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Abstract— In this paper we will present some inequality on some subsequence of the sequence of prime numbers such 

that 11(mod 2 )k , where k  is positive integer. We prove that for every positive integer k  there exists a positive constant 

real number 
k , such that for every real number 

k  , there exists a natural number n , such that for every natural 

number n n , it is true the inequality 
1 2 2

n
ki kn

k k
i ki

p p

p n






 

 , where 
knp  is the n -th prime number 11(mod 2 )k . The 

constant 
k  is equal with 

1 22 (2 , 1) 2k k k
kM

e
  

, where 1(2 ,1)kM   is the Merten’s constant and 
k  is the sum of the 

convergent series 
11(mod 2 )

1

( 2 )k
k

p p p 
 . We find approximate values of constant 

1  and 
2 . 
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I. INTRODUCTION 

Let’s note 1 2 3, , ,k k kp p p  the subsequence of the sequence of prime numbers, such that 
11(mod 2 )k . In this way for 

1k   we have the subsequence of the sequence of prime numbers 11 12 13, , ,p p p , such that 1(mod 4) , namely 

5,13,17, 29, 37, . Also, for 2k   we have the subsequence of the sequence of prime numbers 21 22 23, , ,p p p , such 

that 1(mod8) , namely 17, 41, 73, 89, 97, . 

We will show that for every positive integer k  there exists a positive constant real number k , such that for every real 

number k  , there exists a natural number n , such that for every natural number n n , it is true the inequality 

1

1 2 2 2

k kn kn

k k k

k kn

p p p
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  
. 

   We will show that 
11(mod2 )

1

( 2 )k
k

p p p 
  is convergent and if we note k  its sum, then 

1 22 (2 ,1) 2k k k
kM

k e


  
 , 

where 
1(2 ,1)kM 

 is Merten’s constant.  

   We find that 1 0.0822  , 2 0.0059   and since (4,1) 0.2867M   , (8,1) 0.2864M   , then the approximate 

values of the constant real numbers 1  and 2  are: 

12 (4,1) 4

1 0.783
M

e
 

    

and  

24 (8,1) 16

2 0.3495
M

e
 

  . 

II. PROVE THE INEQUALITY 

We note that in general, the method which we use to prove the inequality is the same method we used in prove the inequality 

with prime numbers in [1].  

Let’s k  positive integer. For every positive real number x  we have known inequality 1 xx e  . Since for every prime 

number kip  we have  
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, then for every index n  it is true the inequality 
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From the identity 
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we have 
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consequently, based on (1) for every natural number n  it is true the inequality: 
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Let’s prove now that the series 
1

( 2 )k

ki kip p 
  is convergent. Indeed, since the terms of the series are positive and since 

for every natural number n  we have: 
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then its partial sums are upper bounded, consequently this series is convergent. Let’s note 

11(mod2 )

1
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From Dirichlet theorem [2] we have 
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where 
1(2 ,1)kM 

 is Merten’s constant [3]. Since 
1(2 ) 2k k   , then based on (2) for every natural number n  it is true the 

inequality 
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otherwise, for every natural number n  it is true the inequality  
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   Let’s now consider a real number  , such that 
k  . 

   Since 
1
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From  theorem of distribution of prime number in arithmetic progressions [4] we have 
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Consequently, from (4) and (5) we have 
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Moreover, since k   we can write 

1
2

ln
2 ln

lim 1

k

kn

O
p k

k kn k

n
kn

e n p

p

 


 

 
  
 



   
  


. 

Then, for 1    there exists a natural number n , such that for every natural number n n , it is true the inequality 
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Thus, for every natural number n n  it is true the inequality 
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or otherwise 
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Finally, by (3) and (6) we can say that: there exists a natural number n , such that for every natural number n n , is true 

the inequality 
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   Let’s find now the approximated values of constants k  for 1k   and 2k  . 

   For 1k   we have: 
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consequently we have 

12 (4,1) 4 0.2446

1 0.783
M

e e
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   For 2k   we have: 
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and from [5] 
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consequently we have 

24 (8,1) 16 1.0512
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Note.   

For 0k   we get the constant 0 2.812    for which have spoken in [1]. 
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