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Abstract— Generalized Lucas sequence {Ln }} is defined by the recurrence relation Ln ) = aLn_lj + bLn—zj form = 2
. L iy (a.b) (a.b) .- . " . . .

with initial conditions LD =2, Ll = @ and a, b are positive integers. We define generalized golden proportion for this
Limhj

sequence bygh, , = lim —?ﬁ. In this paper by using elementary properties of the recurrence relation and the continued fractions
' n—m L4 G
-1

we find the closed form continued fraction expansion for g‘b;land qﬁ;_i, for any positive integer k.
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I. INTRODUCTION

Continued fractions provide deep insight into mathematical problems; particularly into the nature of
numbers. Continued fractions have found applications in various areas of Physics such as Fabry-Perot
interferometry, quasi-amorphous states of matter and chaos. It encodes much useful information about the
algebraic structure of a number and frequently arises in approximation theory and dynamical systems. Van
der Poorten [1- 4] wrote that the elementary nature and simplicity of the theory of continued fractions is
mostly buried in the literature. Our work is an outgrowth of [5, 6, 9]. We refer the readers to these papers
for some basic background information on continued fractions, and to the books [7, 8, 10, 11] for more
details.

It is known that every real number « has a continued fraction expansion

1
a=ag +—r,
a, + 1
32+?

Where each @; is an integer (and a positive integer unless L =0 ). For brevity we write

o = [ag,34,3,, ---]. Clearly, « is rational if and only if its continued fraction is finite, and a beautiful
theorem of Lagrange asserts that « is a quadratic irrational if and only if the continued fraction expansion is
periodic.

The continued fraction expansion consisting of the number 1 repeated indefinitely represents the ‘golden

mean’. This satisfies the quadratic equationx® = x + 1. The convergents of this continued fraction are
obtained as the ratio of the successive terms of the Fibonacci sequence [9, 10]. Recall that the Fibonacci

sequence{F,}, named after Leonardo Pisano Fibonacci (1170-1250), is defined as Fy = 0,F; = 1 and
F,.=F, 1 +F, 5; n=2, which gives the sequence 0, 1, 1, 2, 3, 5, 8, 13, 21, 34, 55, 89, 144 ... .The
Lucas numbers{L,}, named after Francois Lucas (1842—1891), are defined byLg = 2,L; = 1 and the

recurrence relation L,, = L,,_; + L,,_-; 71 = 2. First few terms of the sequence are 2, 1, 3, 4, 7, 11, 18,
29, 47,76, 123,...
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We define the generalized Fibonacci sequence {Féa’ bj} by the general difference equation of the

formFTEa’ ' —q Féf’lb] +b Féf’;];n = 2with the initial conditions Fc:im P = Ffa’ =1,
It is known [2] that extended Binet formula for this sequence is of the form

n_pn Zaah S aZiah
plab) _ @ =B .\ here q = 2EYATHE dﬁ_w_ (1)
a—5 2
We also define generalized Lucas sequence {Lf b]} by the recurrence relation
L9 — L ? 4+ bl P in = 2with L5 = 2,1 % = @

Il. THEOREMS AND PROPERTIES OF GENERALIZED LUCAS SEQUENCES

a, b

We first derive the extended Binet’s formula for Li

Theorem 2.1: Extended Binet’s formula for the terms of generalized Lucas sequence{:[‘g;L b]} IS given by

o0 2 (2T (DY gy g

Proof: We prove the result by induciion.
We have L{ .b) _ a+VaZ+ab 40 VaZ+ab
b) _ a® + B¥and L{f;i’] = a1 + B* 1 holds. This gives
129 —q1l*®) 4 p @8 g [ak 4 p¥] 4+ b [a*t + g1
=a**(aa+b) + B (aBf + b)

——, 2
[a%+4b [aZ+4b
Wenotethataa:—l—b=a($)+b=($) = a’andaf + b = B>

= a, proving the result for n = 1. Assume that it

holds for all integers up to k. i.e. L{

(a.b) - _
Thus L;.:+1 = (@) la? + (B)F2p% = ak*1 4 gi+L,

This proves the result for k + 1, which proves the required result.

Here we note thataS = —b.
. i&&} atyaZ+ab
Corollary 2.2: lim -a,a}
n—w Lo 2
HSL B Imb} IEL- EJ}
.. . aly +bLy
Proof: Assume that lim ——~ = x. This gives x = lim 5
f—oo [ n—co L
n—1 n—1
b L. atva®+4b ]
x=a+-=x%—ax — b= 0.Thisgives x = — s required.
X

We now derive a result which connects generalized Fibonacci numbers and Generalized Lucas
numbers.

) _ pe0)ye) | g plen)@n)

. {a,b
Lemma2.3: L s 1
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)

) {a,,b . . . .
Proof: First we express L.~ = a™ + ™ in terms of any two previous consecutive terms, viz.

b _ _ b ke k=1 oy :
LET_;,:} = " F + B *and Lia_k}ll=ﬂi“ k=1 + B™%~1 This can be written as

Lf_’i] B ( an—k ﬁ'ﬂ—k )(Cl) .
Lia:i:]_l {Iﬂ—k—l ﬁn—k—l CE ’

where C; = C, = 1. This gives
(Cl)_( ark gk )_1 Ly
Cg an—ﬁ:—l ﬁ‘]‘l—k—l Lia_,fz:ll

_ 1 ﬁﬂ—k—l _ﬁﬂ—k Ll:,_::iﬁ:]
o an—kﬁn—k—l _ an—k—lﬁn—k —gn—k-1 ank L':a, b)

n—k—1
(a.b) pn—k—1 (. b) —k
_ 1 L B T L L BT
(@B) (@ —f) \ L&D gnkty @) gnek
- n—k-1
Thus
(@b) on-g-1_,(@B) n-g (@b) n-g-1, (@bl n-g
C. = Ly k' B Ly k4P C., = Lk @ Py g, ®
1 (afIM—K-1(g—g) 12 (af)n—K-1{g—g)
This gives
(o b (a b (o b (@ b
C, = Lr'ta:k]‘ Ll-‘taikliﬁ _ ‘Lr':a:ﬁ:]J’ Lhﬂ:kli

a—k-1(g—pg) ' a gn—k-1(g—g)
b
Using these values in LE? ) _ Cia™+ G, 5™, we get
(a. b) (a. b) (a. b) (a. b)
(Lr— Loy Ba® (—L7 7+ L7 a)B™

L{QJ b) — n n—k-1
" " F1(a—p) B k1(a—p)
_ @ - pLEY ) BMCLEY +a L)
B
— L () e L ()
Since @8 = —b, we finally get
Lo = e 4 or(e Ve,

n—2 n

2
Lemma 2.4: FleP Féa’bj — (F{f’fj) = (—1)* b2,
Proof: We use (1) to write
B B LB Z - - - -

a+ vaZ+db a—+a+4b 1
Where & = = andCy = — ,(C, = —C, .
2 P 2 1 JaZrap ' 1 Z

Then LHs= C;“[(a"* — B"2)(a™ = ™) — (a™* — p"71)7]
— Clz[azn—ﬂ _ {In—ﬂﬁn _ {Iﬂﬁﬂ—z +ﬁ2n_2—({12ﬂ_2 _ Z{In—lﬁk—l +ﬁ2n—2)]
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_ CIE[_an—zﬁn—E(az +ﬁ2]+ Z(Iﬂ_lﬁﬂ_l]
= C [—(ap)™2(a® + B?) + 2(ap)™ "]

a+ v aZ+4b a—yvaZ+db a®—(a®+4b)
Now,a’ﬁ=( ; )( . )= . = —b.

This gives LHS= C;°[—(—=b)""2(a? + B%) + 2(—b)" 1]
= (D" 1(=b)""2C, " [(a® + B2) + 2b]
Substituting back in for Cy, @&, Byields:
LHS — (—1]“_1[—15]“_2 ( 1 ) (az+*\-'az+4b+2b 1 aZ—vyaZ+ab+2h 1 Zb)

az+4b 2

oo 1 \[2a®+4b
= T ED) (a2+4b)( 2 +2b)

1
= ()" (=" F (m) (a® + 4b)
= (—1)**(—b)™ 2, as required.

I11. CONTINUED FRACTIONS OF POWERS OF GOLDEN MEAN

L':a.,: EJ:I + [
i . " atya<+4ib . . . .
Define @, 5 = lim — an = ; . We find closed form expressions for the continued fractions
n—oo L
n—1i

of the (f,;;b for any integer k and for b = £1.As the continued fraction of & is trivially related to that

1
of =, it suffices to study the case k=0

[L‘}f* Lt 5’3] : if kis odd
Theorem 3.1:9% ; =

[Lf’ R I I A 2]; if k is even

Proof: By lemma 2.3 we have

(a b) (a.b) (a. b) (a.b) ;(a b)
L = F L +bF L
k n—k k n—k—1"
@b plab) @b , . plab) e b '
Lgl : =Fk+1 Lo x _Eb'?k Ly
b b
L'.r:.z—k Lﬂa—k ( )
b
_plab  pplab) L ey
— Tk+1 ke {a. b)
n—k
(a.b) ;(a. b) (a, b) y(a, b)
_ pa.b) b(akal Ly +bET, LT?—I.:—l)
T k41 + L':ﬂ,,b:]
n—k
{a. b) ;(a. b) {a. b) y{a. b)
_F(a,b] +b (ﬂ, Fkil LT?_F':_l +b Fkil Ls_k_z) % (L(a,b])_l
T k41 (a, b) y(a. b) {a,b) yla b) n—k
+(ka—2 L.x—y —bDEF; Ln—k—z)
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(@, b) ;(a. b) (a, b) ;(a, b)
_ pla.b) b F;ff’lbjﬂrf_’ij b (b Fo oy Ly ey —bE., Ln—k—z)
=Fp T L{a,, b) L{a’ b)

—k n—Fk

 (ab) (@b) . (ab) (@.5).(ab)
SinceL. "," . = F, L - . +bF L .~ _and

yla ) F.!.:{ib} ples) Ly Fk{‘: o) (@ B) e above reduces to

n—k—2 n—k—k—1 - n—k—k-2
(a.b) (a, b} ;(a, b) (a, b} ;(a, b)
LE?’ 2 _ F{a’ B) b F{a” b) 412 kaz (Fka qu—zk +b Fkil LT?—EF.:—l)
(@b~ Tk+1 k-1 (a.b) { pla. b) y(a, b) (a.b) ;(a, b) (@ b)) "
Lalr -k (Fk—l Ly ok +DE, Ln—?ﬁ:—l) X (Lﬂ—k )
2
B2 (F{a, b) F{a, b) L{a, b} (F{a, b:l) L{a, b) )
_ (F{ﬂ-, b:] + b FI:Q__. b:]) + ‘:':_2 'Il: 'H_EFI: Fl:—l ']‘1—2.;:
T ks k-1 L{a, b)
n—k
But by lemma 2.4 we know that
{a, b} {a, b} {a, b} — —
Fk_2 Fk — (Fk—1 )2 = [—1]1‘ 1pk-2,
And thus,
p(a8) (a. b) (a. b) L E’E{h"{— 1)k—1
JeB = (s +bEZ”) + 2 PO )
n— n—
) {a, b} {a, b} I[a,, b}l .
Now when we considerb = 1, we havelL, "~ =alL. "~ + L ", . Inthis case (2) becomes
Llia.- EJ:' {ﬂu b} L':ﬂ:fl){_ l:]l'E—i
L;-.r_tﬂubj =L, "+ ICDI
n—k n—k
Now if k is odd then we get
L b) _ L{a, b) 1
e 5) 'k + e EJ:-III{LI._ISL b)
n—k n—k n—zk
Also if k is even then we get
L ) B L{a, b) -1
CT I + B IIIrLl_ﬁL-EI .
n—-k n—-k ‘" n-zk
In this case we manipulate further. We write it as
L s g g1
(ab) — “k (ab), (ab)
Ln—.’f Ln—k "'an—z.ﬁ:
Now,
(a. b) (a, b)
1— 1 . wa—k B Lﬁ—zk
(@ b) ;7la. b} (a. b)
L??—F.: !Lna—zk L‘]‘?—k
1
T @b @bl _ lab)
Ln—ﬁ: !{:Lﬂ.—ﬁ! - Ln—zk ]
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1
T (@B (b (a b) @b o (ab)
((Lﬂ—k _Ln—ﬂk)+ Ln—?k)-{("{‘n—k _Ln—zk)
1
(a,b) {a, b) {a,b)
1 + (Lﬂ—zk!(l‘n—k - Lﬂ—?k))
1
v (12 - en) )
1
1+ (1;((,5;%?;,5‘;?;5}:)— 1))

Taking the limit as 11 — =T, we get
¢‘§,1 = LE,:GJ ") -1+

1
1+(1/(pK -1

Thus,

[L“f* 2L 5’3] ; if kis odd

¢§,1 = :
[L‘“f* 11,097 - 2]; if k is even

Finally the continued fraction of (ﬁ’ilfollows easily.

Theorem 3.2: ¢‘§,—1 = [F{a’ b) _ Fk{f’lb} -1,1, (F{ﬂ* b) _ Fk{ib} _ 2]]

k+1 kE+1
Proof: When b = —1 we have LET’ b) _ aLEff} — LE?_’;]} In this case, (2) becomes
L{a, b) . b) o B L(a, b)
n _ a.b)  pla.b _ 4k qnk—-1 "n—-2k
[@n (Fﬁ:+1 F.~y )+‘C DD 1. b)
—k —k
" 1(@.b) "
_ (F{a, b} F(a, b]) _ “n-2k
T\ k41 k-1 pla b
n—k

a+yaZ—4

Arguing according to last theorem, and using the fact that ¢, _; =

(at’g,—l _ (F{a,b} B Fk{ib} _ 1) N 21

k+1 1+(1/(E_ -1

, we get

This clearly determines a continued fraction with repeating block of length 2 of the following form:

(ﬁ’g,—l — I:F{aﬂ b} _ Fk{_a;b} _ 1JI 1’ {:F{'l b} _ Fk{f;_b} _ 2)] .

E+1 E+1

This proves the result.
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IV. CONCLUSIONS

The techniques developed in this paper have allowed us to determine closed form expressions for the
continued fraction expansions of some special quadratic numbers. However, since our method applies only
to a relatively small class of numbers, it does not allow us to abandon the algorithm. We have been able to
prove the structure of the continued fraction of a sizeable class of numbers. Although it was pretty clear at
the outset that there was a nice structure to this class, we have successfully proven it, and can now use
these results to possibly derive similar results for other classes.
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