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Abstract— By the theorem of unique factorization for integers, every positive integer z can be written in the form z = pJ* p3?...p,",

where p4,p., ... p, are distinct primes, a4, a,, ... a, are positive integers. We can construct a graph G which is associated with this z.

Positive integral divisors of z being a vertex set V and two distinct vertices of V are adjacent in G if their product is inV. In z, when

r =1 then the corresponding graph is called the perfect factograph. Here we extend the concept to r = 2,3 and the corresponding

graphs are called Bi-factograph and Tri-factograph respectively. In this paper we attempt to find the degree sequence and clique

number of Bi-factograph and Tri-factograph.
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I. INTRODUCTION

By a graph, we mean a finite undirected, non - trivial
graph without loops and multiple edges. The order and size of
a graph is denoted by p and g respectively. For terms not
defined, we refer to Frank Harary [4]. The concept of
factograph and perfect factograph was introduced by E. Giftin
Vedha Merly and N. Gnanadhas [1],[2]. In this paper we
extend the concept to Bi-factograph and Tri-factograph. For a
positive integer z, we define a factograph as G = (V, E) where
V ={v;/v; is a factor of z} and two distinct vertices v; and
v; are adjacent if and only if their product is in V. A clique of
a graph G is a complete subgraph of G. A clique of G is the
maximal clique, if it is not properly contained in another clique
of G. Number of vertices in maximal clique of G is called the
clique number of G and is denoted by w(G). For v € V,d(v)
is the number of edges incident with v. A factograph G with
z=1p; "', where p is a prime and « is any positive integer is

called a perfect factograph.
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I1. DEGREE SEQUENCE AND CLIQUE NUMBER OF B1 -
FACTOGRAPH.

A. Definition

A factograph G with z = p;"'p,* where p;,p, are
distinct primes and a4, a, are positive integers is called a Bi -
factograph.
B. Theorem

Let a; and a, be two positive integers, p; and p, be
two distinct primes. A Bi-factograph G with z = P'P,* has
order (a; + 1)(a, + 1) and the degree sequence of G is given
by

i) spi(a;+D(ay,+1)—-1,(a; + Day, — 1, ...

a
({11 + 1)72, a1 + 1, al(az + 1) - 1,

a1az
7 o

a1az

(11(12 - 1, al,

a1a a1 a
Tt TR ¥

ai
7(“2"‘1), 2 g 4 ) o 2,

where a; and a, are even.
”) Sy (a1 + 1)(0!2 + 1) - 1,
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(a; +Day, —1,...(a; + 1) I%J ,ee0p + 1,

a
a(a, +1) -1, qya — 1, ... g I7ZJ s e O,

0 e [2]2)

l%J ety + 1,0y, ... l%] , ... 1, where a; and a, are odd.

ii)s; : (a; + D(ay, +1) — 1, (a; + Dy, — 1, ...

(o + 1)%,... a +1, ay(ay, +1) -1,

aa, —1,.. 0112052 T s ST
|2 (az + 1, [2] @ |22, |2 e + Ly, 21

where ; isodd and «a, is even.

iv) sy:(a; + D, +1) —1,(ay + Day, — 1, ...

(¢ +1) l%],...al +1,a(a, +1)—1,

az
a’la’z - 1, a’l lTJ ) e a’l,

aq aq aq |ap aq a2
7(0!2 + 1),70[2, - l7J v ay+1,a,, ... lTJ e,

where ; iseven and «a, is odd.

Proof:

i) When a; and a, are even, let G = (V, E) be a Bi-factograph.
If z= p; py? ...p," then the number of positive divisors of z
is IIi—;(a; + 1).Therefore, number of positive divisors of
z=p;'py? is (a; + D(a; + 1) so that the order of G is
(ay + D(ay +1). LetV={p{ p3, p{ v}, .. n)" p;°}.

This vertex set can be represented by the (a; + 1) X (a; + 1)
array form as follows

/p{’ pS, plpi pYp3, .. P Dy? \
| pivd pivipivd . pips |

\p{“ pd, pi'ph Pt pE pé“/

In a Bi-factograph G, we observe that for i # k and j # [

(a1 +1)X(az+1)

then the vertex p} p) is adjacent to pf p} in G if and only if
i+k<a;andj+1 < a,.Consider the first (o, + 1) vertices,
pl p?, vl i pps, ... p?p,?. Byour factograph condition,
it is obvious that p{ p9 is adjacent to rest of the vertices

implies d(p? p9) = (a; + 1)(a, + 1) — 1. Pick the second

ISSN: 2231-5373

http://www.ijmttjournal.org

vertex p? pi, exactly (a; + 1)a, combination of verities
satisfy the condition and among that p? pi is adjacent to

remaining vertices which implies d(p) p3) = (a; + 1) a, — 1.
az

. =++1
Consider the vertex p? p22+ , exactly (ay +1) ("‘2—2)

combination of vertices satisfy the condition of adjacency,

241, . L
among that the vertex p{ p,> is not in that combination

224
which gives d (p?pz2 ’ ) =(aq+1) (“2—2) Continuing this
way, the vertex p{ p,? is adjacent to (a; + 1) vertices and
th
d(ppy?) = (a; + 1). Consider (“2—1 + 2) row of a, +1

: G o G P a
vertices p,* P25 D2 e p,° p,° have the degree

Sy i
d (pf p%) = (2) (e + D, d(pz2 p%) =

i1
(0;—1) ay, ... d(pz2 p;xz) = 0;—1

(ay + 1) vertices p;* 9, pi' pi, pi'pé ... , Dyt py? have

sequence

Finally, (a; +1)™ row of

degree sequence

d(p'p9) =@ + 1, d(p{"pi) = @z, o, d(pyp;?) = 1.
Therefore, G has (a; + 1)(a, + 1) vertices and has the degree
sequence,

sii(gg +D(ay+1) -1, (a; + Day, — 1, ...

(aq + l)az—z, g+ 1 a(ay+1) -1, aja, — 1,

ai1az
—?r—,."

a1az a

ai aiaz
al,...?(az‘l'l),T,... 4 ) ree 2,

az
7, . 1.

wty+1ay, ..
Similar manner we can prove case (ii) (iii) and (iv).
C. Theorem

The clique number of a Bi-factograph G is

) w(G) = (0‘2—1 + 1) (“2—2 + 1) when a; and a, are even.

i) w(6) = (|2] +1)(|%2]+1)+2
when a; and a, are odd.
Proof:
i) If oy and «a, are even, let G = (V,E) be a Bi-
factograph and V = {p{ p3, pY pi, .o, DL D32} be the

vertex set of G. We consider the set

5={p{‘pzy/0staz—1 and 0 Sysaz—z} which is a proper
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subset of V. We seek to prove that the subgraph of G induced
by S is the maximal clique of G.

In G, we observe that for i # k and j # [, the vertex
pi p) is adjacent to p¥ p in G if and only if i + k < a; and
j+ 1< a,. We have to prove that every pair of distict vertices
in S are adjacent. Take any two arbitrary vertices p§ p5 and
p§ pd in S.Since a + ¢ < a; and b + d < a,, We have p{ p?
is adjacent to p{ pg. Therefore each pair of distinct vertices in
S are adjacent, which implies (S) is a clique of G. It remains to
show that (S) is the maximal clique of G. Suppose we take any
arbitrary vertex v in ¥V which isnot in S.

Since Bi-factograph, a vertex v cannot be adjacent
with all vertices of S implies (S + {v}) cannot be the clique of
G. Therefore (S) is the maximal clique of G and w(G) = S| =
(1) (1)

Similarly we can prove case (ii).
D. Remark
(i) When a; is odd and «; is even, then the clique

number of a Bi-factograph G is
w@G) = (|2 +1)(2+1)+1.
(if) When a, is odd and «; is even, then the clique
number of a Bi-factograph G is
wG) =(2+1)(|2|+1)+1.
E. Example

Consider a Bi-factograph G with z = p? p3. Here

order of G is 9. 0.0
pP1P2

pip}

1,1
pib2 Figure:1
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We observe that, the degree sequence of G is
s:8,5,3,5,3,2,3,2,1 and w(G) is 4.

I11. DEGREE SEQUENCE AND CLIQUE NUMBER OF TRI-
FACTOGRAPH
A. Definition
A factograph G with z = p;"'p;?p3®, where p;, p,, ps
are distinct primes and a4, a,, a3 any positive integers is called
a Tri-factograph.
B. Theorem
Let a;, a, and a; be any positive integers, p;,p, and
p5 be any distinct primes, G is a Tri-factograph with
z =p] p;’ps*, then G is of order
(a1 + D(ay + 1) (a5 + 1) and the degree sequence of G is
given by,
(i) When a4, a,, a5 are even
s + D(ay + D(ag +1) — 1,
a(a, + D(as +1) — 1, ...0;—1(a2 + D(ag+1),...,
(a; + D(az + 1), (a; + Day(az +1) — 1,
ayay (a3 +1) -1, ...,0;—1a2(a3 +1), .., a(az +1),...

a a
(a, + 1)72(a3 + 1),0:172(0:3 +1),...
2@+ 1), 2@z + 1D, (o + Dy, 0,201
(ii) When a4, a,, a5 are odd

5y ¢ (o + Dep + Dy + D — 1,

a(a+ D@z +1) -1, ..., [%] (ay + D(az + 1),
(@, + D(as + 1), (@ + Daylas + 1) — 1,

gy (ay +1) =1, ., |2 ay(as + 1),y ap(as +1)
(@ + 1) [%j (a5 + 1, [%] (@ + 1), ...

[ [] s + D[] (s +

(g + 1),y [“2—1] ol

(iii) When exactly one «; is odd, where i = 1,2,3.
s3:(ag + D(a, + D(as +1) — 1,

@ (@ + D@ + 1) = 1, |3 (@ + D + 1), .,

(a; + D(az + 1), (a; + Day(as +1) -1,
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a
alaz(ag + 1) - 1, .y l?J az(a3 + 1), ...,az(a3 + 1),

a a
(al + 1)7((13 + 1), 0.’17(0!3 + 1), ey

|| (a3 + 1), ...,

and here a; is odd.

2@+ 1), (g + 1), @y, |21

2

(iv) When exactly one a; is even, where i = 1,2,3.

Sy (g +D(ay + D(ag +1) -1,
@ (@ + D@ + 1) = 1, 2 @ + D@ + 1),
(ay + D(ag + 1), (g + Day(az +1) -1,

aa,(az; +1) -1,

a
,%az(ag +1),..,a5(a5 + 1), ...

(a; + 1) I%J (a3 +1),aq I%J (a3 +1),...,

a IQJ (az +1),..,

(a; + 1), ay, ...,

[ﬂj (a5 +1) ..
., 1 and here a; is even.

Proof:

(i) Let G = (V, E) be the Tri-factograph. We have the
number of positive divisors of p;' p;*ps* is
(a; + D(ay + (a3 +1) and hence the order of G is
(a1 + D(ay + D(az + 1).
Let V(G)={ {p)pIp3, pip3p3, ... vy vy 2p3>}. This vertex set
can be represented by the
(a; +D(az +1) X (a; +1)
Py P33 \

,pllplp‘) |

array form as follows

pipIpd, pipdps, ...
| pi’p%pé’,mpzpa,-

p 110“210“3 /
R P28 1) (e +1)x(ag +1)

\plpz P3 'plpz P3 y e

In a Tri-factograph G, we observe that for i #[,j #m
and k # n, the vertex pip)pk is adjacent to pipyp? in G if
andonly if i+ < ay,j+m < a, and k +n < az. Consider
Py ' p3ps, by our
definition, p{p9py adjacent with rest of the vertices which
d{pipry) = (@ + (e + D(az +1) —1. We
pick the second vertex pipdp?, exactly a;(a; + 1)(az + 1)

the first (ar; + 1) vertices ppdp, pipdp?, ...
implies

combination of vertices satisfy our condition and among that

pipdp? adjacent to remaining vertices, which implies

th
d(pirdp?) = ay(ay + 1)(az + 1) — 1. Consider (% + 2)
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a

| . -
vertex p?  p9p3, exactly “2—1 (ay + 1)(a3 + 1) combination of

_1
vertices satisfy our adjacency condition, also p;* pgpg

adjacent  to vertices.  Therefore,

d (p71+1
py'pdpY adjacent with (a, + (a3 +1) vertices implies
d(p1 png) = (a; + D(az +1).

(¢ +1) pYPips, PipzDs, PID3DS, -
have degree sequence as follows

d(ppip?) = (@ + Day(az +1) — 1,

71(012 + 1(az; +1)

p2p3) 2L (@, + D (a3 + 1). Continuing like that

Consider the second

vertices , b1 pipd

1

d (pipip3) = may(az +1)—1,...d (pz p%pé’) =

71 a (az +1),...,d (pl p2p3) = ay(az +1).

ay th .
Take (7 + 2) (a +1) vertices have degree

_2
sequence d <p1 P, pS)
241
— (@ +D2 (a3 +1),d <p1p2 pé?)

a1 “2—2+1 0 ay
d{p,'p; p3)=(az+1).
Also (ay +1)*" (a; +1) vertices have degree
d(pp;?p3) = (a1 + D(az + 1), d(pip;*p3) =
d(p;'p3?p3) = (a3 + 1).
Finally, (a, +1)(a; + 1) (a; + 1) vertices have degree
$3) = (a; + 1), d(pipy?ps®) = ay,

= alaz_z(a3 + 1),...,

sequence

a(as + 1), ...,

sequence d(p?py?p
d(p*py*ps’) = 1.
Hence the theorem. Similarly we can prove (ii), (iii) and (iv)
parts.
C. Theorem
The clique number of a Tri-factograph G is

M@ =(2+1)(2+1)(2+1)

when a4, a,, a3 are even.
@ o@ = ([3]+ 1) (|7 + ) (5] +1) +3

when a4, a,, a3 are odd.

Proof:
Let G = (V,E) be a Tri-factograph with
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ay . az 3

a
Z=DpP1 P27P3
the

and V = {p{p3p3, pipdp3, ... py 'py2ps° } be

vertex set of G. We consider the set

s={pimps/0sx<L0<y<Zando<z<2Y
proper subset of V. We seek to prove that the subgraph
induced by S is the maximal clique of G.

Claim: < S > isaclique of G.

In G, we observe that for i # [,j # m and j # m, the
vertex piplpk is adjacent with pipyp? in G if and only if
i+l<a,j+m<a, and k +m < as.It is enough to prove
that every pair of distinct vertices in S is adjacent. Take any
two arbitrary vertices in S such as p¢php§ and p{pgpl. Since
a+d<a, b+e<a,and c + f < ay implies p{pip§ and
péps pgff are adjacent. Which gives each pair of distinct vertices
in S is adjacent implies < S > is a clique of G. It remains to
show that < S > is the maximal clique of G. Suppose we take
any arbitrary vertex v in V which is not in S, by our factograph
condition < S+ {v} > cannot be a clique of G. Therefore,
<S> is the maximal clique of G. Also w(G) =|S| =
G+)(Er1)(E+1)

(ii) When a4, a,, a3 are odd.

Consider the set S = {p{‘pzypf/o <x< laz—lj ,0<y<
a22and 0<z=a32UplalZp20p30, p10p2a22 p30,
p10p20p3a32 proper subset of V. We seek to prove that the
subgraph of G induced by S is the maximal clique of G. To
prove that every pair of distinct vertices in S is adjacent, take

any two arbitrary vertices p¢p2p§ and pépsp) in S.

Since a+d<a;, b+e<a, and c+f<az is the
condition, p&p3p§ and pipsp] are adjacent.
Also, < § + {v} > where v € V\S in not a clique of G implies
< S > is the maximal clique of G and w(S) = |S| =
I+ )+ (E+ 1)+
D. Remark

When exactly one of «; is odd where i = 1,2,3, then

the clique number of a Tri-factograph G is
w(G) = (l“z—lj + 1) (0’2—2+ 1) (0’2—3+ 1) +1, herea, isodd .
E. Example

Consider G with z = p{pip2. Then the order of G is 12.

Figure:2
We observe that, the degree sequence of G iss: 11, 7, 4, 6, 4, 2,
6,4,2,3 2 1and w(G) is 4.
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