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Abstract:

We search for the ranks of Triangular, Pentagonal, Hexagonal number, Heptagonal numbers
such that each of these M-gonal number - 3= a perfect square and the ranks of Triangular, Pentagonal,
Hexagonal, Heptagonal, Octagonal and Nanogonal such that each of these M-gonal number + 3= a
perfect square.
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1. Introduction:

Number is the essence of mathematical calculation. Variety of numbers have variety
of range and richness, Many numbers exhibit fascinating properties, they form sequences,
they form patterns and so on [1]. In [3] explicit formulas for the ranks of triangular numbers
which are equal to Pentagonal, Octagonal, Decagonal and Dodecagonal numbers in turn are
presented. In this context one may refer [4-8]. In this communication, we make an attempt to
obtain the ranks of Triangular, Pentagonal, Hexagonal number, Heptagonal numbers such
that each of these M-gonal number - 3= a perfect square and the ranks of Triangular,
Pentagonal, Hexagonal, Heptagonal, Octagonal and Nanogonal such that each of these
M-gonal number + 3= a perfect square. Also the recurrence relations satisfied by the ranks of
each of these M-gonal numbers are presented.

Method of Analysis
Pattern 1:

Denoting the rank of the nt" Triangular number to be A, the identity,

Triangular number -3 = x? 1)
is written as

y2 =8x% +25 2)
where y=2A+1 3)
whose initial solutionis x; =1,y, =3 (4)

Let (%o, Yo ) be the general solution of the Pellian
y? =8x%+1 (5)

where X = %[(Bﬁtx/g)w —(3—\/§)S+1j

Ys = g[(sﬂ/é)”l +(3—\/§)S+1j, s=01...

Inview of (3), the ranks of Triangular number is given by
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1 s+1 s+1
A =ZH(3+\/§) +(3-+8) )—2}, s=0,12..

and the corresponding recurrence relation is found to be
Ap =6A —A+2

In a similar manner, we present below the ranks of Pentagonal, Hexagonal and
Heptagonal numbers in tabular form

S. M-Gonal General form of ranks
No | number

1 Esngfr(‘g') 825_1=%((5+\/ﬂ)zs(13+2@)+(5—ﬂ)25(13—2ﬂ)+2j,s=1,2---

2 Hexagonal

number (C) Cosa = %{5((3+ \/g)Zs +(3—x/§)25j+ 2} ,s=12...

3 Heptagonal

number (D) Dys_1 = 2%[(19 +3\/E)25 (13+\/E)+ (19 —3@)25 (13—\/5) + 6) s=12..

The recurrence relations satisfied by the ranks of each the M-Gonal numbers
presented in the table above are as follows

S.NO | RECURRENCE RELATIONS

BZs+3 = 98825+1 - BZs—l -16
C25+3 = 6C23+1 - C23—1 -1
D25+3 =1442 D25+1 - D25—1 —432

Pattern 2:
Denoting the rank of the nth Pentagonal number to be B, the identity,
Pentagonal number + 3= x? (6)
is written as
y2 =24x% -71 )
where y=6B-1 (8)
whose initial solutionis X, =2,yy=5 9)

Let (%o, Yo ) be the general solution of the Pellian
y? =24x% +1 (10)

where X, =ﬁ((5+\/ﬂ)5+1_(5_m)5+1j
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5 1 s+l s+l
ys=5[(5+\/24) +(5-+/24) j s=0,1,...

Applying Brahmagupta’s lemma [2] between the solutions (xO, yO) and ()?S, )73) the
sequence of values of x and y satisfying equation (7) is given by

X, =ﬁ[(5+\/ﬂ)w(5+2@)—(5—@)5”(5—2@))

1 1
Y, =%((5+Jﬂ)s+ (5+2v24)+(5-24)" (5—@)), s=01...
Inview of (8), the ranks of Pentagonal number is given by

By 1 :%((5+m)25, (5+ 2ﬂ)+(5—\/ﬂ)25(5—2\/ﬂ)+2) s=12..

and the corresponding recurrence relation is found to be
Bys.3 =98Byg,1 —Bys 1 —16

In a similar manner, we present below the ranks of Pentagonal, Hexagonal and
Heptagonal numbers in tabular form

S. M-Gonal General form of ranks
No | number

' Iﬂm%r"?{\) AS=%[5((3+\/§)5+1+(3—J§)s+1j—2]s=1,2...

2 :'5;%%?”(2) Cosa :%[(3+\/§)25 (7+3\/§)+(3—x/§)25 (7—3\/§)+2]s=1,2...

3 | Heptagonal DZS_l=2io((19+3\%)25(7+2\/E)+(19—3\/E)25(7-2@)%)s=1,2...

number (D)

* Sucrfggrn?ilz) Eosa Z%((ZJF\@)ZS(2+2\@)+(2—x@)25(2—2\@)+2j s=12..

5. | Nanogonal 1 o+l s+l B
number (F) FS—Z—B[(15+2\/5_6) (9 + 2/56) + (15 — 24/56) (9—2\/%)+1o]s_0,1,2...

The recurrence relations satisfied by the ranks of each the M-Gonal numbers
presented in the table above are as follows

S.NO | RECURRENCE RELATIONS

Ap =6A —A+2
C25+3 = 34C25+1 - C25—1 -8
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3 D25+3 =1442 D25+1 - D25—1 - 432
E25+3 = 140E23+1 - E25—1 -4
Fsop =30F,; —F -10

Conclusion:

To conclude, one may search for the other M-gonal numbers satisfying the relation

under consideration.
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