
International Journal of Mathematics Trends and Technology- Volume 15 Number 2 Nov 2014 

ISSN: 2231-5373                         http://www.ijmttjournal.org Page 93 
 

Dual Transformations and Instantaneous Screw Axes 
Gülsüm YÜCA#1, Yusuf YAYLI*2 

#Res. Asst. & Department of Mathematics & Aksaray University 
Aksaray University, Faculty of Science and Letters, Department of Mathematics, 68100, Aksaray, Turkey 

*Prof. Dr. & Department of Mathematics & Ankara University 
Ankara University, Faculty of Science, Department of Mathematics, 06100, Ankara, Turkey 

 
Abstract— In this study, we investigate instantaneous screw axes with the help of a dual transformation which is defined in [1]. This 
transformation makes clear the relations between Euclidean space and Lorentzian space. The aim of this paper is to observe 
instantaneous screw axes under this dual transformation.  
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I. INTRODUCTION 
In this study, we investigate instantaneous screw axes with the help of a dual transformation which is defined between 

SO(n+1)\{a00=0} and SO(n,1) in [1]. The dual transformation points out the relations between Euclidean space and Lorentzian 
space. In [2], one-parameter motions are explained and it is shown that the axes of instantaneous motion matrices is not 
invariant under the dual transformation. The aim of this paper is to carry these calculations into instantaneous kinematics and to 
show that this dual transformation does not leave invariant the instantaneous screw axis of motion matrices. 
 

II. PRELIMINARIES 
Definition 1. If a  and *a  are real numbers and 02  , the combination *aaA   is called a dual number, where   is the 
dual unit. 

 
The set of all dual numbers forms a commutative ring over the real number field and is denoted by .D  Then the set 
 

 
 

is a modüle over the ring D which is called D - module or dual space. The elements of 3D are called dual vectors. Thus a dual 
vector â  can be written as 

 
where a  and *a are real vectors at 3R (See [8]). 
 
Definition 2. A, 3x3 skew-symmetric matrix [B] has only 3 independent elements, that is 
 

                                                                                                                                                          
                                  

These elements can be assembled into the vector ),,( 321 bbbb   (See [5]). 
 
Definition 3. Lorentz – Minkowski space is the metric space ),,( 33

1  RE where the metric <,> is given by 
 

 
 

The metric <,> is called the Lorentzian metric. 
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     We remark that <,> is a non-degenerate metric of index 1. We also call 3
1E as Minkowski space and <,> 

as the Minkowski metric.  
 
         We can also write 

 
(See [3]). 
 
Definition 4. In 3

1E , every 3x3 semi skew-symmetric matrix determines a vector under the 
isomorphism that is 
 

                                                                                               
 

where )3(1 is the lie algebra of ),3(1 RO which is the group of 3x3 semi-orthogonal matrices. 
 
Remark 1. If we use D dual numbers ring instead of R - real numbers, elements of matrices can be paired 
as a vector as in Eq. 1 and Eq. 2. 
 
Theorem 1. Let A be an orthogonal matrix as below.   

 
where 33a is non zero. Let X and Y be sets as below 
 

 
       
        There is a dual transformation between X and Y. 
 

 
where T is transpose. 
 

                                                                                               
 

(See [1],[2]). 
 
Remark 2. According to our other studies on dual transformation, if use dual numbers as elements of 
matrices instead of real numbers, matrices can be calculated as in Eq. 3. 
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III. ON THE INSTANTANEOUS SCREW AXIS 

 
In [2], it is shown that the axes of instantaneous motion matrices is not invariant under the dual 

transformation. Fig. 1 indicates the instantaneous rotation motion in Euclidean space (See [2]). Now we 
carry these calculations into instantaneous kinematics. Fig. 2 represents the instantaneous screw axis in 
Euclidean space. 

 

 
Fig. 1 Instantaneous Rotation Motion 

 
 

 
Fig. 2 Instantaneous Screw Axis 

 
 

Theorem 2. Dual transformation does not leave invariant the instantaneous screw axis of motion matrices 
Â and f(Â). 
 
Proof. Let )3(SÔÂ be a dual orthogonal matrix as below. 
 

 
 

We find the instantaneous screw axis with the help of TÂÂ .  (See [6]). We should obtain a dual skew-symmetric matrix as 
below. 
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From Eq. 1, we obtain the direction vector of instantaneous screw axis as below. 
 

 
 
The instantaneous screw axis will be the unit form of the vector x̂ . 
 

 
 

According to E. Study map, 0x̂ is unit dual vector that corresponds a line in 3E . Now, we calculate the instantaneous screw axis 
of f(Â) as below. We should obtain a dual skew-symmetric matrix as below.  

 

 
Then, we calculate the matrices below.  
 

 

 
 
 

From Eq. 2, we obtain the direction vector of instantaneous screw axis as below. 
 

 
 

The instantaneous screw axis will be the unit form of the vector ŷ . 
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Thus, the direction vectors of unit dual vectors are not the same.  
 
 
 
 
 
Example 1. Let Â be a dual orthogonal matrix is given below. 
 

 
 

Under the dual transformation we obtain f(A) as below.  
 

 
 
 

We can calculate the instantaneous screw axes x and y  by the help of Theorem 2. Firstly we obtain x  from 
matrix TÂÂ . . Then, we get y from 1)ˆ()'.ˆ( AfAf . It can be seen from these calculations that x  is not equal 
to y .  
 

IV. CONCLUSIONS  

We can conclude that the dual transformation acts like a bridge between Euclidean space and Lorentzian 
space. Because of this role, we examine the invariants or variants under this dual transformation. In this 
study, we show that dual transformation does not leave invariant the instantaneous screw axis of motion 
matrices. 
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