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Abstract

Let G = R"xR™ be the Lie group, which is the semi-direct product

of the real Vec‘for group R® and R™, 1 < m < n. Let U be the
complexified universal enveloping algebra of the real Lie algebra g
of G. The purpose of this paper is to give a characterization of the
all ideals of the group algebra L!(G) of G. Besides, we prove some
existence theorems for U.
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1 Preliminaries and Results

1.1. If G is a Lie group, we denote by C*(G), D(G), D'(G), £'(G) be
the space of C'*°- functions, C'* with compact support, distributions and
distributions with compact support on G respectively.. Let U be the com-
plexified universal enveloping algebra of the real Lie algebra g of G; which is
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canonically isomorphic to the algebra of all distributions on G supported by
{0}, where 0 is the identity element of G. For any u € U one can define a
differential operator P, on G as follows:

Puf(a) = us f(x) = / £y x)uly)dy (1)

for any f € C*(G), where dy is the right Haar measure on G , y € G,
x € G and % denotes the convolution product on G. The mapping u — P,
is an algebra isomorphism of U onto the algebra of all invariant differential
operators on G. For more details see [3,9]. We denote by L'(G) the Banach
algebra that consists of all complex valued functions on the group G, which
are integrable with respect to the Haar measure of G and multiplication is
defined by convolution on G as

bx f(g) = / £ g)o(h)dh (2)

for every ¢ and f belong to L'(G), and we denote by L?(G) its Hilberst spac

1.2. Let B be the vector group of GG , which is the vector of space of the
Lie algebra of G . We denote also by U the complexified enveloping algebra
of the real Lie algebra b of B. For every u € U, we can associate a differential
operator (), on B as follows

Quf(2) = s, f(z) = / F((@ — y)uly)dy 3)

for any f € C*(B), x € B,y € B, where %, signify the convolution prod-
uct on the real vector group B and dy is the Lebesgue measure on B. The
mapping u — ), is an algebra isomorphism of &/ onto the algebra of all
invariant differential operators on B, which are nothing but the algebra of
differential operator with constant coefficients on B. Also, We denote by
L'(B) the Banach algebra that consists of all complex valued functions on
the group B, which are integrable with respect to the Haar measure of B
and multiplication is defined by convolution on B as

6+ f(g) = / £(g — W)é(h)dh (4)
G

for every ¢ and f belong to L'(B), and we denote by L?(B) its Hilberst
space
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2 Left Ideals of Group Algebra of GG

2.1. For any k € N, we denot by R* the k—dimensional real vector group.
Let G = R" x,R™ be the Lie group of the semidi-direct of the two real vector
groups R"and R™, via the group homomorphism p : R™ — Aut(R"), where
Aut(R™) is the group of all automorphisms of R”. The multiplication of two
elements X = (z,y) and Y = (2/,3/) in G is given by :

XY = (z,y)(2y) = (z+ p(y) (=), y + ) (5)

The inverse X ! of an element X in G is :

X_l = (l’,y)_l = (p(—y)(—$l), _y>
for any x = (1,22, ... ,2,) € R", y = (y1,¥Y2, - - - ,Yn) € R™. In the next, we

write yx in the place of p(y)(z)
Let L =R" x R™ x R™ be the group with law:

(z,t,7)(y,8,q) = (v + p(r)y,t + 5,7+ q)

for all (x,t,r) € L and (y, s,q) € L. In this case the group G can be identified
with the closed subgroup R™ x {0} x, R™ of L and B with the subgroup R" x
R™ x {0}of L.

Definition 2.1. For every f € C*(G), one can define a function fe
C>(L) as follows: _

f(x,t,r) = flp(t)z,r +1) (6)

for all (z,t,r) € L. So every function ¥ (x,r) on G extends uniquely as an
invariant function ;/;(1’, t,r) on L.

Remark 2.1 The function f 15 inwvariant in the following sense:

f(p(s)x,t —s,r+8)= f(z,t,7) (7)

for any (x,t,r) € L and s € R™.
Lemma 2.1 For every function F' € C*°(L) invariant in sense (7) and
for every ueld, we have

u x F(x,t,r) =u *. F(z,t,r) (8)

for every (z,t,r) € L, where x signifies the convolution product on G with re-
spect the variables (x,r) and *.signifies the commautative convolution product
on B with respect the variables (x,t).
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Proof: In fact we have
P,F(z,t,r) =ux* F(x,t,r)
F(y,5)""(w,t,r)uly, s)dyds

Fl(p(=s)(=y), —s)(z,t,7)] uly, s)dyds
Flp(=s)(x —y),t,r — slu(y, s)dyds

F [‘T -yt —s, T] u<y7 S)dde

/
/
/
/

ke F(z,t,1) = QuF(z,t,7) (9)

where P, and (), are the invariant differential operators on G and B respec-
tively.

Definition 2.1. If u € L'(G), then one can define two convolutions
product on the group L by:

(1) ux F(x,y,2) = /F [(t,s) " (2, v, 2)] u(t, s)dtds

G
_ / Flo(—s)(x — t)y, = — )| ult, s)dtds  (10)

(17) ux*. F(x,y,2) = /F [x—t,y—s,2)]u(t,s)dtds (11)

forany F € LY(L),(z,y,2) € L and (t,s) € R*™ where dtds is the left Haar
measure on G, % is the convolution product on G and *. is the convolution
product on B. It results

for each F' € L(G)
Proposition 2.1. The mapping v from LY(G)|p to L*(Q)|q defined by

Flp (2,9,0) = v(Fl|p )(z,0,y) = Flg (z,0,y) (13)
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s a topological isomorphism, and
Y(u e Flp)(x,0,y) = u * Fla(x,0,y) (14)

where

(u . F|g)(z,y,0) = /ﬁ [z —t,y —5,0)|u(t,s)dtds, F € L*(G)  (15)

A * Flo)(.0,y) = / Flo(—s)@ - £),0,y — s)] ult, s)dtds
= u *x F(x,y), FeLYQ) (16)

Proof: Tt easy to see that v : L(G)|p — L'(G)|g is a topological iso-
morphism and

*ﬁ|G($70ay) (17)

for every F € L'(G). The fact that

P e g

v LN G)le — LMG)|B (18)

is a topological isomorphismm, we get

ﬁ‘G (Z‘,O,y) - Zfl(ﬁ’G )(x>y>0)
= FlB (fL‘,y,O) (19)

Hence the proposition B

If I is a subspace of L!(G), we denote by I its image by the mapping ~.
Let J = I |. Our main result is:

Theorem 2.1. Let I be a subspace of L'(G), then the following condi-
tions are equivalents.
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(i) J =1 |p is an ideal in the Banach algebra L*(B).
(i) I is a left ideal in the Banach algebra L'(G).

Proof: (i) implies (i) Let I be a subspace of the space L'(B) such that
J =1I|p is an ideal in L'(B), then we have:

u*cf|3(may70) g T|B(‘/L‘7ya0) (20)

for any v € L'(B) and (z,y) € B, where

us. I |p(z,y,0) = /ﬂB [z —t,y —s,0)]u(t,s)dtds, fe I (21)
B

It shows that B B
u*cf |B(x7y70) el |B(x7y70) (22)

for any f € I. According to equation(14), we get

~v(u *jﬂB)($707y)~
= 71 * (m,O,y) E'Y(I |B(ma07y)
— Tlo(a,0,y) =1 (23)

(i1) implies (¢) If I is an ideal in L'(G), then we get

u*f|g(x,0,yl
= uxI (z,y) CI |g(z,0,y) =1 (z,y) (24)

where
u*T|G(x,O,y) = /ﬂg [p(=s)(z —1),0,y — s]u(t,s)dtds, fe Ip (25)
B

Apply now equation (19),we obtain

’y*l(?i*f‘g)(.f,o,y) _
= U*CJ|B(SU,Z/,O> Evil(u*[ |G)(x’y’0)
= wux*xl |B(x,y, O) (26)
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Corollary 2.1. Let I be a subspace of the space L'(G) and I its 1mage
by the mapping ~ such that J = ﬂB is an ideal in L*(B), then the following
conditions are verified.

(i) J is a closed ideal in the algebra L*(B) if and only if I is a left closed
ideal in the algebra L'(G).

(i1)J is a prime ideal in the algebra L'(B) if and only if I is a left prime
ideal in the algebra L'(G)

(ii1)J is a mazimal ideal in the algebra L*(B) if and only if I is a left
mazximal ideal in the algebra L'(G)

(iv) J is a dense ideal in the algebra L'(B) if and only if I is a left dense
ideal in the algebra L'(G).

The proof of this corollary results immediately from theorem 2.1.

3 Fourier Transform and Existence theorems

In this paragraph, we will prove the solvability of any element of U. Let
G = R" x R™ be the Lie group which is the semi-direct product of the two

real Vectopr groups R™ and R™. Therefor we define the Fourier transform on G
in view of its vector group, in order to obtain the Plancherel formula. Besides
we prove the existence theorem for the algebra of all invariant differential
operators. As in [3], we will define the Fourier transform on G. Therefor let
S(G) be the Schwartz space of G which can be considered as the Schwartz
space of S(R"xR™), and let §’(G) be the space of all tempered distributions
on GG. The action p of the group R™ on R" defines a natural action p of the
dual group (R™)*of the group R™ ((R™)* ~ R™) on (R™)*, which is given by

(p(t)(€), ) = (& p(t)(x)) (27)

forany £ = (£1,&,,...,&,) € R" [t = (t1,t9, ..., tn) € R™and x = (21, 29, ..., x,) €
Rn

Definition 3.1. If f € S(G), one can define its Fourier transform Ff
by :
FI 6N = [ Flant) et €00 gy (28)
G
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forany & = (£1,€&,,..,&,) E R x = (x1, 29, ...,2,) ER" A= (A1, Ag, o0y An) €
R™ and t = (t1,tq,...,tm) € R™, where (§,2) = § o1 + a0 + ..o + €2, and
(ME) = Mty + Aato + oo + Aty - It is clear that Ff € S(R™™) and the

mapping [ — Ff is isomorphism of the topological vector space S(QG)

onto S(R™™).

Definition 3.2. If f € S(G), we define the Fourier transform of its
invariant f as follows

F()EA0) = / Fx,t,8)e P (EDHOD) o= 08 grardsdy  (29)
GxRm

where (u,s) € R™™ and (u, s) = p1181 + pgS2 + oo + [ Sm
Corollary 3.1. For every u € S(G), and f € S(G), we have

/ Fix FE N p)dp

Rm

= / F(HEN W) F@)(ENdu = F(F)EN0F@)(E N (30)

for any £ = (£,&5,..,&,) € R A = (A, A2, ., A\n) € R™ and p =
(110, Hi3, ey 1) € R, where 11(x,t) = u(z, 1)1

Proof: By Lemma 2.1, we have
V ry V Py

and

/ Flux [)EN p)du = F(u . )€ N,0) = F(HENOF)E N  (32)

Theorem 3.1.(Plancherel’s formula). For any f € L'(G)N L*(G),
we get

/ () dudt = / FFE NP dedN (33)
G

Rn+m
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\
Proof: First, let f be the function defined by

Fa,tr) = F((er 00 (34)

then we have

£(0,0,0) :/ 1(0,0,0)] f(x, t)dzdt
G

f [o(=t)((=) + (0)),0,0 — ] f(x, t)ddt

!

= /}:[p( t)(—x),0,—t] f(z,t)dxdt = /f | f(z, t)dzdt
G
/

flz,t)f(z, 1) dxdt:/]f z,t)|* dadt (35)
G

Second by (31), we obtain

£+ 1(0,0,0) )
- / F(f # )N w)dedAdy = / F(f %0 F)(E N p)dedAdy
Rn+2m Rn+2m

—_~—

Y

=
= /f (& A 0)F(f)(EA)dEdN = / (FINEA0)F(F)E N)dEDA

Rn+m Rn+m

= /(ff)(kéak) (F)(E, A)dEdA = / FFIOEN)HF()(E A)dEdA

Rn+m Rn+m

- / FU) (6 NF()(E Nded

_ /‘}" )€, N2 ded) = /]fxt|d:cdt (36)

Rn+m
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Which is the Plancherel’s formula on G. So the Fourier transform can be
extended to an isometry of L?(G) onto L*(R™*™).

Corollary 3.2. In equation (36), if we replace the first f by g, we obtain
the Parseval formula on G

/ F(a g, t)dwdt = / FUE A Fg(e, Nded (37)

Rn+m

In the following, we introduce some existence theorems, the first
one is:

Theorem 3.2. Every invariant differential operator on G which is not
tdentically 0 has a tempered fundamental solution.

Proof: For each complex number s with positive real part, we can define
a distribution 7° on G x R™ by:

@.) = [ [ IF@ENET Fie) dedx
G R™
for each f € S(G x R™). By Atiyah-Bernstein theorems [1], the function
s — T has a meromorphic continuation in the whole complex plan, which
is analytic at s = 0 and its value at this point is the Dirac measure on the
group L = G x R™. Now we can define another distribution, 7 , as follows.

(T.1) = (17 = [ [ IF@ENF] F e A ) deirds

G Rm

for any f € S(G x R") and s € C , with Re(s) > 0.
Note that the distribution 7% is invariant in sense (7) and we have

(wrieeteg) = (wxin T 5) = (Tuniin])
_ //“f(&)(g,A)ﬂs Fii# s F)(E N v) dedrd

G R»
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here
uke f = /f((z —a,y —b,x — c)u((a, b, c)dadbdec
G

is the commutative convolution product on G. By proposition 2.1 | we get:

<“ SRR > = / / [1F@)(E NPT F(P)E N v)dgdrdo

G R®

Hence

—
\/ —
wku ok, s =T+l
—_—

In view of invariance (7), the restriction of the distributions u % Uk, T =
Ts+1 on the sub-group R" x {0} x R™ ~ G are nothing but the distribu-
p

tions
wk ok, TS = T
The distribution 7 can be expanded a round s = —1 in the form
= > oty (38)
j=—(n+2m)

where each «; is a distribution on G. But u* u* cI”® = T5t! can not have a

pole at s = —1 (since T° = d¢) and so we must have:
Vv .
uxu*.o; = 0 for j<O
U U x. 00 = O¢ (39)

Hence the theorem.

The second is B
If we consider the group G as a subgroup of L, then f(x,s,t) € S(G) for

s is fixed, and if we consider B as a subgroup of L, then f(z,s,t) € S(B) for

ISSN: 2231-5373 http://www.ijmttjournal.org Page 11
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t fixed. This being so; denote by Sg(L) the space of all functions ¢(x, s,t) €
C*(L) such that ¢(x, s,t) € S(G) for s is fixed, and ¢(z, s,t) € S(B) for t is
fixed. We equip Sg(L) with the natural topology defined by the seminomas:.

¢ — sup |Q(z,t) P(D)p(x,s,t)] s fized. (40)
(z,t)eG

¢ — sup |R(x,s)H(D)p(z,s,t)] t fizved. (41)
(z,5)eB

where P, (), R and H run over the family of all complex polynomial in n+m
variables. Let SL(L) be the subspace of all functions F' € Sg(L), which are
invariant in sense (7), then we have the following result.

lemma 3.1. Let u € U and Q, be the invariant differential operator on
the group B, which is associated to u, then we have:
(i) The mapping f v+ f is a topological isomorphism of S(G) onto SL(L)

(ii) The mapping F — Q.F is a topological isomorphism of SL(L) onto
its image, where Q),, acts on the variables (z,s) € B.

Proof: (i) In fact ~ is continuous and the restriction mapping F' +— RF
on G is continuous from Sf(L) into S(G) that satisfies Ro ~= Idg) and
~ ol = Idg; y), where Ids() (resp. Idgi) is the identity mapping of
S(G) (resp. SL(L)) and G is considered as a subgroup of L. To prove(ii) we
refer to[14, P.313 — 315] and his famous result that is:

"Any invariant differential operator on B, is a topological isomorphism
of S(B) onto its image" From this result, we obtain:

Qu = Sp(L) — Sp(L) (42)

is a topological isomorphism and its restriction on S%(L) is a topological
isomorphism of SL(L) onto its image. Hence the lemma is proved.

In the following we will prove that every invariant differential operator
on G = R" x {0} x, R™ has a tempered fundamental solution. As in the
introduction, we will consider the two invariant differential operators P, and
Q., the first on the group G = R™ x {0} x p R™, and the second on the
commutative group B = R" x R™ x {0} . Our main result is:

Theorem 3.3. FEvery nonzero invariant differential operator P, on G
associated to U is a topological isomorphism of SL(L) onto its image.

ISSN: 2231-5373 http://www.ijmttjournal.org Page 12
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Proof: By equation (31) we have for every u € U and F € SL(L)

P,F(z,s,t) =ux* F(x,s,t)
= ux*.(x,8t) = Q,F(z,s,1) (43)

This shows that:
P,F(z,s,t) = Q,F(x,s,t) (44)

for all (z,s,t) € L, where x is the convolution product on G = R" x {0} x
R™ and *. is the convolution product on the group B = R" x R™ x {0}.
By lemma 3.1 the mapping F' — Q. F is a topological isomorphism of SL(L)
onto its image, then the mapping F' — P,F is a topological isomorphism of
SL(L) onto its image. Since

R(P,F)(z,s,t) = P,(RF)(z,s,t) (45)

so the following diagram is commutative:

Sg(L) P, P,Si(L)
~1l R IR
S(G) P, P,S(G)

Hence the mapping F' — P,F' is a topological isomorphism of S(G) onto
its image.

Corollary 3.3. Fvery nonzero invariant differential operator on G has
a tempered fundamental solution.

Proof : The transpose 'P, of P, is a continuous mapping of §’(G) onto
S'(G). This means that for every tempered distribution?” on G there is a
tempered distribution £ on G such that

P,E=T (46)

Indeed the Dirac measure § belongs to S'(G).
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