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NOTATIONS
tmn : Polygonal number of rank n with size m

P : Pyramidal number of rank n with size m

CP" : Centered Pyramidal number of rank n with size m.
Fane : Four dimension hexagonal figurate number of rank n

I. INTRODUCTION

The theory of Diophantine equations offers a rich variety of fascinating problems. In particular,
quintic equations, homogeneous and non-homogeneous have aroused the interest of numerous
mathematicians since antiquity[1-3]. For illustration, one may refer [4-8] for quintic equation with three
unknowns. This paper concerns with the problem of determining non-trivial integral solutions of the non-
homogeneous quintic equation with three unknowns given by
a(x? +y%) — (2a — Dxy = (k? + (4a — 1)s?)"z°. A few relations between the solutions and special
numbers are presented.

Il. METHOD OF ANALYSIS
The non-homogeneous quintic equation to be solved for its distinct non-zero integral solutions is

a(x?+y?) — (2a — Dxy = (k? + (4a — 1)s*)"z° (1)
Introduction of the linear transformations
x:u+v }’:H—v (2)
in (1) leads to
u?+ (da— Dv? = (k2 + (4a — 1)s*)"z° (3)
Different methods of obtaining the patterns of integer solutions to (1) are illustrated below:
Pattern:1
Let z=a’+ (4a—1)pB? (4)
Using (4) in (3) and applying the method of factorization, define

(w+ ivda —1v) = (k +ivda— 1s)™(a + ivia — 1B)° (5)

Since the complex number raised to any integer power is also a complex number, we write
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(k + ivda — 1s)" = c + iv4a — 1d (6)
where c==[(k+iva—1s)" + (k- ivia —1s) ]
d = s=—=I(k + iVaa —1s)" — (k — iva — 1s)"]

Using (6) in (5) and equating the real and imaginary parts, we have

u=cf — (4a — 1)dg}
v=cg+ fd (7)
where, f = a?—10a3p?(4a — 1) + 5af*(4a — 1)?
g = 5a*f —10a?B3(4a — 1) + f°(4a — 1)?
Using (7) in (2), it is seen that
x =c(f +g)—d[(4a—1)g—f]} ®)
y=clf —g)—d[(4a —1)g + f]
Thus (4) and (8) represent the non-zero distinct integral solutions to (1)
Pattern:2
Consider (3) as
u?l+ (da—1Dv2=(k*+(4a—1sH)"z> = 1 9)
Write 1 as
1= [(Za—1)+iv4a—1][(2a—1)—iy4a—1]] (10)

4a?

Substituting (4) and (10) in (9) and employing the factorization method, define
u+ivia—1v = [¢f — (4a — Ddg + ivEa — Lcg + df)|[Z2a (11)
Equating real and imaginary parts, we get

22 [ef — (4a — Ddgl — - [(4a — 1(cg + df)]} )

U =
2a

v =y [ef ~ (4a—1)dg + (2a ~ 1)(eg +df)]

As our interest is on finding integer solutions, we choose @ and £ suitably so that u and v are integers.
Replacing @ by aa and § by af in (12) and using (2) the corresponding integer solutions to (1) are found
to be
x =a’[cf — (4a — 1)dgl—a’[cg + df]
y = a*(a —1Dlef — (4a — 1)dg]-(3a — 1)a*[cg + df]
z = a?[a? + (4a — 1)B?]

For simplicity and clear understanding, we exhibit below the integer solutions and their corresponding
properties when

a=3, k=3, s=1, n=1 (13)
For this choice, (1) and (3) simplify respectively to
3(x% +y?) — 5xy = 20z° (14)
u?+ 11v? = 20z° (15)
Let z = a* + 11b? (16)
Write 20 as
20 = (3+4iV11)(3 —iV11) (17)
Using (16) and (17) in (15) and applying the methods of factorization, define
u+ ivilv = (3 + ivil)(a + iviib)” (18)

Equating real and imaginary parts, we get
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u = 3[a®> — 110a3h? + 605ab*] — 11[5a*h — 110a’h3 + 121b5]} (19)
v = [a® — 110a®b? + 605ab*] + 3[5a*bh — 110a?b® + 121b7]
Using (18) in (2) we have
x = 4[a® — 110a®b? + 605ab*] — 8[5a*b — 110a?b® + 121b°] } 20)
v = 2[a® — 110a®h? + 605ab*] — 14[5a*h — 110a?h® + 121b°]
Thus, (16) and (20) represent the integer solutions to the equation (14)
Properties
(i) x(n,1) —y(n, 1) + 2t,,CPE — 10(24F, ,,c — 6CB2® — 6CPE — ty5yp + 44ts, — 22t,,)

= 0(mod756)
(ii) x(n,1) + y(n, 1) + 6CB (ty, — 110) — 7260t3,, + 3630t,, + 22t,,(5ts, — 110) = 0(mod2)
(iii)x(n, 1) + 220t,,(2 — 11t,,) + 88CBF(10 — 11¢,,) + 80t;,, — 40t,,, is a perfect square

Notel:
It is seen that in addition to (17), 20 may also be written in two different ways as
(2+i44/11)(2-i44/11)

20 = 5
2 (21)
20 = [13+wl1;[13 11

Following the procedure similar to the above the corresponding integer solutions for the above two cases
are as follows:

Solutions for (i):

x = 486[A°> — 110A%B? + 605AB*] — 3402[5A*B — 110A%B? + 121B°]

y = —162[A°> — 110A3B? + 605AB*] — 3726[5A*B — 110A%B? + 121B°]
z = 9A% + 99B*

Solutions for (ii):

x = 1134[A> — 110A3B? + 605AB*] + 162[5A*B — 110A%B? + 121B°]

y = 972[A°> — 110A3B? + 605AB*] — 1944[5A*B — 110A%B® + 121B°]
z = 9A% + 99B*

Note 2:
Consider (14) as
3(x%2 +y?) —bxy =20z>*1 (22)
Write 1 as
1= [(2n? —2n—5)+i(2n—1)4/11][(2n*—2n—5)—i(2n—1)4/11] (23)

(2n2—2n+6)2
Considering (16), (17) (23) and following the analysis presented above, the corresponding integer
solutions to (14) are found to be
x = (6n? —28n —4)(2n% — 2n + 6)*(a® — 110a*b? + 605ab* + 5a*h — 110a2b® + 121b°)
+ (2n? +4n —8)(2n® — 2n + 6)*[a® — 110a°b? + 605ab* — 11[5a*h — 110a%h?
+121b°%]

ISSN: 2231-5373 http://www.ijmttjournal.org Page 57


http://www.ijmttjournal.org/

International Journal of Mathematics Trends and Technology — Volume 14 Number 1 — Oct 2014

y = (6n? — 28n — 4)(2n? — 2n + 6)*(a® — 110a*b? + 605ab* — 5a*b + 110a?b® — 121b%) —
(2n? + 4n — 8)(2n? — 2n + 6)*[a® — 110a®b? + 605ab* + 11[5a*h — 110a?b> + 121b°]

z=02n% —2n+ 6)?(a® + 11b?)

Conclusion:

It is worth to mention here that, instead of (17), one may also consider (21) to represent (20) in (22) and
thus obtain two more patterns of integer solutions to (14). Thus, in this paper, we have analysed various
patterns of non-zero distinct integer solutions to (1) and in-particular to (14). As the quintic equations are
rich in variety, one may attempt to obtain integer solutions to quintic equations with three or more
variables along with the corresponding properties.
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