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Abstract: the purpose of this paper is to establish some
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1. Introduction and Preliminaries

Fixed point theorems are irrevocable in the theory
of non linear analysis. In this direction one of the
initial and crucial results is the Banach contraction
mapping principle [1]. Banach (1922) proved fixed
point theorem for contraction mappings in
complete metric space. It is well- known as a
Banach fixed point theorem. After this pivotal
result, theory of fixed point theorems has been
studied by many authors in many directions. In
some papers, authors define new contractions and
discuss the existence and uniqueness of fixed point
of for such spaces. The concept of dislocated
metric space was introduced by P. Hitzler [5] in
which the self distance of points need not to be zero
necessarily. They also generalized famous
Banach’s contraction principle in dislocated metric
space. Dislocated metric space play a vital rule in
topology, logical programming and electronic
engineering. Recently Zeyada et al.[8] develops the
notation of complete dislocated quasi metric spaces
and generalized the result of Hitzler [5]in
dislocated quasi metric space. After many papers
have been published containing fixed point results

in dislocated quasi metric spaces  (see

[2].[31.[61.[7D)-

K. Jha et al [9] and R. Shrivastav et al [11] have
also proved some results in these spaces.

In this paper, we prove common fixed point
theorems in dislocated quasi metric spaces for
contraction mapping. Our results extend and
generalize the existing results of theorem 3.1 and
3.2 of [8] and theorems 120f [10].

First, we recall some definitions and other results
that will be needed in the sequel.

Definition 1.1 [8] : Let X be a non — empty set let
d:X xX - [0,] be a function satisfies the
following conditions:

(i) d (x,y)=d (y, x) =0 implies x = y.

(ii) d(x,y)<d(x,2)+d(z,y)

for allx, y, z e X.

Then d is called a dislocated quasi - metric on X. If
d satisfies d(x,x) = 0, then it is called a quasi —
metric on X. If d satisfies d(x,y) = d(y, x), then

it is called dislocated metric.

Definition 1.2[8]: Let (X, d) be a dislocated quasi -
metric space, xe X and {x,}s; a Sequence in X.
Then,

(M {xn}n=1 dislocated quasi - converges to X if
lim,_,,. d(x, x) = lim,, d(x,x,) = 0

(i) {xnn =1 is said to be a Cauchy sequence if
for given ¢ > 03 n, € N such that

A, xp) < €0r (Xy,x,) <e foral mmn>=>
Ny

(iii) A dislocated quasi — metric space (X, d) is
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called a complete if every Cauchy  sequence in

X is a dislocated convergent

Definition 1.3[8]: Let (X, d;) and (X,d,) be a
dislocated metric space and T: X — Y be a function.
Then Tis continuous to x, € X, if for each
sequence {X,}n=1 Which is d; — q convergent to
Xo , the sequence{f(x,)} is d, — q convergent to
T(xp)inY.

Definition 1.4[8]: Let (X, d) be a dislocated quasi -
metric space. A map T:X — X is a contraction, if
there exist 0 < 4 < 1 such that

d(Tx,Ty) < Ad(x,y) forallx,y, € X.

Lemma 1.5[8]: d, —limitin a d, — metric space
are unique.

Lemma 1.6[8]: let (X, d) be a dislocated quasi -
metric space and let T:X — X be a continuous
function, then {(T™(x,))} is a Cauchy sequence for

each x, € X.

2. Main Results

The results which will give are generalization of
the theorems 3.1 and 3.2 of [8] theorem 12 of [ 10].
Theorem 3.1: Let (X,d) be a complete dg-metric
space and suppose there exist non negative
constants ¢y, Xy, O3, Ky, KsWith
Xty tagt2(o,+ocs) < 1. Let f;,f,: X - X be
a continuous self mappings satisfying the following

condition:

d(fix, fy) <xq d(x,y) +¢; d(x, fix) +
<3 d(y, f2)

+o¢, [d(x, f1x) + d(Y, f27)]

+ocg [d(x, f20) + AV, f1X)] oo D

for all x,y € X .Then f; and f, have a unique

common fixed point in X.

Proof: Let x, be arbitrary point inX, we define the
sequence {x, } as follows:

X =fiXo, aNd Xpp 41 = fiXo, = frx*™!
Similarly
Xpni2 = faXoner = frx?™H?
Now we consider
d(Xan, X2n+1) < A(fiXan-1.f2%2n)
= d(xZn—l,xZn)
+o¢; d(Xan-1 fiXon-1)
+o¢3 d(X2n, faXan)
+¢y [d(Xap-1 fiXan-1) + d(X2n, f2X2n)]

+ &5 [d(Xon-1, f2X2n) +
d(x2p, f1X2n-1)]

Soc1 d(x2n—1,x2n) +°<2 d(x2n—1 xZn) +
&3 d(Xzn, X2n41)

+°<4 [d(x2n—1 xZn) +
d(X2n, X2n41)

+ o [d(Xon-1,Xon41) +
d(x2n: Xan ]

< (g o<y +ocy) d(xZn—l,xZn) + (o3
+¢,)d (X2, X2n41)

+ OCS [d(xZn—11x2n+1) + d(xZn' x2n+1 )
=( oty o+, +Ks) d(xZn—l,xZn)
+(3+0C,+X5)d (X2n, Xon41)

Therefore
d(x2n: x2n+1)

(¢ +00y +0X g +C5)
——————= d(xy_1 X
1—(ocgtocg +ocs) ( 2n-1, 2”)

IA

d(x2n:x2n+1) < ld(xZn—l,xZn)

+ocy +0c,+
where 2 = Sateetautes)
1- (3o +s)

Similarly, we can show that
d(Xon-1%2n) S 2 d(X2n—2Xzn-1)-
In this way; we get

d(X2n, X2n41) < A d(xo,xl)
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Since 0< A < 1,50 for n - o, A" - 0 we have
d(XZn' x2n+1) - 0.

Hence {x,,} is a Cauchy sequence in the
complete dislocated quasi —metric space in X.

So, there existu € X such that {x,,}->ui.e
dislocated convergestou € X.

Since f; continuous, we have

fiw) = limy, ., fiXen = limy,, Xope = U
Thus f;(u) = u.

Similarly, taking the continuity of f,.We can show
that

o) =u.

Hence, u is the common fixed point of f;and f,.

Uniqueness: Suppose that fiand f, have to
common fixed points of uand v for u # v.
consider

d(u,v) = d(fiu, fv) < al.d(u,v) +
a2.d(u, fiu) + a3.d(v, f,v)

+ a4.[d(u, fiu) +d, fv)] +
aS. [dw, fov) + dW, fLU)] i, (2)

Since u and v are common fixed points of f ;and

fa

Now from condition (1) implies that d(u, fiu) =
Oand (v, f,v) = 0.

Then equation (2) becomes
du,v) < al.d(u,v)
+a5. [d(u, fLv) +d@, fLw)].eene. 3)

Similarly,
dv,p) < a,.d(v,u)

+ a5.[d(v, fiv) +
A, fifw)] 4)

Subtracting (4) from (3) we get,

[d(u,v)—d (v, w)|<|ocy |d(u v) — d(v,u)
R )

Since a; < 1. So the above inequality is possible
if

d(u,v) —dw,u) = 0.
By combining equation (3), (4) and (5) we get
d(u,v) = 0andd(v,u) = 0.

Using (d,) we have u = v. Hence f;and f, have
unique common fixed point of u and v in X.

Theorem 3.2: Let (X,d) be a complete dg-metric
space and Let f;,f>:X — X be a continuous self

mappings satisfying the following condition:

d(flx' ny) Sa max{d(x, y)' d(x! flx)i d(y, ny)}

+ﬁ maX{d(x, fZY). d(xl 3’)} +
ud(x,y) forall x,y € X .If 0<
a, <1 such that

a+B+pu<1Then f; and f, have a unique

common fixed point in X.

Proof: Let x, be arbitrary point inX, we define the
sequence {x,, } as follows:

X1 =fiXg, and Xpp1q = fiXoy, = fix*MH1

Similarly

Xon+2 = foXops1 = f1x2n+2

Now we consider
d(X2n, X2n41) < dA(fiXan—1./2%2n)

<
amax { d(x2n—1,x2n): d(X2n-1 fiXon-1), d(Xan, f2X2n)}

+pmax {d(X2n—1 f2X2n), d(Xon_1, X2n)}+
ud(d (x2n—1,x2n)

<
amax { d(xZn—l,xZn): d(xZn—l' xZn)' d(xZn' x2n+1)}

+pmax {d(X2n—1 X2n+1), d(Xan—1, X20) }+
ud(d (xZn—l,xZn)

Therefore d(X3n, Xom41) < (a+pB+

:u-)d(xZn—l,xZn)
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= hd(XZn—l,xZn)
where h =(a+ B8+ with(a+p+p) <1

Similarly, we can show that

d(Xzn, X2n41) < hd(Xpn—2X2n-1)

= hzd(xZn—Z,xZn—l)
On continuing this process n times

d(Xzn, Xon41) < hznd(xo,xl)

Since 0 < h < 1asn — o, h?™ - 0. thus {x,,}isa
Cauchy sequence in a complete dislocated metric
space in X.there exist a point u € X such that
{x;n} > ui.e dislocated converges tou € X.

Therefore the subsequence {f;x,,} > u and

{f2x2n41} > w.

Since f; and f, are continuous function, so we have
fi W) =uandf; (w) =u.

Thus u is a common fixed point of f;andf,.

Uniqueness of common fixed point: Let uand v

be a common fixed point of f;and £, Then

d(u,v)) < d(fiu, fov)

< amax{d(u,v),a2.d(u, fiu),a3.d(v, f,v)}

+B max{d(u, f,v),d(u,v)} +u.d(u,v)

=a max{d(u,v), a2.d(u,u),a3.d(v,v)}

+p max{d(u, v),d(u,v)} +u.d(u,v)

Replacing v by u, we get d(u, u) < hd(u, u).
Since 0 < h < 1, we have d(u,u) = 0.
Similarly, we have d(v,v) = 0.

In this way, we have d(u, v) < hd(u, v).
Since 0 < h < 1, we have d(u,v) = 0.

Similarly, we have d(v,u) =0 and so u=v is
unique

common fixed point of f;andf.
Hence the proof is completed

Theorem 3.3: Let (X,d) be a complete dg-metric
space and Let T;,T,:X — X be a continuous self

mappings satisfying the following condition:

d(Tix, Ty) < a,d(x,y) + a, d(x,y)

+ az[d(x, Tyx) + d(y, TLy)]
+a,[d(x, T,y) + d(y, Tix)]
+as[d(x, Tyx) + d(x,y)]

+agld(x, Tyx) + d(y, T,y)]

for all x,y€X, a,a,as a4 as,as>0 with
0<a,+a,+2a;+4a, + 2as + 2a4 < 1.
ThenT,and T, have a unique common fixed point in
X.

Proof: Let x, be arbitrary point inX, we define the
sequence {x,, } as follows:
X1 =fiXg, and Xpp 19 = fiXp, = f1x21

Similarly

Xonsz = foXons1 = f1x2n+2

Now we consider
d(Xon, Xan41) < d(T1Xon—1,T2X2p)

< ald(XZn—D xZn)

d(xz2n-1.T1X2n-1).d(X2n.X2n+1)

d(xz2n-1.%2n)

+a,

+as[d(xzn-1, TiX2n—1) +
d(xan, TyX2,)]

+a,[d(x2n—1, T2X2p) + d(X2p, TiX2n-1)]

+as[d(Xan-1, TiXon-1) + d(X2p—-1, X2p)]
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+ag[d(X2n, ToX2n) + d(Xopn-1, X2n)]

d(X2n-1%2n).d(X2nX2n+1)

d(xzn—1.%2n)

= a,d(Xzn—1,%2n) + @,

+az[d(X2n-1, X2n) + d(Xan, X2n+1)]
+a,[d(Xon-1, Xan+1) + d(Xan, X2n)]
+as[d(Xan-1, Xan) + d(Xan-1, X21)]
+ae[d(Xon, Xan+1) + d(Xan-1, X21)]

< (a, +az+2a, +2as + ag) d(Xzn_1,%2n)

+ (ap +as +2a, + ag) d(X2n, X2n41)

ai+azt+2as+2as+ag)
1-(az+az+2as+ ag)

Hen d(Xanx2n+1) <

d(xZn—lr xZn)
Thus we have d(X3,, X2n41) < hd(Xzn_1,X21)

ai+az+2as+2as+ag)
1-(az+az+2a4+ ag)

where h = with0 < h < 1.

Similarly, we can show that
d(x2n—1,x2n) <h d(x2n—2,x2n—1)'
On continuing this process n times
d(Xam, Xon41) < W?"d(x0,%1)

Since 0< A< 1,s0 for n - o, A" - 0 we have
d(x2p, X2n41) = 0.

Hence {x,,} isa Cauchy sequence in the complete
dislocated quasi —metric space in X.

So, there existu € X such that {x,,} - ui.e

dislocated converges tou € X.Also the

subsequence {T;x,,} = u and {Tox5,41} = u.

Since T; continuous, therefore we have
T,(w) = lim,,, TyXp, = limy,_, Xone = U.
Thus T;(u) =u.

Similarly, taking the continuity of f,.We can show
that

T,(u) = u.

Hence, u is the common fixed point of fiand f,.
Uniqueness: Suppose that T,and T, have to
common fixed points of uand v for u # v.
Consider

d(u,v) = d(Tyu, T,v)

< a;d(w,v) +a, —d(u'Tldu(li()v'Tzv)
+ az[d(u, Tyu) + d(v, T,v)]

+au[d(u, T,v) + d(v, Tyu)]
+ag[d(u, Tyu) + d(u,v)]

+tag[d(u, Tyu) + d(v, T,v)]

d(u,u),d(v,v)

< a;d(w,v) +a, )

+ asz[d(u,w) +d(v,v)]
+a,[d(u,v) +dw,u)]
+as[d(u,u) + d(u, v)]

+ag[d(u,u) +

AW, V)], (9

Since u and v are common fixed point of T;and T,
condition (7) implies that d (u,u) = 0

And d (v, v) = 0. Thus equation (9) becomes
du,v) < (a; +a, +as + ag)d(u,v)
F AV, U) oo (10)
Similarly we get
dv,u) < (a; + a, + as + ag)d(v,u)
Fad (U V) o (11)
Subtracting (11) from (10) we get

ld(u,v) —dw, W)l < |a; +as + ag| |[d(v,u) —
d(u,v)|

Since a; + a5 + a4 < 1,50 the above inequality is
possible

If diw,v) —dw,u) = 0 .o, (12)
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By combining equation (10,(11) and (12) one can
get

(u,v) =0and d(v,u) = 0.

Using (i) We have u = v. Hence Tyand T, have a
unique

common fixed pointin X.

Hence the proof is completed.
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