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Abstract— We define two new sequences, namely Farey N-Subsequence and Modified Farey N-Subsequence. Also, we introduce the
concept of Farey graph and Farey matrix from Farey sequence and present a few observations.
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I. INTRODUCTION
Farey fractions are often better suited than regular continued fractions in all kind of approximation problems. They are a useful tool in a

variety of domains, especially in the circle method (started by Hardy and Littlewood in the early 1920’s and significantly enhanced over the
years, and in the rational approximation to irrationals.

The Farey Sequence in mathematics is a sequence in which you are able to find all fractions that are larger than 0 but less than 1.
The FareyN-subsequence is obtained from Farey sequence in [0, 1] by a sequence of deletions of fractions except the fractions whose

denominatorsare equal to the order of their size. The cardinality of Farey sequenceis|Fy| =1 + ZjV:1 @ (j), the cardinality of Farey N-

subsequence is |Fy| = ¢(N) and the cardinality of modified reduced Farey sequence is |F1(‘,4| = @.

The Farey graph is formed from Farey sequence and the Farey matrix from Farey graphs..

Farey sequence
The sequence of all reduced fractions with denominators not exceeding N listed in order of their size is called the Farey sequence of
order N.

For example:- The Farey Sequence of order 5 is

0 1 1 1 2 1 3 2 3 4 1
Fs—[;<§<z<§<§<z<§<§<z<§<;]

FareyN-Subsequence(Fy)

The subsequence of a Farey sequence of order N whose denominators is equal to N is named as Farey N-subsequence(Fy,).

(F&)={%/0SuiSN,OSiSN}

For example:
N0l o2 3421
(FS)_[1<5<5<5<5<1]and
(F’)—[0<1<5<1]
71176 "6 1

ModifiedFareyN-Subsequence(F
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The ratio of terms in FareyN-Subsequence equidistant from the ends is called modified Farey fractions.In symbols,

N-i

Clearly uy_; + u; = N and (uy_;,u;) = 1. Itis called Modified FareyN-Subsequence.

Theorem:
For all primesp > 3, the sum of reciprocal of fractions in modified Farey sequence is

ser ot ere -2

Where y = 0.5772156649 is the Euler Mascheroni constant.

Proof:

welotl el

Example:
The Farey 11-Subsequence is
(Fiy=[<tciciactaiatalc o2l
1 11 11 11 11 11 11 11 11 11 11 1
The corresponding modifiedFarey subsequence is derived from (Fj, ).
2 3 4 5]

w%—[1<<<< <
177110 "9 "8 "7 6

Then the reciprocal sum of modified Farey subsequence is(% + % + g + % + g) = 20.12.

By using the equation

55p[ln<p;1)+y+p%1]—@

the approximate value of the reciprocal sum of modified Farey subsequence § = 20.15.

Proposition:

Consider the reciprocal of the set of all fractions in modified Farey sequence of order p and all the fractions are in the form ﬂ

Ui

In modified Farey subsequence of order N, where N is a prime the fraction is such that uy_; = —u;(modN)and the sum of the

fraction is equal to — (@).

Proof:
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V= ~ Un—i
- T(—1)
=1
=)
2

Theorem:
The sum of Farey fractions in Farey Sequence on [0, 1] satisfy the recurrence relation
Sy =Sua + 52N > 2;
Proof:
Let Sydenotes the sum of the Farey fractions of order N. Proof by induction.

Trivially, S; =1

?(2)
52 - Sl + T
Sy=5+22
Assume the result forN = k
P(k
Sk = Sk—l + %

Seer =M1+ M2+ M+ Mieyr
N, —Sum of the fractions in Farey k-subsequence.

Skr1=S1+ M2+ + 0+ My
k+1

=5+ Z’?i
i=2

k+1 .
i=2

0@ ,00) | 000 0k+D)
2 2 2 2

0@) . 009, 00ct1)
2 2 2

0w | .00 00ery
2 2 2

251+

Continuing this process, we get

Bk +1)

S =S
k+1 kt+ 2

Hence it is true for N
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o(N
Sy =Sy-1+ Q
2
Results:
o T [ w
1. In modifiedFarey subsequence of order N, the fraction - — with uy_; = —u;(modN) then the product [; u—‘ =
N-i N-i

1; N—12is even—1;N—12is odd

2. Inamodified Farey subsequence of prime order N ,the product of the reciprocal fraction]]7-, % =(n- l)C(n—l)
t T2

(N—1)!

NN-1 °

3. If N is prime, the product of fractions in Farey N subsequence is equal to

4. The sum of Farey fractions in Farey Sequence on [0, 1] is

Farey Graph:
X = (x4, %2, %3, ., X).Y = (1, Y2, 3, ..., Yo )Wherex;,y; € Fy[0,1]. The Farey graph is a graph of vertices (x;,y;) and it forms a

grid whose graphical representation is as given below.

v A
¥n ™ (Xaysn). . . . (X ¥n) (Xa-1,¥n)  (Xaya)
¥Yna p—
Y& e oand . - - (Xx yi) (Xa1.3%)  (Xuy)
o (x2y2). . . (X y2) (Xa-1.y2) (Xay2)
L B A ) & 1) L) >
(X371). X0 X% NG M pensrense-araassuas. wsssasesasnas XM somm: | sassasms:ansnacansapssssasnass- savare ikt XN X
FAREY GRAPH

Farey Matrix:
A Farey matrix denoted by FM is defined as the square matrix of order n, whose elements are the sum of Farey fractions in the

Farey graph. In other words,
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X1+y1 Xx1+Yy2 - xyt+y,
Xpg+Y1 X2tY2 - xp+

FMo=1" R =),
XntYV1 Xpt+Y2 0 Xpt+Yn

Observations:
1. Farey matrix is always symmetric.
2. The order of the matrix is equal to the cardinality of Farey sequence.

N
=Ryl =1+ ¢()
=1

3. InFareygraph, the fractionsx; = y; whenever i = j.

Theorem:

The sum of the fractions (row sum or column sum) in Farey matrix is equal to the square of the dimension of the matrix.
Proof:

The Farey matrix,

X1+y1 x1+y2 o ox;t+y,
puo = R T
Xnt+Y1 XptYy2 0 Xpt Y

Where x; € Fy, y; € Fyandi = 1,2,...,n,j = 1,2,..,n.
SinceAg,is symmetric the sum of row fractions and column fractions are equal.

Sum of all Farey fractions in this matrix is

n

n= iZ[xi +j]

i=1j=1
n n n
= Dbl ) Lyl et ) i3]
i=1 i=1 i=1

=n[x + 2+t xn + Yy o+ Y] = n[25y]

n=n?
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Numerical Illustration:
The sum of the fractions in Farey matrix of order 11 is equal to 112 = 121.
Solution:

Consder the Farey matrix of order 11

) 1 11 2 1 3 2 34 L]
5 4 3 5 2 5 3 45

1 2 9 8 3 7 4 13 19 . 6
5 5 20 15 5 10 5 15 20 5
1 9 1 7 13 3 17 11 21 §
220 2 12 20 2 20 12 ! 30 3
18 7 2 11 5 14 , 1817 4
315 12 3 15 6 15 12 15 3
2 3 1311 4 9 16 23 6 7
5 5 20 15 5 10 15 20 5 5

=17 3 539 17 5133
2 10 4 6 10 10 6 4 10 2
3 4 1p M . 11 6 19 27 7 8
22 L 15 10 5 15 20 5 5
5 5 20 16 7 19 4 17 22 5
2 13 11 1 — = —= - L 22 2
- = = 15 6 15 3 12 15 3
3 15 12 13 23 5 27 17 3 31
3 19 1 —= 22 2 £ 22 2 7
> - 5 12 20 4 20 12 2 20 =
2210517 6 13 7 22 31 83
- 6 5 15 5 10 5 15 20 5 =
5 2 2 4 7 3 8 5 7 9 5
1 5 4 - - - - - - Z 2
] 3 5 2 5 3 4 5 -l

In this matrix,
The sum of the fraction inFM =2+ 72 433 435499 4 qq ¢ 120 77 55, 143 1 33 112 — 121,
2 10 4 6 10 10 6 4 10 2

From the above illustration, it is noted thatin aFarey matrix,
1. The sum of the Fractions in middle row (column) is equal to the order of the matrix.
2. The sum of fractions with equidistant from middle to the left and right rows (columns) is equal to twice the order of the matrix.

Conclusion:
In this paper we have introduce two new sequences, from the concept of two new sequences, Also, Farey graph and Farey matrix are

introduced. To conclude, one may search for the other properties of Farey matrices.
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