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Abstract 

A Graph G = (V,E) with p vertices and q edges is said to be 

a Geometric mean graph if is possible to label the vertices 

xV with distinct labels f(x) from 1,2…..q+1 is such a way 

that when each edge e=uv is labeled with f(e=uv) = 

  𝑓 𝑢 𝑓 𝑣   (or)   𝑓 𝑢 𝑓(𝑣) , then the resulting edge 

labels are distinct. In this case f is called Geometric mean 

labeling of G. In this paper we prove that some 

disconnected graphs are Geometric Mean graphs. 

Key Words: Graph, Geometric Mean labeling, Path, 

Cycle, Comb, Ladder etc. 

1.Introduction 

The graph considered here are finite and undirected 

graph  

𝐺 = (𝑉, 𝐸)with𝑝 vertices and 𝑞 edges. For a detailed 

survey of graph labeling we refer to Gallain [1]. For 

all other standard terminology and notations we 

follow Harary [2]. S. Somasundaram and P. 

Vidhyarani introduced the concept of  Geometric 

Mean labeling of graphs in [3] and studied their 

behavior in [4], [5], [6] and [7]. In this paper we 

investigate the Geometric mean labeling behavior of 

some disconnected graphs. The following definitions 

are useful for our present study. 

Definition1.1: A Graph G = (V,E) with p vertices 

and q edges is said to be a Geometric mean graph if 

is possible to label the vertices xV with distinct 

labels f(x) from 1,2…..q+1 is such a way that when 

each edge e=uv is labeled with f(e=uv) = 

  𝑓 𝑢 𝑓(𝑣)  (or)   𝑓 𝑢 𝑓(𝑣) , then the resulting 

edge labels are distinct. In this case f is called 

Geometric mean labeling of G. 

Definition1.2: The union of two graphs 𝐺1 =  𝑉1 , 𝐸1  

and 𝐺2 =  𝑉2, 𝐸2  is a graph 𝐺 = 𝐺1 ∪ 𝐺2 with vertex 

set 𝑉 = 𝑉1 ∪ 𝑉2 and the edge set 𝐸 = 𝐸1 ∪ 𝐸2 

Definition1.3: The Corona of two graphs 𝐺1 and 𝐺2 

is the graph 𝐺 = 𝐺1⨀𝐺2 formed by taking one copy 

of 𝐺1 and  𝑉(𝐺1)  copies of 𝐺2 where the i
th

vertex of 

𝐺1 is adjacent to every vertex in the i
th

 copy of 𝐺2. 

2.Main Results 

Theorem2.1:𝐶𝑚 ∪  𝑃𝑛⨀𝐾1  is a Geometric Mean 

graph. 

Proof: Let 𝑢1𝑢2 ⋯𝑢𝑚𝑢1  be the cycle 𝐶𝑚 . Let 

𝑣1𝑣2 ⋯ 𝑣𝑛  be the path 𝑃𝑛  and let 𝑤𝑖  be the vertex 

which is joined to the vertex𝑣𝑖   , 1 ≤ 𝑖 ≤ 𝑛of the path 

𝑃𝑛 . Let𝐺 = 𝐶𝑚 ∪  𝑃𝑛⨀𝐾1 . 

Define a function 𝑓: 𝑉 𝐺 → {1,2, … , 𝑞 + 1} by  

𝑓 𝑢𝑖 = 𝑖 , 1 ≤ 𝑖 ≤ 𝑚 

𝑓 𝑣𝑖 = 𝑚 + 2𝑖 − 1 , 1 ≤ 𝑖 ≤ 𝑛 

𝑓 𝑤𝑖 = 𝑚 + 2𝑖 , 1 ≤ 𝑖 ≤ 𝑛 

Then the edge labels are distinct.  

Hence 𝑓 is a Geometric Mean Labeling of 𝐺. 

Example2.2: The Geometric Mean labeling of 

𝐶8 ∪  𝑃5⨀𝐾1  is given below. 

 

Figure1 
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Theorem2.3: 𝐶𝑚⨀𝐾1 ∪  𝑃𝑛⨀𝐾1  is a Geometric 

Mean graph. 

Proof: Let 𝐶𝑚   be the cycle𝑢1𝑢2 ⋯ 𝑢𝑚𝑢1and let 𝑣𝑖  be 

the pendent vertex attached to 𝑢𝑖  , 1 ≤ 𝑖 ≤ 𝑚.Let𝑃𝑛 =

 𝑤1𝑤2 ⋯ 𝑤𝑛 be the path on 𝑛 vertices. Join a vertex 

𝑡𝑖 to 𝑤𝑖 , 1 ≤ 𝑖 ≤ 𝑛 .Let𝐺 =  𝐶𝑚⨀𝐾1 ∪  𝑃𝑛⨀𝐾1 .  

Define a function 𝑓: 𝑉 𝐺 → {1,2, … , 𝑞 + 1} by  

𝑓 𝑢𝑖 = 2𝑖 − 1 , 1 ≤ 𝑖 ≤ 2  

𝑓 𝑢𝑖 = 2𝑖 ,         3 ≤ 𝑖 ≤ 𝑚  

𝑓 𝑣𝑖 = 2𝑖 , 1 ≤ 𝑖 ≤ 2  

𝑓 𝑣𝑖 = 2𝑖 − 1 , 3 ≤ 𝑖 ≤ 𝑚 

𝑓 𝑤𝑖 = 2𝑚 + 2𝑖 − 1 , 1 ≤ 𝑖 ≤ 𝑛 

𝑓 𝑡𝑖 = 2𝑚 + 2𝑖 , 1 ≤ 𝑖 ≤ 𝑛 

Then the edge labels are distinct. Hence 𝑓 is a 

Geometric Mean Labeling of 𝐺. 

Example2.4: The Geometric Mean labeling 

of 𝐶6⨀𝐾1 ∪  𝑃5⨀𝐾1   is given below. 

 

Figure2 

 

Theorem2.5: 𝐶𝑚⨀𝐾2 ∪  𝑃𝑛⨀𝐾1  is a Geometric 

Mean graph. 

Proof:Let 𝑢1𝑢2 ⋯𝑢𝑚𝑢1  be the cycle 𝐶𝑚 and let 

𝑣𝑖  , 𝑤𝑖be the vertices which are  joined to the vertex 

   𝑢𝑖 , 1 ≤ 𝑖 ≤ 𝑚of the cycle  𝐶𝑚  . Let 𝑠1𝑠2 ⋯𝑠𝑛  be 

the path 𝑃𝑛and let𝑡𝑖  be the vertex which is joined to 

the vertex𝑠𝑖  (1 ≤ 𝑖 ≤ 𝑛 )  of the path 𝑃𝑛  . Let𝐺 =

 𝐶𝑚⨀𝐾2 ∪  𝑃𝑛⨀𝐾1 . 

Define a function 𝑓: 𝑉 𝐺 → {1,2, … , 𝑞 + 1} by  

𝑓 𝑢𝑖 = 3𝑖 − 1 , 1 ≤ 𝑖 ≤ 𝑚 

𝑓 𝑣𝑖 = 3𝑖 − 2 , 1 ≤ 𝑖 ≤ 𝑚 

𝑓 𝑤𝑖 = 3𝑖 , 1 ≤ 𝑖 ≤ 𝑚 

𝑓 𝑠𝑖 = 3𝑚 + 2𝑖 − 1 , 1 ≤ 𝑖 ≤ 𝑛 

𝑓 𝑡𝑖 = 3𝑚 + 2𝑖 , 1 ≤ 𝑖 ≤ 𝑛 

 

From the above labeling pattern, we get distinct edge 

labels. Hence𝑓 is a Geometric Mean Labeling of 𝐺. 

Example2.6: The Geometric Mean labeling 

of 𝐶6⨀𝐾2 ∪  𝑃6⨀𝐾1  is given below. 

 

Figure3 

 

Theorem2.7:𝐶𝑚 ∪ 𝐿𝑛  is a Geometric Mean graph. 

Proof:Let𝑢1𝑢2 ⋯ 𝑢𝑚𝑢1be the cycle 𝐶𝑚  .Let 𝐿𝑛  be the 

Ladder graph with vertices 𝑣𝑖and𝑤𝑖  ,   1 ≤ 𝑖 ≤ 𝑛.Let 

𝐺 = 𝐶𝑚 ∪ 𝐿𝑛  .  

Define a function 𝑓: 𝑉 𝐺 → {1,2, … , 𝑞 + 1} by  

𝑓 𝑢𝑖 = 𝑖 , 1 ≤ 𝑖 ≤ 𝑚 

𝑓 𝑣𝑖 = 𝑚 + 3𝑖 − 2 , 1 ≤ 𝑖 ≤ 𝑛 

𝑓 𝑤𝑖 = 𝑚 + 3𝑖 − 1 , 1 ≤ 𝑖 ≤ 𝑛 

Then the edge labels are distinct. 

 Hence 𝑓 is a Geometric Mean Labeling of  𝐺. 

Example2.8: The Geometric Mean labeling of𝐶7 ∪

𝐿6is given below.    
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Figure4 

Theorem2.9: 𝐶𝑚⨀𝐾1 ∪ 𝐿𝑛  is a Geometric Mean 

graph. 

Proof:Let 𝑢1𝑢2 ⋯𝑢𝑚𝑢1 be the cycle 𝐶𝑚  and let𝑣𝑖  be 

the vertex which is joined to the vertex 𝑢𝑖 ,   1 ≤ 𝑖 ≤

𝑚  of the cycle  𝐶𝑚  . Let𝑥𝑖 and𝑦𝑖  , 1 ≤ 𝑖 ≤ 𝑛be the 

vertices of𝐿𝑛 . Let 𝐺 =  𝐶𝑚⨀𝐾1 ∪ 𝐿𝑛  . 

Define a function 𝑓: 𝑉 𝐺 → {1,2, … , 𝑞 + 1} by  

𝑓 𝑢𝑖 = 2𝑖 − 1 , 1 ≤ 𝑖 ≤ 2 

𝑓 𝑢𝑖 = 2𝑖 , 3 ≤ 𝑖 ≤ 𝑚 

𝑓 𝑣𝑖 = 2𝑖 , 1 ≤ 𝑖 ≤ 2  

𝑓 𝑣𝑖 = 2𝑖 − 1 , 3 ≤ 𝑖 ≤ 𝑚 

𝑓 𝑥𝑖 = 2𝑚 + 3𝑖 − 1 , 1 ≤ 𝑖 ≤ 𝑛 

𝑓 𝑦𝑖 = 2𝑚 + 3𝑖 − 2 , 1 ≤ 𝑖 ≤ 𝑛 

Then the edge labels are distinct.  

Hence 𝑓 is a Geometric Mean Labeling of 𝐺. 

Example2.10: The Geometric Mean labeling 

of 𝐶9⨀𝐾1 ∪ 𝐿6 is given below.  

 

Figure5 

Theorem2.11:𝐶𝑚 ∪  𝑃𝑛⨀𝐾3  is a Geometric Mean 

graph. 

Proof: Let  𝐶𝑚  be the cycle 𝑢1𝑢2 ⋯𝑢𝑚𝑢1. Let 

𝑣1𝑣2 ⋯ 𝑣𝑛be the path 𝑃𝑛  . 

 Let 𝑥𝑖  ,  𝑦𝑖  , 1 ≤ 𝑖 ≤ 𝑛 be the vertices of 𝐾3 which 

are attached to the vertices of 𝑃𝑛  . Let  𝐺 = 𝐶𝑚 ∪

 𝑃𝑛⨀𝐾3 .  

Define a function 𝑓: 𝑉 𝐺 → {1,2, … , 𝑞 + 1} by  

𝑓 𝑢𝑖 = 𝑖 , 1 ≤ 𝑖 ≤ 𝑚 

𝑓 𝑣𝑖 = 𝑚 + 4𝑖 − 2 , 1 ≤ 𝑖 ≤ 𝑛 

𝑓 𝑥𝑖 = 𝑚 + 4𝑖 − 3 , 1 ≤ 𝑖 ≤ 𝑛 

𝑓 𝑦𝑖 = 𝑚 + 4𝑖 − 1 , 1 ≤ 𝑖 ≤ 𝑛 

Then the edge labels are distinct.  

Hence 𝑓 is a Geometric Mean Labeling of 𝐺. 

Example2.12: The Geometric Mean labeling 

of𝐶9 ∪  𝑃5⨀𝐾3  is given below.  

 

Figure6 

 

Theorem2.13: 𝐶𝑚⨀𝐾1 ∪  𝑃𝑛⨀𝐾3  is a Geometric 

Mean graph.  

Proof: Let  𝐶𝑚  be the cycle𝑢1𝑢2 ⋯ 𝑢𝑚𝑢1and let 𝑣𝑖  be 

the vertex which is joined to the vertex 𝑢𝑖  , 1 ≤ 𝑖 ≤

𝑚 of the cycle 𝐶𝑚  . Let 𝑤1𝑤2 ⋯𝑤𝑛  be the path 𝑃𝑛  . 

Let 𝑥𝑖  , 𝑦𝑖  be the vertices of 𝐾3 which are attached to 

eachvertex of 𝑃𝑚  .Let =  𝐶𝑛⨀𝐾1 ∪  𝑃𝑚⨀𝐾3  . 

 Define a function 𝑓: 𝑉 𝐺 → {1,2, … , 𝑞 + 1} by  

𝑓 𝑢𝑖 = 2𝑖 − 1 , 1 ≤ 𝑖 ≤ 2  

𝑓 𝑢𝑖 = 2𝑖 , 3 ≤ 𝑖 ≤ 𝑚 
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𝑓 𝑣𝑖 = 2𝑖 , 1 ≤ 𝑖 ≤ 2 

𝑓 𝑣𝑖 = 2𝑖 − 1 ,3 ≤ 𝑖 ≤ 𝑚 

𝑓 𝑤𝑖 = 2𝑚 + 4𝑖 − 2 , 1 ≤ 𝑖 ≤ 𝑛 

𝑓 𝑥𝑖 = 2𝑚 + 4𝑖 − 3 , 1 ≤ 𝑖 ≤ 𝑛 

𝑓 𝑦𝑖 = 2𝑚 + 4𝑖 − 1 , 1 ≤ 𝑖 ≤ 𝑛 

Then the edge labels are distinct. 

 Hence 𝑓 is a Geometric Mean Labeling of𝐺. 

Example2.14: The Geometric Mean labeling 

of 𝐶8⨀𝐾1 ∪  𝑃4⨀𝐾3 is given below.  

 

Figure7 

Theorem2.15: 𝐶𝑚⨀𝐾3 ∪ 𝑃𝑛  is a Geometric Mean 

graph. 

Proof: Let  𝑢1𝑢2 ⋯𝑢𝑚𝑢1  be the cycle 𝐶𝑚  . Let 

  𝑣𝑖  , 𝑤𝑖  ,1 ≤ 𝑖 ≤ 𝑚  be the vertices of 𝐾3  which are 

attached to the vertices of 𝐶𝑛  .Let 𝑡𝑖  , 1 ≤ 𝑖 ≤ 𝑛  be 

the vertices of the path 𝑃𝑛 . Let 𝐺 =  𝐶𝑚⨀𝐾3 ∪ 𝑃𝑛 . 

Define a function 𝑓: 𝑉 𝐺 → {1,2, … , 𝑞 + 1} by  

 𝑓 𝑢𝑖 = 4𝑖 − 1 , 1 ≤ 𝑖 ≤ 𝑚 

𝑓 𝑣𝑖 = 4𝑖 − 3, 1 ≤ 𝑖 ≤ 𝑚 

 𝑓 𝑤𝑖 = 4𝑖   ,   1 ≤ 𝑖 ≤ 𝑚 

𝑓 𝑡𝑖 = 4𝑚 + 𝑖, 1 ≤ 𝑖 ≤ 𝑛 

Then the edge labels are distinct.  

Hence 𝑓 is a Geometric Mean Labeling of  𝐺. 

Example2.16: The labeling pattern of 𝐶6⨀𝐾3 ∪

𝑃5is given below.  

 

Figure8 

Theorem2.17: 𝐶𝑚⨀𝐾3 ∪  𝑃𝑛⨀𝐾3  is a Geometric 

Mean graph. 

Proof:Let 𝑢1𝑢2 ⋯𝑢𝑚𝑢1  be the cycle 𝐶𝑚  . Let 

𝑣𝑖  , 𝑤𝑖 ,1 ≤ 𝑖 ≤ 𝑚  be the vertices of 𝐾3  which are 

attached to the vertices of𝐶𝑚  . Let   𝑡1𝑡2 ⋯𝑡𝑛  be the 

path 𝑃𝑛 .Let 𝑥𝑖  , 𝑦𝑖  be the vertices of 𝐾3  which are 

attachedto 𝑡𝑖  , 1 ≤ 𝑖 ≤ 𝑛  .Let 𝐺 =  𝐶𝑚⨀𝐾3 ∪

 𝑃𝑛⨀𝐾3 .  

Define a function 𝑓: 𝑉 𝐺 → {1,2, … , 𝑞 + 1} by  

 𝑓 𝑢𝑖 = 4𝑖 − 1 , 1 ≤ 𝑖 ≤ 𝑚 

𝑓 𝑣𝑖 = 4𝑖 − 3, 1 ≤ 𝑖 ≤ 𝑚 

 𝑓 𝑤𝑖 = 4𝑖 ,              1 ≤ 𝑖 ≤ 𝑚 

𝑓 𝑡𝑖 = 4𝑚 + 4𝑖 − 2, 1 ≤ 𝑖 ≤ 𝑛 

𝑓 𝑥𝑖 = 4𝑚 + 4𝑖 − 3, 1 ≤ 𝑖 ≤ 𝑛 

𝑓 𝑦𝑖 = 4𝑚 + 4𝑖 − 1, 1 ≤ 𝑖 ≤ 𝑛 

Then the edge labels are distinct. 

 Hence 𝑓 is a Geometric Mean Labeling of  𝐺. 

Example2.18: The labeling pattern of 𝐶6⨀𝐾3 ∪

 𝑃5⨀𝐾3 is given below.  

 

Figure9 
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