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I. INTRODUCTION
If p(z) is a polynomial of degree at most n, then according to the famous result known as Bernstein's
inequality,
max | p'(z) | <nmax| p(z)]. (1.1)

|z|-1 [zI-1
Here equality holds for p(z) = 2z", 4 being a complex number.
For the class of polynomials not vanishing in |z|<1, (1.1) can be sharpened. In this connection we have
the following inequality, which was conjectured by Erdds and later verified by Lax [9].

mex | p'(z) < S max | (). (12)

|zI-1

Equality in (1.2) holds for p(z) =« + 2", where |« | =] A].
The L" analogue of (1.2) was obtained by de-Bruijn [4]. He proved that

Theorem A. If p(z) is a polynomial of degree n, having no zeros in |z|<1, then for each r>1,

1
r

([ 1pEr d@f S NECSTED (13)

1
where c, :{2—”J .

[ el o
This inequality is sharp and equality holds for p(z) = A +uz" where | 1|=] u|.
Let p(z) be a polynomial of degree n and « be any real or complex number. Then the polar derivative
of p(z), denoted by D, p(z), is defined as
D, p(2) =np(2) +(x —2) p'(2).
The polynomial D,p(z) is of degree at most n—1 and it generalizes the ordinary derivative p’(z) of
p(z) in the sense that
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The polynomial D,p(z) is called by Laguerre [8] the “émanant” of p(z), by Pdlya and Szeg6 [11] the
“derivative of p(z) with respect to the point «” and by Marden [10] simply “the polar derivative of p(z)”.

In this paper we firstly obtain integral inequalities for the polar derivative of a polynomial. In this
direction, we prove the following generalizations of de-Bruijn's Theorem [4] to the polar derivative.

Theorem 1. If p(z) is a polynomial of degree n, having no zeros in |z|<1, then for every real or
complex number « with |« |>1 and for every given complex number g with | |<1, we have for r>1,

1
r
1

( [ 1D,4p(e")}+ammyse™ 27 d@j? <n(la| +DE, ( [ 1 p(e”)+mpe [ d@j (1.4)

where E. =| —22 | and m=min,,_ 2)].
r {ji”lheiglrd@J a1 | P2)]

Dividing both sides of (1.4) by |«| and letting |«|—«, we get the following generalization of Theorem
A due to Aziz [3].

Corollary 1. If p(z) is a polynomial of degree n, having no zeros in |z|<1, then for every given
complex number g with | g|<1, we have for r>1,

Us”| p'(e”)+mnpge' DY | d@)? <nE, US”| p(e'?)+mpe™ | dé?jT (1.5)
where E, is as in Theorem 1.

Letting r >« in (1.4) and choosing the argument of g, with | #|=1, suitably we get the following
inequality for polynomials not vanishing in | z|<1, which improves upon a result due to Aziz [2]

flngl D, p(z)|+|ca|nm Sg(l o +1)[r|n|§i<| p(z) | +m].
Equivalently,
max |D, p(2) I< g[(l a|+1) max | p(2)| (| x| -1)m].

The above inequality is best possible for the polynomials p(z) = 4+ uz" where | A|=| x| .

Theorem 2. If p(z) is a polynomial of degree n, having all its zeros in |z|>1 and s -fold zeros at z=0,
then for every real or complex number « with |«|>1 and for r>1,

([ 10.pE )1 40| <qals+-s)al 4R} [ 1pE" I do | (1.6)

where F, {2—”} .

[ ey do

Letting r -« in (1.6), we get

Corollary 2. If a polynomial p(z) has all zeros in |z|>1 and a zero of order s at z=0, then for every
real or complex number « with |«|>1,

max| D, p(2) < [| | s+wf"ﬂ max | p(2) |. (L.7)

|zI=1

(1.7) is best possible. Equality holds for p(z) =z°(z+1)"*°.
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For s=0, Corollary 2 reduces to a result due to Aziz [2].
Dividing both sides of (1.6) by |«| and letting | «|— «, we get

Corollary 3. If p(z) is a polynomial of degree n, having all its zeros in |z|>1, with s-fold zeros at
origin, then for r>1,

([ 1pEnr deji <G,([IpE") I a0

where G, =s+—"=s

1
27 i T
1 igr
Z’r.[o [1+e"|"de

1
r
1

(1.8)

For s=0, Corollary 3 reduces to Theorem A due to de-bruijn [4].

Finally, we consider the class of self-reciprocal polynomials i.e. the polynomials satisfying
p(z) =z"p(L/z) and prove the following result for the polar derivatives of polynomials.

Theorem 3. If p(z) is a polynomial of degree n satisfying p(z) = z"p(/z) with all its coefficients lying in
a sector of opening at most y where 0<y<2x/3, then for every real or complex number « ,

n(l «|+1) max | p(z)|. (19)

max | D, p(2) |<
Z=1 7 syl

For =0 the above result is best possible for 0<y<z/2 with equality holding for the polynomial
p(z) =2z"+2e7z"'? +1, n being even.

Dividing both sides of (1.9) by |«| and Lemma 2 making |« | — o, Theorem 3 reduces to a result due to
Govil and Vetterlein [6]. This result can also be obtained directly from (1.9) by putting «=0.

For y=Z, Theorem 3 extends a result of Jain [7] to the polar derivative.

Il. LEMMAS

For the proofs of the theorems we required following lemmas.

Lemma 1. If p(z) is a polynomial of degree n having no zeros in | z|<1, then for r >1 and for every real
or complex number « with |«|>1,

Uiﬂl D, p(eie) I dgj} <n(a|+)F UZ”| p(eie) I dgj

where F, {2—”} .

1
r
’

(2.1)

[ ey do
In the limiting case, when r — «, the above inequality is sharp and equality holds for the polynomial
p(2) = A+pz", | 2]=| pl.

The above lemma was proved by Govil, Nyuydinkong and Tameru [5].

Lemma 2. If p(z)is a polynomial satisfying p(z) =z"p(1/z), with all its coefficients lying in a sector of
opening at most y where 0<y<2x/3, then
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(2) < . 2.2
rr;glp(Z)l<2COS%r‘g|§i<lp(2)l (2.2)

This lemma is due to Govil and Vetterlein [6].

I1l. PROOFS OF THE THEOREMS

Proof of Theorem 1. By hypothesis, the polynomial p(z) does not vanish in |z|<1 and m=min;,_, | p(z)|,
therefore, m<| p(z)| for |z|<1. We first show that for any given complex number g with |A<1, the
polynomial G(z) = p(z)+mpgz" has no zeros in | z|<1. If m=0, then this is obvious. Therefore, for m>0 let
us assume that G(z) has a zero in |z|<1, say at z=z, with |z, |<1, then we have p(z,)+mpz] =G(z,) =0.
This gives | p(zy) H mpzg |<m|z,|"<m, which is a contradiction. Hence G(z) has no zeros in |z| <1 for
every g with | g|<1. Applying Lemma 1 to the polynomial G(z), we get

(js”ma p(e?)+mpe™ | d@)?gn(|a|+1)ErU§”|p(ei9)+m,8ei”9 |fd9j7

where E, =[ 27 J

[ ey do

or

U 7In p(e”)+mpe™ +(ar—e){p'(e”)+ nmpe! "I} d@j?sn(|a|+1)E, UZ”| p(e) +mpe™ |[ ol@)T
or

U |D, p(e”) +anmpel™ [ dt9TSn(|a|+l)Er Uzﬂ p(e) +mpe™ |f d@)?

which is (1.4). Hence the Theorem is proved.

Proof of Theorem 2. By hypothesis, the polynomial p(z) has s zeros at the origin and n-s zeros in

|z|>1, therefore we can take

p(2) = 2°h(2), (3.2)
where h(z) is a polynomial of degree n-s, having all zeros in |z[>1. Now

D, p(z) =np(2) + (& - 2) p'(z) = n[z°h(2)] + (o — z)[52°*(2) + 2°h'(z)]

=2° [(n—-9)h(z) + (o - 2)N'(2)] +as °*h(2),

which implies for 0<0<2rx

|D, p(e”)| =[e*[(n—s)h(e") + (e —"")N'(e"")] + se'® Dh(e") |

= e“D_{h(e'?)}+ash(e?)].

This gives by using Minkowski's inequality for every r>1,

(js”ma p(Ee?) I d@j?:(j§”|ash(ei9)+ei9Da he) | d@)?

s(ji”sf e[| ) d@f +U§”| D, h(e?) I d@j?. (3.2)
Now since h(z) is a polynomial of degree (n-s), having all zeros in |z[>1, therefore, applying Lemma
1 to the polynomial h(z), we get
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(j;”ma he”) I d@)r s(n—s)(|a|+1)|:r(j§”| h(e') |fd9)? (3.3)

1

where F, {22—”] :
[
Combining (3.2) and (3.3) and noting that
[he) | =e*h(e")| =| p(e'?)| for | z| =1, we get for every r>1,

(171061 d0] <gals+@-9al+0RY |71 pE) d0)
This completes the proof of Theorem 2.

Proof of Theorem 3. Since p(z) is a self-reciprocal polynomial of degree n, we have
p(z)=2"p@/z) forall zeO.
This implies
2" p'(L/2) =np(2) - 2p'(2),
which in particular gives

max | p'(z) | = max | z"p'(L/2) |
|z]=1 |z|=1

= rnglg Inp(z) - zp'(2) |.
Now for |z| =1
D, p(2)| =Inp(2) +(a—2)p'(2) |
<lall p'(2)|+|np(z) -zp'(2) |.
Equivalently,
rr;gl D, p(2)| <|e] ﬂ?ﬁi(' p'(2)| max [np(2) -2zp'(2) |

=(a|+]) fpg(l p'(2)I.
Combining above inequality with (2.2) of Lemma 2, we conclude that'

n(le | +1
max| D, p(z) 1« M o p() 1.
|zl=1 2003% |z]=1

This proves the desired result.
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