) = 0 and q € N, then
there holds the relation

(De[ea=v=1Y (wt=)])(x)
= xR (wxH)
and
(D[t (wt)]) (x)
= Lt [ (xR = [ (wxH)]

w u
(4.4.4)

(4.4.3)
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