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Abstract—  In the present paper, we define some new concepts in soft topological spaces such as soft ¢~ -sets, soft C-sets.
We introduce these concepts in soft topological spaces which are defined over an initial universe with a fixed set of
parameters. We discuss their relationships with different types of subsets of soft topological spaces. We also investigate the
concept of soft C-continuous functions and discuss their relationships with soft continuous and other forms of soft
continuous functions. With the help of counterexamples, we show the noncoincidence of these various types of functions.
Finally we give a decomposition of soft continuity.
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I. INTRODUCTION

Molodtsov initiated a novel concept, which is called soft set, as a new mathematical tool for dealing with uncertainties
[9]. In fact, a soft set is a parameterized family of subsets of a given universe set. The way of parameterization in
problem solving makes soft set theory convenient and simple for application. Maji et al. [8] carried out Molodtsov’s
idea by introducing several operations in soft set theory. M. Shabir and M. Naz [10] presented soft topological spaces
and they investigated some properties of soft topological spaces. Later, many researchers [13, 4, 3, 2, 1, 5, 12, 11, 7]
studied some of basic concepts and properties of soft topological spaces.

In this paper, we continue the study in a soft topological space. We introduce some new concepts in soft topological

spaces such as soft " -sets, soft C-sets. We discuss their relationships with different types of subsets of soft
topological spaces with the help of counterexamples. We also investigate the concept of soft C-continuous functions
and discuss their relationships with soft continuity and other forms of soft continuous functions. Finally, we give a
decomposition of soft continuity.

Il. PRELIMINARIES

In this section, we present the basic definitions and results of soft set theory which may be found in earlier studies.

Let X be an initial universe set and E be the set of all possible parameters with respect to X . Parameters are
often attributes, characteristics or properties of the objects in X. Let P(X) denote the power set of X . Then a
soft set over X is defined as follows.

Definition 2.1 [9]:
Apair (F,A) iscalledasoft setover X where ACE and F:A— P(X) is a set valued mapping. In other
words, a soft set over X is a parameterized family of subsets of the universe X. For Ve € A, F(g) may be

considered as the set of & — approximate elements of the soft set (F, A). It is worth noting that F(g) may be
arbitrary. Some of them may be empty, and some may have nonempty intersection.

The set of all soft sets over X is denoted by SS(X)¢.
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Definition 2.2 [8]:
Asoftset (F,A) over X issaid to be null soft set denoted by @ ifforall e A, F(e) =O . A soft set

(F,A) over X issaid to be an absolute soft set denoted by A ifforall ec A, F(e)= X .

Definition 2.3 [10]:
Let Y beanonempty subset of X, then Y denotes the soft set (Y,E) over X forwhich Y(e):Y, for all
eeE. Inparticular, (X, E) will be denoted by X .

Definition 2.4 [8]:

For two soft sets (F,A) and (G,B) over X ,wesaythat (F,A) isasoft subset of (G,B) if Ac B and
forall ee A, F(e) and G(e) are identical approximations. We write (F, A) & (G,B). (F,A) issaid to be
a soft super set of (G, B),if (G,B) isasoftsubset of (F,A).We denoteitby (G,B) & (F,A). Then
(F,A) and (G,B) aresaid to be soft equal if (F,A) isasoftsubsetof (G,B) and (G,B) isa soft subset of
(F,A).

Definition 2.5 [8]:

The union of two soft sets (F, A) and (G,B) over X isthesoftset (H,C),where C = AUB and for all
eeC, H(e)=F(e) if eec A—B, G(e) if eeB-A, F(e)uG(e) if ee AnB. we write
(F,A)O(G,B)=(H,C).

Definition 2.6 [8]:
The intersection (H,C) of (F,A) and (G,B) over X, denoted (F,A) A (G,B), is defined as
C=AnB and H(e)=F(e)nG(e) forall ecC.

Definition 2.7 [10]:
The difference (H,E) of twosoftsets (F,E) and (G,E) over X, denoted by (F,E)\(G,E), is defined
as H()=F(e)\G(e) forall ecE.

Definition 2.8 [10]:
The relative complement of a soft set (F, E) is denoted by (F,E)® andis defined by (F,E)® =(F°¢,E)
where F°:E — P(X) isamappinggivenby F°(e)= X —F(e) forall ecE.

Definition 2.9 [10]:
Let 7 be the collection of soft sets over X , then 7 is said to be a soft topology on X if

1D, Xer

2 1f (F,E),(G,E)er,then (F,E)A(G,E) e~

3) 1f {(F,E)}, €7, Viel ,then O, (F,E)er.
Thetriplet (X,7, E) is called a soft topological space over X . Every member of 7 is called a soft open setin X
.Asoftset (F,E) over X iscalled soft closed setin X ifits relative complement (F,E)° belongsto 7 .We
will denote the family of all soft open sets (resp., soft closed sets) of a soft topological space (X,7,E) by SOS
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(X,7,E) (resp., SCS(X,7,E)).

Definition 2.10:
Let (X,7,E) be asoft topological space over X and (F,E) be asoftset over X .

(1) [10] The soft closure of (F,E) is the soft set cl(F,E)={(G,E):(G,E) is soft closed and
(F.E)S(G,E)}.

(2) [13] The soft interior of (F,E) is the soft set int(F,E) = {(H,E): (H,E) is soft open and
(H,E) S (F,E)}.
Clearly, cl(F,E) is the smallest soft closed set over X which contains (F,E) and int(F,E) is the largest
soft open set over X which is contained in (F,E).

Theorem 2.1 [10]:
Let (X,7,E) be asoft topological space and (F,E), (G,E) softsetsover X . Then
(1) cl(®)=® and cl(X) = X.
(2) (F,E) & cl(F,E).
(3) (F,E) isasoft closed set if and only if (F,E) =cl(F,E).
(4) cl(cl(F,E)) =cl(F,E).
(5) (F,E) £ (G,E) implies cl(F,E) &cl(G,E).
6) cl((F,E)O(G,E)) =cl(F,E) Ocl(G,E).
(7) cl((F,E)A(G,E)) &cl(F,E)Acl(G, E).

Theorem 2.2 [4]:
Let (X,7,E) be asoft topological space and (F,E), (G, E) softsetsover X . Then
(1) int(®) =@ and int(X) = X.
(2) int(F,E) & (F,E).
(3) (F,E) isasoft open setifand only if (F,E) =int(F,E).
(4) int(int(F,E)) =int(F,E).
(5) (F,E) & (G,E) implies int(F,E) £ int(G,E).
6) int((F,E)~(G,E)) =int(F,E) A int(G, E).
(7) int((F,E)O(G,E)) 2int(F,E) Dint(G, E).

Throughout the paper, the spaces X and Y (or (X,7,E) and (Y,v,K)) stand for soft topological spaces
assumed unless stated otherwise.

Definition 2.11:
Let (X,7,E) be asoft topological space. A soft set (F, E) is called
(1) a soft semiopen setin X [3]if (F,E) &cl(int(F,E)),
(2) a soft preopen setin X [2]if (F,E) Zint(cl(F,E)),
(3)asoft a -opensetin X [1]if (F,E) & int(cl(int(F,E))),
(4)asoft B-opensetin X [5]if (F,E) & cl(int(cl(F,E))),
(5) a soft regular open setin X [12]if (F,E) =int(cl(F,E)),
(6) asoft A-setin X [11]if (F,E)=(G,E)\(H,E), where (G, E) isa soft open setand (H,E)
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is a soft regular open setin X ,

(7)asoft t-setin X [11]if int(cl(F,E)) =int(F,E),

(8) asoft B-setin X [11]if (F,E)=(G,E)~A(H,E), where (G,E) isasoftopensetand (H,E)
isasoft t-setin X .

The relative complement of a soft semiopen (soft preopen, soft ¢ -open, soft /3 -open, soft regular open) set is called
a soft semiclosed (soft preclosed, soft o -closed, soft 3 -closed, soft regular closed) set.

We will denote the family of all soft semiopen sets (resp., soft preopen sets, soft ¢ -open sets, soft 3 -open sets, soft
regular open sets, soft A-sets and soft B-sets) of a soft topological space (X,7,E) by SSOS(X) (resp.,
SPOS(X), SaOS(X), SBOS(X), SROS(X), SAS(X) and SBS(X)).

Remark 2.1:
In a soft topological space (X,7,E);

(1) every soft open set is a soft ¢ -open set [1],

(2) every soft « -open set is soft preopen and soft semiopen [1],
(3) every soft regular open set is soft open [12],

(4) every soft open set is a soft A-set [11],

(5) every soft A-set is soft semiopen [11],

(6) every soft open set is a soft B-set [11],

(7) every soft A-set is a soft B-set [11].

Lemma 2.1 [5]:
Let (X,7,E) beasoft topological space and (F,E) and (G, E) be two softsets over X . Ifeither (F,E) is
soft semiopen or (G, E) is soft semiopen, then

int(cl((F, E) A (G, E))) = int(cl(F, E)) Aint(cl (G, E)).

Definition 2.12 [6]:
Let SS(X). and SS(Y), be families of soft sets, U: X —Y and p:E — K be mappings. Then the
mapping f , :SS(X)g — SS(Y) is defined as:

(1) et (F,E)eSS(X). . The image of (F,E) under f, . writen as
f.(F E)=(f,(F),p(E)),isasoftsetin SS(Y), such that

fu (F)(Y) = {Uxep%y)ﬁA“(F(X», P (y)“‘_‘i Qf}
I, otherwise

forall ye K.
(2) Let (G,K)eSS(Y), . The inverse image of (G,K) under f. . writen as

fp’ul(G, K)= (fp’ul(G), p*(K)),isasoft setin SS(X) such that
uH(G(p()), P(X)e K}

I, otherwise

f o (G)(X) ={

forall xXe E.
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Definition 2.13:
Let (X,7,E) and (Y,v,K) be soft topological spaces and f, 1 SS(X)g — SS(Y), be a function. Then

f,, iscalled

(1) soft continuous [13] if for each (G,K) e v we have fp’u1 G,K)er,

(2) soft semicontinuous [7] if for each (G, K) € SOS(Y) we have fp’ul(G, K) € SSOS(X),
(3) soft « -continuous [1] if for each (G, K) € SOS(Y) we have fp’ul(G, K) e SaOS(X),
(4) soft precontinuous [1] if for each (G, K) € SOS(Y) we have fp’u1 (G,K) e SPOS(X),
(5) soft f3 -continuous [5] if for each (G,K) € SOS(Y) we have fp’ul(G, K) e SBOS(X),
(6) soft A-continuous [11] if for each (G,K) e SOS(Y), fp’l(G, K) isasoft A-setin X,

(7) soft B-continuous [11] if for each (G, K) € SOS(Y), fp’ul(G, K) isasoft B-setin X .
Remark 2.2:
Let (X,7,E) and (Y,v,K) be soft topological spaces and f, :SS(X)g — SS(Y ), be a function. Then,

(1) every soft continuous function is soft ¢ -continuous [1],

(2) every soft & -continuous function is soft semicontinuous and soft precontinuous [1],
(3) every soft continuous function is soft A-continuous [11],

(4) every soft A-continuous function is soft semicontinuous [11],

(5) every soft continuous function is soft B-continuous [11],

(6) every soft A-continuous function is soft B-continuous [11].

I1l. SOFT C-SETS

Definition 3.1:

Let (X,7,E) be asoft topological space. A soft set (F,E) iscalledasoft ¢ -setin X if
int(cl(int(F,E))) =int(F,E).

Proposition 3.1:

Let (X,7,E) be a soft topological space. Then the following are equivalent for a soft set (F,E) over X :
(i) (F,E) isasoft o -setin X,
(if) (F,E) issoft S -closed,
(iii) int(F, E) is soft regular open.

Proof: The proof is obvious.
Proposition 3.2:
Let (X,7,E) be asoft topological space and (F,E) beasoftsetover X .If (F,E) isasoft t-set, then

(F,E) isasoft a"-set.

Proof: Let (F,E) be a soft t-set and
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int(cl(int(F, E))) = int(cI (F, E)) = int(F, E).

Hence we obtain (F,E) isasoft o -setin X .

Remark 3.1:
The converse of Proposition 3.2 is not true in general as shown in the following example.

Example 3.1:
Let X ={x,X,,%;,%,}, E={e,,6,} and ¢ ={®, X,(F,E),(F,,E),...,(F,,E)} where
(F,E),(F,,E),...,(F,;,E) aresoft sets over X, defined as follows:
(F. E) ={(e,.{x}), (&, {x )},
(F,, E) ={(e,.{x.}), (., {x. 1}
(Fs, E) ={(e,. {x, .}, (&2, {x, X, )}
(Fyr B) ={(80, 1%, X2, X:3), (€2, 1%, XD
(Fs, BE) ={(e 1% %0 X, D), (85, 1% X5, X, 1)
(Fs, E) ={(e1.{x;}). (&,,9)}
(F, B) ={(e,{x, %.}). (&, {x, D},
(R, E) ={(e. {x,, %,. %:3), (&, {%., %, X 1
(Fg, E) ={(e,, X), (&,.,{X, X,, X, 1)},
(Fo, E) ={(e,. {x. %,3). (&, {X, %, X: 1)}
(Fu, B) ={(&,,{x, .}, (&, 1%, X: )}
Then 7 defines a soft topology on X and thus (X,7, E) is a soft topological space over X .

Let (G,E) be a soft set over X such that (G,E)={(e,{x,x}).(e,.{X,,x;})} . Since
int(G, E) = int(cl(int(G,E))), (G,E) isasoft «"-set but not a soft t-set.

Proposition 3.3:
Let (X,7,E) beasofttopological space and (F,E) beasoftsetover X . Thenasoft semiopenset (F,E) isa
soft t-set ifand only if (F,E) isasoft o -set.

Proof: Let (F,E) be a soft semiopen set and asoft « " -set. Since (F, E) is soft semiopen

cl(int(F,E)) =cl(F,E) andhence int(cl(F, E)) =int(cl(int(F,E)))=int(F, E). Therefore (F,E)
is a soft t-set.

Conversely, let (F,E) be a soft semiopen set and a soft t-set. Since (F,E) is soft semiopen
int(F, E) S int(cl(int(F, E))) and since (F,E) is a soft t-set
int(F,E) =int(cl(F,E)) 2int(cl(int(F,E))) . Hence we obtain (F,E) isasoft o -set.

Proposition 3.4:
Let (X,7,E) be asoft topological space and (F,E) beasoftsetover X .Then (F,E) issoft & -openanda
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soft o -setifandonlyif (F,E) is soft regular open.

Proof: Let (F,E) besoft o -open andasoft o -set. By Proposition 3.1 and the definition of a soft ¢ -open set,
we have int(cl(int(F,E))) = (F,E) andhence int(cl(F,E)) = int(cl(int(F,E))) = (F,E). The
converse is obvious.

Remark 3.2:
Let (X,7,E) be a soft topological space. The following example shows that
i) asoft open set need not be a soft " -set,

ii) the notion of soft « -open sets is different from that of soft o -sets.

Example 3.2:

Let X ={X,X,,%}, E={e,e,} and 7 ={®, X,(F,, E),(F,,E),(F,,E)} where
(F,E),(F,,E),(F;,E) aresoft setsover X, defined as follows:

(F, E) ={(e;.{x}). (e, {x D},
(F,, BE) ={(&,, {x.}), (e,,{:. D},
(F5, E) ={(e,. {x,, ;1) (&, {x., X, })}-

Then 7 defines a soft topology on X and thus (X,7,E) is a soft topological space over X . Since
int(cl(int(F,,E))) = X #int(F,,E), (F,,E) isnotasoft a"-set but a soft open set.

Example 3.3:
Let X ={X,X,,%} and E ={e,e,}. Let us take the soft topology 7 on X andthesoftset (F;,E) in

Example 3.2. (F;, E) isasoft o -open setsince every soft open setis soft « -open. But (F,, E) isnotasoft «”
-set by Example 3.2.

Example 3.4:

Let X ={X,,X,,%;,X,} and E ={e;,e,}. Letus take the soft topology 7 on X in Example3.1. Let (G, E)
be a soft set over X suchthat (G, E) ={(e,,{X;, X, }). (&,,{X,})}. Since

int(cl(int(G,E))) =® =int(G,E), (G,E) isasoft a"-set. But (G, E) isnotasoft o -open set.

Remark 3.3:

The union of two soft " -sets need not to be a soft " -set, as shown in the following example.

Example 3.5:
Let X ={X,X,,%} and E ={e,e,}. Let us take the soft topology 7 on X and thesoftsets (F,, E) and
(F,,E) inExample 3.2. Clearly, (F,E) and (F,,E) aresoft «”-setsin (X,z,E) but (F,E)O(F,, E)

is not a soft o -set.
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Proposition 3.5:

Avrbitrary intersection of soft « " -sets is a soft o -set.

Proof: Let {(F,E):ie 1} bea collection of soft & -sets. Then for each i€,

int(cl (int(F., E))) = int(F,, E).

Now
Aint(F, E) = Aint(cl (int(F, E))
int(A(F, E)) = int(Acl(int(F,, E))
- int(cl(ir;\I int(F, E)))
= int(cl(int(A(F,, E)))).
Also

int(A(F,, E)) & el (int(A(F;, E)))
int(int(A(F;, ) & int(cl (int(A(F,, E))))
int(A(F,, E)) & int(cl (int(A(F;, E)))).

Hence we obtain int(ﬁl(Fi,E)):int(cl(int(f?(Fi,E)))) and so ﬁl(Fi,E) isasoft a " -set.

Definition 3.2:
Let (X,7,E) beasoft topological space. Asoftset (F,E) iscalled soft C-setin X if there exist a soft open set

(G,E) andasoft a”-set (H,E) suchthat (F,E)=(G,E)~(H,E).

Proposition 3.6:
Let (X,7,E) be a soft topological space. Then every soft " -set is a soft C-set and every soft open set is a soft
C-set.

Proof: Since X is both a soft open set and a soft « " -set, the proof is obvious.

Remark 3.4:
The converse of Proposition 3.6 is not true in general as shown in the following example.

Example 3.6:
Let X ={X,X,,%;,X,} and E ={e,,e,}. Letus take the soft topology 7 on X and thesoftset (F;,E) in

Example 3.1. Since (F;,E) =(F,,E)A X suchthat (F,,E) is soft open and X isasoft a"-set, (F,E) is

a soft C-set but not a soft " -set.

Example 3.7:
Let X ={X,X,,%;,X,} and E ={e;,e,}. Letus take the soft topology 7 on X and the soft set
(G,E) ={(e,,{x,, X, 1), (e,,{X,, X, })} in Example 3.1. Since (G, E) isasoft " -set, (G, E) isa soft C-set

but not soft open.
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Proposition 3.7:
In a soft topological space (X,7, E), every soft B-set is a soft C-set.

Proof: By Proposition 3.2, every soft t-set is a soft ¢ -set. Hence we obtain every soft B-set is a soft C-set.

Remark 3.5:
The converse of Proposition 3.7 is not true in general as shown in the following example.

Example 3.8:

Let X ={X,,X,,%} and E ={e,e,}. Let us take the soft topology 7 on X inExample 3.2. Let (G,E) be
asoftsetover X suchthat (G, E) ={(e,,{X;}),(&,,{X,, X;})}. Since int(cl(int(G, E))) =int(G,E),
(G,E) isasoft a-setandsoitisa soft C-set. But (G, E) isnota soft t-set, since int(cl(G, E)) = int(G, E)
andso (G, E) isnot a soft B-set.

Remark 3.6:
Let (X,7,E) be a soft topological space. The notion of soft o -open sets is different from that of soft C-sets.

The following examples show that a soft C-set need not be a soft ¢ -open set and a soft ¢ -open set need not be a soft
C-set.

Example 3.9:

Let X ={X,,X,,X;,X,} and E ={e ,e,}. Let us take the soft topology 7 on X inExample 3.1 and the soft
set (G,E) ={(e;,{x5,%,}),(e,,{X,})} inExample3.4. (G,E) isasoft & -setby Example 3.4. Also,

(G,E) isasoft C-set since every soft « " -set is a soft C-set. But (G, E) isnotasoft o -open set.

Example 3.10:

Let X ={x,%,, %}, E={e,,&,} and 7 ={®, X, (F,E)} where (F,E) isasoftsetover X , defined as
follows:

(F,B) ={(e,, {x.3), (&, G}

Then 7 defines a soft topology on X and thus (X,7, E) is a soft topological space over X .
Let (G,E) be a soft set over X such that (G,E)={(e,,{x,%}), (& {X}} . Since
(G,E) &int(cl(int(G,E))) = X, (G,E) isasoft a -open set but not a soft C-set.

Proposition 3.8:

Let (X,7,E) beasoft topological space. Asoftset (F,E) over X issoftopenifand onlyifitisasoft & -open
set and a soft C-set.

Proof: By Proposition 3.6 and Remark 2.1, every soft open set is a soft C-set and a soft ¢ -open set. Let (F,E)
be a soft C-set and a soft ¢ -open set. Since (F,E) isasoft C-set, (F,E)=(G,E)~(H,E) where
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(G,E) issoftopenand (H,E) isasoft o -set. Since (F,E) isasoft « -open set, by using Lemma 2.1,
we have
(F,E) &int(cl(int(F, E)))
= int(cl(int((G, E) A (H, E))))
= int(cl(G, E)) Aint(cl(int(H, E)))
= int(cl(G, E)) Aint(H, E)
and hence
(F,E)=(G,E)A(F,E)
c (G,E)A(int(cl(G,E))Aint(H,E))
=(G,E)Aint(H,E)
c (F,E).

Consequently, we obtain (F,E) = (G,E)Aint(H,E) andthus (F,E) is soft open.

We have implications as shown in FIGURE 1 for a soft topological space (X,7,E).

soft openset — soft o —open set
2 0 0
soft A—set — soft semiopen set soft preopen set
2
soft B—set
2
soft C —set
FIGURE 1

IV. DECOMPOSITION OF SOFT CONTINUITY

Definition 4.1:
Let (X,7,E) and (Y,v,K) be soft topological spaces. Let U: X —Y and p:E — K be mappings. Let
fou 1SS(X)g — SS(Y), bea function. Then the function f, is called soft C-continuous if for each

(G,K) e SOS(Y), fp’l(G,K) is a soft C-setin X .

u

Proposition 4.1:
Every soft B-continuous function is soft C-continuous.

Proof: The proof easily follows from Proposition 3.7.

Remark 4.1:
The converse of implication in Proposition 4.1 is not true, which is clear from the following example.

Example 4.1:
Let X ={x, %, %} Y ={y;. ¥, ¥.}, E={e, ), K={k,k},
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t={®, X,(F,E),(F,,E),(F,,E)} inExample 3.2, v ={®,Y,(H,K)} such that
(H, K) ={(k.{y.}), (k,,{y;, ¥.})} and (X,7,E) and (Y,v,K) be soft topological spaces.
Define U: X Y and p:E—>K as
U(%) =€ysh U0%,) = {y,1 u0) =y} and pe) =k}, pley) ={k}-
Let f,:SS(X)g > SS(Y), be a function. Then (H,K) is soft open in Y and

fp’l(H ,K) = (G,E) ={(e,,{X:}), (&,,{X., X3 })} is a soft C-set but not a soft B-set in X by Example 3.8.

u

Therefore, fpLI is a soft C-continuous function but not soft B-continuous.

Theorem 4.1:
Let (X,7,E) and (Y,v,K) be soft topological spaces and f, 1 SS(X)g — SS(Y), be a function. Then

fpLI is a soft continuous function if and only if it is soft ¢ -continuous and soft C-continuous.

Proof: This is an immediate consequence of Proposition 3.6 and 3.8.

We have implications as shown in FIGURE 2.

soft continuity — soft o —continuity
2 0 O
soft A—continuity — soft semicontinuity soft precontinuity
2
soft B —continuity
2

soft C —continuity

FIGURE 2

V. CONCLUSION

In the present study, we have introduced soft ¢" -sets and soft C-sets in soft topological spaces which are defined over
an initial universe with a fixed set of parameters. We have presented their basic properties with the help of some
counterexamples. Also, we have introduced soft C-continuous functions and we have obtained a new decomposition of
soft continuity. We expect that results in this paper will be helpfull for further applications in soft topological spaces.
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