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Abstract - Let G be a graph and f: V(G) —»{1,2,3,... ,p + q} be an injection. For

each edge e = uv, the induced edge labeling f * is defined as follows:

M, if f(u)+ f(v)is even
MO 2 f
(U)+2 W +1 if £ (u)+ f (v) is odd.

Then f is called super mean labeling if f (V(G)) u{f *(e) : e € E(G)}={1, 2,... ,p+q}.
A graph that admits a super mean labeling is called super mean graph. In this paper,
we establish the supermeanness of the graphs H, © mKj, T,OKj, QnOKjy, Cy + vivs
(n >5),T(Cp) and slanting ladder SL, forn= 2, n#3t+1,¢> 1.
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1. Introduction

Throughout this paper, by a graph we mean a finite, undirected and simple
graph. Let G(V, E) be a graph with p vertices and q edges. For notations and
terminology we follow [1].

The path on n vertices is denoted by P, and a cycle on n vertices is denoted
by C,. A triangular snake is obtained from a path by identifying each edge of the
path with an edge of the cycle Cs. The graph C,, + vyvs is obtained from the cycle C, :
ViVe ... Vpvp by adding an edge between the vertices v; and vs. The balloon of the
triangular snake T,(Cy,) is the graph obtained from C, by identifying an end vertex
of the basic path in T, at a vertex of Cn,. A quadrilateral snake is obtained from a
path by identifying each edge of the path with an edge of the cycle C4. If m number
of pendant vertices is attached at each vertex of G, then the resultant graph obtained
from G is the graph G O mK;. When m =1, G ® K is the corona of G. The H-graph
of a path P,, denoted by H, is the graph obtained from two copies of P,
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Vn+1
with vertices vi,Va,...,vy and ug,Usz,..., Uy by joining the vertices 2 and

un+1 v un

2 jf nis odd and the vertices %”and 2 ifnis even. The slanting ladder
SL, is a graph obtained from two paths uju; ... u, and vivy ... vy by
joining each u; with vi+1, 1 <i<n-1.

The concept of mean labeling was introduced and studied by
S.Somasundaram and R. Ponraj [4]. Some new families of mean graphs are
discussed in [9, 10]. The concept of super mean labeling was introduced and studied
by D. Ramya et al. [3]. Further some more results on super mean graphs are
discussed in [2, 5, 6, 7, 8].

In this paper, we establish the supermeanness of the graphs H, © mKj,
TaOKy, Qn®OKy, Cy + vivs, To(Cyy) and slanting ladder SL, forn =2, n£3t + 1, ¢ > 1.
A vertex labeling of G is an assignment f : V(G) —{1,2,3,... ,p + g} be an

injection. For a vertex labeling f, the induced edge labeling f *(e = uv) is defined by

T+ ) if f(u)+ f(v)is even
e= 2f
(U)+2 V+1 if f(u)+ f(v) is odd.

Then f is called super mean labeling if f (V(G)) u{f *(e) : e € E(G)}={1, 2,... ,p+q}.
Clearly f " is injective. A graph that admits a super mean labeling is called super
mean graph.

A super mean labeling of the graph K, 4 is shown in Figure 1.
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Figure 1.

2 Super Mean Graphs
Theorem 2.1. The graph H, © mKj is a super mean graph for all positive

integers m and n.
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Proof. Let uy, Uy,..., Uy and vy, Va,..., V, be the vertices on the path of length n — 1. Let

Xi. k and Vi k, 1 < k < m be the pendant vertices at u; and v; respectively, for 1<i<n.

The graph Hy®O mK; has 2n(m+1) vertices and 2n(m+1)-1edges.
Define f: V(H, © mK;) —{1, 2, 3,... ,p + g = 4n(m +1) - 1} as follows:

Forl <i <n,

[2(m+1)(-1)+1,

R Y]

f(u,)+2n(m+1) +2m,
f(v,)=3 f(u))+2n(m+1)—2m,
f(u;)+2n(m+1),

Forl <i<nand 1<k <m,
F(x k):{Z(erl)(? -1 +4k -1,
‘ 2(m+1)(i—2)+4k +1,
f (X, )+2n(m+1)—2m,
f(y)=1 f (X, )+2n(m+1)+2m,
f (X )+2n(m+1),

i isodd
i iseven
i isodd and nisodd

i is evenandnisodd
niseven

i isodd
i iseven
i isodd and nisodd

i is evenandnisodd
niseven

The induced edge labels are obtained as follows:

For1<i<n-1,

f"(u;u,,) =2i(m+1) and

Frvivig) = (U u)+2n(m+1).

For1<i<nand1<k<m,

f7(U; X, ) = 2(m+1)(i —1) + 2k

F7 v Yii) = £7(U; % ) +2n(m+1)

f (U, V,.,.)=2n(Mm+1)

2 2
f*(un+2 Vn) = 2n(m+1)
2 2

if nis odd

if nis even.

Thus, f is a super mean labeling of H, © mK;. Hence H, © mKj is a a super

mean graph for all positive integers m and n.
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For example, a super mean labeling of Hs ©4K; and H4,(O5K; are shown in

Figure 2.
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Figure 2.

Theorem 2.2. The graph T,®Kj is a super mean graph, for n >1.

Proof. Let uj, Uy,..., Upn, Uns1 be the vertices on the path of length nin T,
and let vj, 1< i < n be the vertices of T, in which v; is adjacent to u; and
Ui+1. Let vi'v; be the path attached at each v;, 1<i < n and u;'u; be the path

attached at each u;, 1< 1 < n+1. The graph T,(OKj has 4n + 2 vertices and

5n +1 edges.
Define f: V(T,OK1)—{1, 2, 3,... ,p + 9 =9n + 3} as follows:
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f(ui) = 9i-6, 1<i<n+l

f(vi) = 9i -4, 1<i<n

f(vi) = 9i-2, 1<i<n

f(u") = 9i -8, 1<i<n+l

For the vertex labeling f, the induced edge labeling f * is given as follows:

f*(uiti+1) = 91 -1, 1<i<n
f*(uivi) =91 -5, 1<i<n
*(viuis1) = 9i, 1<i<n
f*(vivi') =9i -3, 1<i<n
f*(uiju)= 9i - 7, 1<i<n+l.

Thus, f is a super mean labeling and hence T,(OKj is a super mean graph,
forn>1.

For example, a super mean labeling of Ts(OKj is shown in Figure 3.

38

Figure 3.

Theorem 2.3. The graph Q,(OK; is a super mean graph for n>1,
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Proof. Let uy,uy,..., Uy, Uns1 be the vertices on the path of length n in Qnand let v;
and w; be the vertices of Q, in which v; is adjacent to u; and w; is adjacent to U1,
for each i, 1 <i <n. Let vj'v;, wi'w; be the path attached at each v;,w; respectively
for each i, 1 <i <nand uj'uj be the path attached at each u;,1 <i <n+1.
The graph Q,(OK; has 6n + 2 vertices and 7n + 1 edges.
Define f: V (QnOK1) —{1, 2, 3,... ,p + g = 13n + 3} as follows:

f(u) = 3; f(u) = 13i-14, 2<i<n+l
f(vy) = 5; f(vi) = 13i-5, 2<i<n
f(wy) =14; f(w;i) = 13i-3, 2<i<n
f(u) =1; fu) =29 f) = 13i-10, 3<i<n+l
f(vi) =7, f(vi') = 13i-8, 2<i<n
f(w,) =16; f(w") = 13i+2, 2<i<n.
For the vertex labeling f, the induced edge labeling f " is given as follows:
f*(uvi) =13i-9, 1<i<n
f*(viwy) = 10
f*(viw;)) =13i -4, 2<i<n+l
f *(wyup) =13
f*(Wili+1) = 13i — 2, 2<i<n
f*(uup) =8
f*(ujlisg) = 13i - 7, 2<i<n
f(u'uy) =2
f*(uy'up) = 11
f*(ui'u) =13i+1, 3<i<n+l
f(vi'vi) =6
f*(vi'v;)) =13i-6, 2<i<n
f*(wy'wy) =15
f*(wi'w;) = 13i, 2<i<n.

Hence, f is a super mean labeling and hence Q,(OKj is a super mean graph for

n>1.

For example, a super mean labeling of Qs(OK; is shown in Figure 4.
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Theorem 2.4. The graph C,, + viv3is a super mean graph for n>5,

Proof. Let C, be a cycle with vertices vy, Va,..., V, and edges ey, €y,..., €, and e' be
the edges joining vivs. The graph C, + vyvs has n vertices and n +1 edges.

Define f: V(C, +vivs) — {1, 2, 3,... ,p + q=2n +1} as follows:

Case (i) : nis odd.

, i=1
. i=2
) i=3
f(v;)=+10, i=4
4i—5, P P
2
) n+3 .
4(n—i)+8, T+13|sn—1
9, i=n

For the vertex labeling f, the induced edge labels are obtained as follows:
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f*(viviy)=14i -3

f *(v,v;)=5 and
f*(v,v,)=8.

Case (ii): nis even.

f(Vi): 31’
4i -6,

4n-i)+9

For the vertex labeling f, the induced edge labels are obtained as follows:

f *(Vivi+1) =17,

f*(v,v;)=5 and
f*(v,v,)=8.

Hence, f is a super mean labeling and hence C, +vyv3 is a super mean graph

for n >5.
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For example, a super mean labeling of Cg+ viv3 and Cg+ vivz are shown in

Figure 5.
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Theorem 2.5. If C, is a super mean graph, then T,(Cy) is also a super
mean graph for n >1.

Proof. Let f be a super mean labeling of C,(m # 4) with vertices uj, Up,..., Un.
Let ug, Uz,..., Um, V1, V2,..., Vi, Vn+1 @NA W1, Wo,..., W, be the vertices of Tn(Cy,). The
graph T,(Cp) has m + 2n vertices and m + 3n edges.

We define g : V (Tn(Cn)) ={1, 2, 3,... ,p + g = 2m + 5n} as follows:

g(ui) = f(ui), 1<i<m
g(vi) = 2m + 5(i -1), I1<i<n+1
g(w;) = 2(m + 1) + 5(i — 1), 1<i<n

For the vertex labeling g, the induced edge labeling g* is defined as follows:

g*(Uili+1) = f *(Uili+1), 1<i<m
g*(ViVi+1) = 2m + 5i — 2, 1<i<n
g*(viwi) = 2m + 5i — 4, 1<i<n
g* (WiVi+1) = 2m + 5i -1, 1<i<n
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It can be easily verified that g is a super mean labeling and hence T,(Cp) is a
super mean graph forn>1, m>3and m #4.
For example, a super mean labeling of Co, Cio, T4(Cg), T4(Cio) are shown in
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Figure 6.
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Figure 6.

Remark 2.6. C4 is not a super mean graph, but T,(C4) is a super mean

graph forn>1.

A super mean labeling of T3(C,) is shown in Figure 7.
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Theorem 2.7. The slanting ladder SL, is a super mean graph, for n > 2 and
n#3t+1,t>1.
Proof. Let ug,uy, ...,uy and va, Vy,..., Vi be the vertices on the paths of length n—1.
The graph SL, has 2n vertices and 3(n—1) edges.
We definef: V(SL,)—{1, 2,... ,p + q =5n— 3} as follows:
f(usi_2) = 15i — 10, 1<i<n-2
f(usi_4) = 15i — 23, 2<i<n-1
f(usi ) = 151 — 34, 3<i<n
f(vi)) =1
f(vsi_4) = 15i — 27, 2<i<n-1
f(vsi _g) = 15i — 33, 3<i<n
f(vsi_g) = 15i — 45, 4<i<n-2.
For the vertex labeling f, the induced edge labeling f " is defined as follows:
f* (Ugi-oUzi-1) = 15i - 9, 1<i<n-2
f* (Ugi-qUzi.3) = 15i — 21, 2<i<n-1
f*(Uu3sj-Usi-5) = 151 — 29, 3<i<n-3
f*(vivp) = 2
f *(V3i-4V3i-3) = 151 — 22, 2<i<n-1
f *(vaj-sVai-5) = 15i — 31, 3<i<n-3
f *(Vai-gVai-7) = 15i — 43, 4<i<n-2
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f*(uivp) = 4
% (UsiaVai.3) = 15i — 20, 2<i<n-1
*(U3i-6V3i-5) = 15i — 32, 3<i<n-3
P (Usi-gVai_7) = 15i — 41, 4<i<n-2.

Thus, f is a super mean labeling and hence SL, is a super mean graph, for n > 2
andn#3t+1,t>1.

For example, a super mean labeling of SL;, is shown in Figure 8.

50 52 >0
51 54
49 55
47 53\,
45 48 57
SL12
Figure 8.
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Problem 2.8. Super meanness of SL, forn=3t + 1,t >1 is to be discussed.
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