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1. Introduction 

     In 1988, S. Tanno [12] introduced the notion of 푘-nullity distribution of a  Contact metric 
manifold as a distribution such that the characteristic vector field		휉 of the Contact metric 
manifold belongs to the distribution. The Contact metric manifold with 휉 belonging to the 푘-
nullity distribution is called 푁(푘)-Contact metric manifold and such a manifold is also 
studied by various authors. In 2008, De, Gazi [6] studied 휙-recurrent N(k)-Contact metric 
manifold. 
In this paper we study Generalized Concircular 	휙-recurrent N(k)-Contact metric manifold. 
Here we show that Generalized Concircular 	휙-recurrent N(k)-Contact metric manifold is an 
휂-Einstein manifold, and we find a relation between the associated 1-forms A and B. We 
also prove that the characteristic vector field 	휉	and the vector field  휌 associated to the 1- 
forms A and B are co-directional. Finally we prove that a generalized Concircular 	휙-
recurrent N(k)-Contact metric manifold is of constant curvature. 
 
 

2. Contact Metric Manifold 
 
  A (2n+1)-dimensional manifold 푀  is said to admit an almost Contact structure if it 
admits a tensor field 휙 of type (1,1), a vector field 휉 and a 1-form 휂 satisfying 
 

(2.1)       (푎)	휙 (푋) 	= −푋	 + 	휂(푋)휉, (푏)	휂(휉) = 1, (푐)	휂 ∘ 휙	 = 0, (푑)	휙휉 = 0. 
 
  An almost contact metric structure is said to be normal if the induced almost complex 
structure	퐽 on the product manifold	푀  × 푹	defined by 

퐽(푋,푓
푑
푑푡) = 	 (휙푋	 − 푓휉, 휂(푋)

푑
푑푡) 

 

is integrable, where	푋 is tangent to 푀, 푡	is the coordinate of 푹 and 푓 is a smooth function 
on 푀	× 푹. Let	푔 be a compatible Riemannian metric with almost contact structure (휙, 휉, 휂), 
that is 
 
 
(2.2)                                 푔(휙푋,휙푌) = 푔(푋,푌) − 휂(푋)휂(푌), 
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then 푀 becomes an almost contact metric manifold equipped with an almost contact structure 
(휙, 휉, 휂,푔). From (2.1) it can be easily seen that 
 
(2.3)                               (	푎)	푔(푋,휙푌) = −푔(휙푋,푌), (푏)	푔(푋, 휉) = 휂(푋), 
 
for all vector fields 푋,푌	. An almost contact metric structure becomes a contact metric 
structure if 
 
(2.4) 																																										푔(푋,휙푌) = 푑휂(푋,푌), 
 
for all vector fields	푋,푌. The 1-form 휂 is then a contact form and 휉 is its characteristic vector 
field. The k-nullity distribution 푁(푘) of a Riemannian manifold 푀 is defined by[12] 
 

푁(푘):	푝	 → 	푁푝(푘) = 	 {푍 ∈ 푇푝푀 ∶ 푅(푋,푌)푍 = 푔(푌, 푍)푋 − 푔(푋, 푍)푌}, 
 

푘 being a constant.  If the characteristic vector 휉 ∈ 푁(푘),  then we call a Contact metric 
manifold an 푁(푘)-Contact metric manifold. 
   
 

In 푁(푘)-Contact metric manifold the following relations hold [6]: 
 
 

(2.5)																																														ℎ = (푘	 − 1)휙 , 푘	 ≤ 	1, 
 

(2.6)																																(∇ 휙)(Y) = 푔(푋 + ℎ푋,푌)휉 − 휂(푌)(푋 + ℎ푋), 
 
(2.7)																																	푅(휉,푋)푌 = 푘[푔(푋,푌)휉 − 휂(푌)푋], 
 

(2.8)																																				푆(푋, 휉) = 2푛푘휂(푋), 
 

(2.9)																																			푆(푋,푌) = 2(푛	 − 	1)푔(푋,푌) + 2(푛	 − 	1)푔(ℎ푋,푌) 
																																																																					+	[2(1	 − 	푛) + 	2푛푘]휂(푋)휂(푌), 푛	 ≥ 	1, 

 

																																																								푟 = 2푛(2푛	 − 2 + 푘), 
                                               
(2.10)                                     ∇ 휉= −휙푋 − 휙ℎ푋, 
  
(2.11)																										푆(휙푋,휙푌) = 푆(푋,푌) − 2푛푘휂(푋)휂(푌) − 4(푛 − 1)푔(ℎ푋,푌),	 

 

(2.12)																												(∇ 휂)(푌) = 푔(푋 + ℎ푋,휙푌), 
 

(2.13)																												푅(푋,푌	)휉 = 푘[휂(푌)푋 − 휂(푋)푌], 
 

(2.14)																					휂(푅(푋,푌)푍) 	= 푘(푔(푌,푍)휂(푋) − 푔(푋,푍)휂(푌)]. 
 

Definition 2.1. ([6])  A 푁(푘)-Contact metric manifold is said to be locally concircular	휙-
symmetric if 
                                               

(2.15)																																																	휙 ((∇ 퐶̅)(푋,푌)푍) = 0, 
 
for all vector fields	푋,푌, 푍,푊 orthogonal to 휉. 
 
 
Definition 2.2. ([6])  A 푁(푘)-Contact metric manifold is said to be concircular 휙- recurrent 
if there exists a non-zero 1-form 퐴 such that 
                                                            
(2.16)																																																	휙 ((∇ 퐶̅)(푋,푌)푍) = 퐴(푊)퐶̅(푋,푌)푍, 
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for arbitrary vector fields 푋,푌,푍 and 푊, where 퐶̅ is a Concircular curvature tensor given 
by[4]  
 

(2.17)                            퐶̅(푋,푌)푍 = 푅(푋,푌)푍 −
( )

[푔(푌,푍)푋 − 푔(푋, 푍)푌], 
 
where 푅 is the curvature tensor, and 푟 is the scalar curvature.   
 
If the 1-form 퐴	vanishes, then the manifold reduces to locally concircular 휙-symmetric 
manifold. 
 
Definition 2.3. A 푁(푘)-Contact metric manifold is said to be generalized concircular		휙-
recurrent if its curvature tensor 퐶̅ satisfies the condition 
 
(2.18)																				휙 (∇ 퐶̅)(푋,푌)푍 = 퐴(푊)퐶̅(푋,푌)푍	 + 퐵(푊)[푔(푌, 푍)푋 − 푔(푋,푍)푌], 
 
where 퐴	and	퐵 are two 1-forms,	퐵 is non-zero and these are defined by 
 

퐴(푊) = 푔(푊,휌 ), 퐵(푊) = 푔(푊,휌 ), 
	 

and 휌 , 휌 	are vector fields associated with 1-forms 퐴 and 퐵, respectively. 
 
3.                Generalized Concircular 흓-Recurrent 푵(풌)-Contact Metric Manifold 
 
  Let us consider a Generalized Concircular 휙-recurrent 푁(푘)−Contact metric manifold. 
Then by virtue of 2.1(a) and (2.18) we have 
 

−((∇ 퐶̅)(푋,푌)푍) + 휂((∇ 퐶̅)(푋,푌)푍)휉 
(3.1) 																															= 	퐴(푊)퐶̅(푋,푌)푍 + 퐵(푊)[푔(푌, 푍)푋 − 푔(푋, 푍)푌],  

 
from which it follows that, 
 

−푔((∇ 퐶̅)(푋,푌)푍,푈) + 휂((∇ 퐶̅)(푋,푌)푍)휂(푈) 
(3.2) 																									= 	퐴(푊)푔(퐶̅(푋,푌)푍,푈) + 퐵(푊)[푔(푌, 푍)푔(푋,푈) − 푔(푋,푍)푔(푌,푈)].  

 
Let {ei}, 푖 = 1, 2, . . . , 2푛 + 1 be an orthonormal basis of the tangent space at any point of the 
manifold. Then putting 푋 = 푈	= {푒 } in (3.2) and taking summation over	푖, 1	 ≤ 푖 ≤ 2푛	+ 	1, 
we get 
 
 (3.3)																		(∇ 푆)(푌, 푍) = 	 ( ) 푔(푌,푍) − ( )

( )
[	푔(푌,푍)휂(푌)휂(푍)] 

																																				−퐴(푊) 푆(푌,푍) −
푟

2푛 + 1푔
(푌,푍) − 2푛퐵(푊)푔(푌, 푍). 

 
	 

 
Replacing 푍 by 휉 in (3.3) and using (2.12), we have 
 
(3.4)																										 (∇ 푆)(푌, 휉) = ( ) 휂(푌) − 퐴(푊)휂(푌) 2푛푘 − − 2푛퐵(푊)휂(푌). 

	 
 

 
 

 
Now we have,                                     

 
(∇ 푆)(푌, 휉) = ∇ 푆(푌, 휉) − 푆(∇ 푌, 휉) − 푆(푌,∇ 휉). 
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Using (2.8) and (2.10) in the above relation, it follows that 
 
(3.5)																									(∇ 푆)(푌, 휉) = −2푛푘푔(휙푊 + 휙ℎ푊, 푌) + 푆(푌, 휙푊 + 휙ℎ푊).  

 
In view of (3.4) and (3.5), we have 
 

(3.6)															푆(푌,휙푊 + 휙ℎ푊) = 	2푛푘푔(휙푊 + 휙ℎ푊,푌) +
푑푟(푊)
2푛 + 1 휂(푌) 

																																												−	퐴(푊)휂(푌) 2푛푘 −
푟

2푛 + 1 − 	2푛퐵(푊)휂(푌). 
[ 

 

	Replacing 푌 by 휙푌	in (3.6),  and after a brief simplification, we get 
 

푆(푌,푊) = 2[(푛	 + 	푘	 − 1) + 푛(푘 − 1)(푛푘 + 푛 − 1)]푔(푌,푊) 
+	2[(푛 − 1)(푘 − 1)− 푛(푘 − 1)(푛푘 + 푛 − 1)]휂(푌)휂(푊), 

 

or, 
																																																								 
																																																																	[[																																																																																															                                   

 
 
 
 
 

(3.7)																																										푆(푌,푊) = 푎푔(푌,푊) 	+ 	푏휂(푌)휂(푊), 
 

Where	푎 = 2[(푛	 + 	푘	 − 	1)] + 	푛(푘	 − 1)(푛푘	+ 푛	 − 1), 
													푏	 = 2[(푛	 − 1)(푘	 − 1) − 푛(푘	 − 1)(푛푘	 + 푛	 − 1)]	are constants.  
Therefore we state the following: 
 
Theorem 3.1. A Generalized Concircular 휙-recurrent 푁(푘)-Contact metric manifold is an 휂-
Einstein manifold. 
 
  Now putting 푌 = 푍 = 푒푖 in (3.2) and taking summation over 푖, 푖	 = 1, 2, . . . , 2푛	+ 1, we get 

				−(∇ 푆)(푋,푈) +
푑푟(푤)
2푛 + 1푔(푋,푈) + (∇ 푆)(푋, 휉)휂(푈)–

푑푟(푊)
2푛 + 1 휂

(푋)휂(푈) 

(3.8)											= 	퐴(푊)[푆(푋,푈) − 푔(푋,푈)] + 	2푛퐵(푊)푔(푋,푈).	 
 
Putting 푈 = 휉 in (3.8), we have 
 

(3.9)                                              퐴(푊)휂(푋) 2푛푘 − 	 + 	2푛퐵(푊)휂(푋) = 	0. 
 
Putting 푋 = 휉 in (3.9) we have, 
 
(3.10)																																																						퐵(푊) =

( )
− 푘 퐴(푊). 

 
 
 

Hence we state the following theorem: 
 

Theorem 3.2. In a generalized Concircularly 휙-recurrent N(k)-Contact metric manifold , the 
1-forms A and B are related as in  (3.10). 
 
Now from (3.1) we have 

(∇ 퐶̅)(푋,푌)푍 = 휂 (∇ 퐶̅)(푋,푌)푍 휉 
(3.11) 																																																					− 	퐴(푊)퐶̅(푋,푌)푍 − 	퐵(푊)[푔(푌,푍)푋 − 푔(푋, 푍)푌]. 

 
																																																																																																																																																																																								 

This implies 
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(∇ 푅)(푋,푌)푍	 = 	휂 (∇ 푅)(푋,푌)푍 휉 − 퐴(푊)푅(푋,푌)푍 

																+
푑푟(푊)

2푛(2푛 + 1) [푔(푌, 푍)푋 − 푔(푋,푍)푌 − 푔(푌,푍)휂(푋)휉 + 푔(푋,푍)휂(푌)휉	] 

(3.12) 													+
푟

2푛(2푛 + 1)퐴
(푊)[푔(푌,푍)푋 − 푔(푋,푍)푌	] − 	퐵(푊)[푔(푌,푍)푋 − 푔(푋, 푍)푌]. 

 

 

																																												 
From (3.12) and the Bianchi identity we get 
 

퐴(푊)휂(푅(푋,푌)푍) + 퐴(푋)휂(푅(푌,푊)푍) + 퐴(푌)휂(푅(푊,푋)푍) 
															= 		

푟
2푛(2푛 + 1)퐴(푊)− 퐵(푊) [푔(푌, 푍)휂(푋) − 	푔(푋, 푍)휂(푌)] 

  

                              +   
( )

퐴(푋) − 퐵(푋) [푔(푊,푍)휂(푌) − 	푔(푌,푍)휂(푊)] 
 

(3.13)                    +   
( )

퐴(푌) − 퐵(푌) [푔(푋, 푍)휂(푊)− 	푔(푊, 푍)휂(푋)]. 
 
By virtue of (2.14), we obtain from (3.13) that 
 

퐴(푊)푘[푔(푌,푍)휂(푋) − 푔(푋,푍)휂(푌)] + 퐴(푋)푘[푔(푊, 푍)휂(푌) − 푔(푌,푍)휂(푊)]
+ 퐴(푌)푘[푔(푋, 푍)휂(푊)− 푔(푊, 푍)휂(푋)] 	
= 		

푟
2푛(2푛 + 1)퐴(푊)− 퐵(푊) [푔(푌, 푍)휂(푋) − 	푔(푋,푍)휂(푌)] 

                                    +   
( )

퐴(푋) − 퐵(푋) [푔(푊,푍)휂(푌) − 	푔(푌,푍)휂(푊)] 

(3.14)                          +   
( )

퐴(푌) − 퐵(푌) [푔(푋, 푍)휂(푊)− 	푔(푊, 푍)휂(푋)]. 
 
[[ [[Putting 푌 = 푍 = 푒 	in (3.14) and taking summation over	푖, 1 ≤ 푖 ≤ 2푛 + 1, we get 
 

(푎)	퐴(푊)휂(푋) = 퐴(푋)휂(푊), 

 (3.15)                                        (푏)	퐵(푊)휂(푋) = 퐵(푋)휂(푊) 

for all vector fields 푋,푊. 

Replacing 푋 by	휉 in (3.15)	we get 

(푎)퐴(푊) = 휂(푊)휂(휌 ) 

(3.16)																																																				(푏)퐵(푊) = 휂(푊)휂(휌 ), 

 
 
From (3.15) and (3.16), we can state the following theorem: 
 
Theorem 3.3. In a generalized concircular 휙-recurrent N(k)-contact metric manifold, the 
characteristic field 휉 and the vector fields 휌  and 휌 		associated to the 1-forms A and B 
respectively are co-directional and the 1-forms A and B are given by (3.16). 
 
 

4.      3-dimensional Generalized Concircular 흓-Recurrent 푵(풌)−Contact Metric 
Manifold 

 
 

In a 3-dimensional 푁(푘) −Contact metric Manifold (푀 , 푔), we have 
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푅(푋,푌)푍	 = 	
푟
2 − 2푘 [푔(푌,푍)푋	– 	푔(푋, 푍)푌] + 3푘 −

푟
2	 [푔(푌, 푍)휂(푋)휉 

(4.1) 																											− 	푔(푋,푍)휂(푌)휉	 + 	휂(푌)휂(푍)푋 − 휂(푋)휂(푍)푌], 
 
and 
(4.2)          푆(푋,푌) 	= 	 − 푘 푔(푋,푌) + 3푘 − 	 	휂(푋)휂(푌). 
 
Using (4.1)  in (2.17), we get 
 

																	퐶̅(푋,푌)푍	 =
푟
2 − 2푘 −

푟
2푛(2푛 + 1) [푔(푌, 푍)푋 − 푔(푋, 푍)푌] 

(4.3)                         + 3푘 − [푔(푌, 푍)휂(푋)휉 − 푔(푋, 푍)휂(푌)휉 + 휂(푌)휂(푍)푋 − 휂(푋)휂(푍)푌]. 
 
Differentiating the equation (4.3) covariantly, we get 
 

(∇ 퐶̅)(푋,푌)푍	 =
10푑푟(푊)

21
[푔(푌, 푍)푋 − 푔(푋, 푍)푌] 

                         − ( ) [푔(푌,푍)휂(푋)휉 − 푔(푋,푍)휂(푌)휉 + 휂(푌)휂(푍)푋 − 휂(푋)휂(푍)푌] 

                          + 3푘 − [푔(푌,푍)휂(푋) − 푔(푋, 푍)휂(푌)](∇ 휉) + 3푘 − [휂(푌)푋 −

																																	휂(푋)푌](∇ 휂)(푍) + 3푘 − [푔(푌, 푍)휉 − 휂(푍)푌](∇ 휂)(푋)          

(4.4)                           − 3푘 − [푔(푋,푍)휉 − 휂(푍)푋](∇ 휂)(푌). 
 

                									                                                                                            
Noting that we may assume that all vector fields 푋,푌, 푍,푊 are orthogonal to 휉 and using 
(2.1), we get 
 

																										(∇ 퐶̅)(푋,푌)푍	 =
10푑푟(푊)

21
[푔(푌, 푍)푋 − 푔(푋, 푍)푌] 

(4.5)                                    + 3푘 − [푔(푌, 푍)(∇ 휂)(푋)− 푔(푋,푍)(∇ 휂)(푌)]휉. 
 
Applying 휙 on both sides of (4.5) and using (2.1), we get 
 
(4.6)														휙 (∇ 퐶̅)(푋,푌)푍 = 	 ( ) [푔(푋,푍)푌 − 푔(푌, 푍)푋].  
 
 

 
Using (2.18),  the equation (4.6) reduces to, 
 

퐴(푊)퐶̅(푋,푌)푍	+ 	퐵(푊)[푔(푌,푍)푋 − 푔(푋, 푍)푌] 
(4.7) 																																																												= ( ) [푔(푌,푍)푋	 − 푔(푋, 푍)푌].  
 
Putting 푊 = {푒푖}, where {푒푖},		푖 = 1, 2, 3, is an orthonormal basis of the tangent space at any 
point of the manifold and taking summation over	푖, 1 ≤ 푖 ≤ 3, we obtain 

 
(4.8)																																																	퐶̅(푋,푌	)푍 = 휆[푔(푌, 푍)푋 − 푔(푋, 푍)푌],  
 



International Journal of Mathematics Trends and Technology – Volume 14 Number 1 – Oct 2014 

ISSN: 2231-5373                   http://www.ijmttjournal.org Page 65 
 

where  휆 = 	 ( )
( )

+ ( )
( )

	is a scalar, since 퐴 and 퐵 are non-zero 1-forms. Then by Schur’s 
theorem 휆 will be a constant on the manifold. Therefore, we state the following theorem: 
 
Theorem 4.4.  A 3-dimensional Generalized Concircular 휙-recurrent N(k)-Contact metric 
manifold is of constant curvature. 
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