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Abstract

In this paper we have studied existence, uniqueness and convergence properties of deficient discrete quartic spline
interpolation over uniform which agree with function and two interior points boundary points and first difference at

interior points.
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1. INTRODUCTION.

Discrete splines have been introduced by Mangasarian and Schumaker [ 7] in connection with certain studies of
minimization problems involving differences They have a closed connection with best summation formula in [8 ]
which is especial case of abstract theory of best of approximation of linear functions. Malcolm [6 ] has used discrete
splines to compute nonlinear splines iteratively discrete Cubic splines which interpolates given functional of a
uniform mesh have been studied by Lyche [11 ]. These resuls were generalized by Dikshit and Rana [ 2 ] for
nonuniform mesh. It has been observed that deficient spline mor useful than usual spline observed they require less
continuity requirement at the mesh points. In the direction of some constrictive aspect of discrete splines we refer to
Astor and Duris [ 1 ],Jia [9 ] and Schumaker [10 ], Rana and Dubey [5, ] .Dubey and Paroha [4] and Dubey and
Nigam[3]

EXISTENCE AND UNIQUENESS

Let a mesh on [01] be defined by
P:0=Xy<X1<ueoveoveeeooxp=1
Such that
Xji- X =P for i=01,2 ........n-1

Through h will represent given position real number. For a given function f, we introduced the following

interpolatory conditions

sa) = fla) ay=x+3P (2.2)

s(B) = f(B) Bi=xi+5P (2.3)
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D}{ll}s{yi} = D,{ll}s{yi} yi=x+60P 0<60<1 (24)

and boundary conditions

s(Xo, h) = f(Xo, h) (2.5)

$(n, h) =f (X, ,h)

The class D(m, r, p, h) of deficient discrete spline of degree-m with deficiency r is the set of all continuous
function s(x , h) such that for i = 0, 1, ..............., n,-1 the restriction s; of s(x, h) on [X; ,Xi+1]is a polynomial of
degree m or less and

Do s (i, )= Dy siey (i, ), j=0, 1, oo omt-1 _(2.6)
Where the difference operator
Dy for a function is defined by

D f(x) = f(x)

fk+h) —fx—h
2h

D) =
We pose the following

Problem A : Given h > 0 for what restriction in 6 there exist an unique
s(x, h) €S*(4, 1, P, h) which satisfies the condition.(2.2) - (2.5)

Let P(t) be the quartic polynomial on [0, 1] then we can show that
P(t) = P (3) Qu(0) + P (3) Q2(t) + P'(8)Q5(8) + P(0)Q4 () + P(1)Q5(E)
2.7)

Where

81 27 18962 9 63
0,(t) = {36 63 —792 +90 + (366 —7) hz}t +1-10863 — B + (—1086 +7) h?}t?

27
+ {7293 — 630 + - + 726h2}t3] + {546 — 9 — 540% — 100h?}z*/A
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—640% 6467 320 640 64\ , 256 . 48 (2566 208y , 208
Q) = + ——+<——+—)h t+t{—0 +—+(———>h ——6}

3 3 9 3 9 3 27 3 9 3
+ t3{ 64603 + 4166 o4 649h2} {4802 + 16h% 1286 + 16} A
9 9 3 3 /
@ = —t N 2t%  11¢3 N 2t4 A
Qs(t) = 9 ' 3 9 3 /

500 886 85 85 25
Q4(t)—[1+{ 1693+2092_T+< 160 + )hz} {(T—?)hz ( 93——9) g}t

1663 +—9 ———160.h%{t

{ 170 20 }
3

44
{4 —?9 +120% + 4h2}t4] /A
4 . 5 _ 0 /4 5 19 1,20 19
= 29329242 (9——)}12},: {—93 92———<—9——)h2}t2
Qs(2) [{3 6/ tot 18 + 6 18 \3° 18

5 386 10 1
3 2043 4 2 2 4
{89 +18 18+89h }t {39 60“ — 2h 3}t]/A

Where

—leor—Fozty 1y (Bo_ 1N\
A=(80°-50750-5+(56 - )h

Now we are set to answer the problem “A” in the following

Theorem 2.1 : for any h>0 there exist an unique deficient discrete quartic splines s(x, h)e D(4, 1, P, h) which
satisfies the condition (2.2) - (2.4)

Prof :- Denoting (x-x))/P; by t, 0 <t < 1 we can write (2.5) in the form of the restriction s; (x, h) as he deficient

descrete quartic spline s (x, h) on [x;,Xi+1] as follows

sih) = f(@)Q:(®) + f(B)Q: () + P f(y)Qs(t) + 5:(x1)Qa(t) + 5;(X141) Q5 (8)
_(2.6)

From equation (2.6) we can easity verified that si(x, h) is quartic on [x;, Xi+1] fori =0, 1, ............ n-1 satisfying
(2.2) - (2.4) we apply the continuity of first difference of s;(x, h) at x; in (2.1) to see that
[{16 34 68 14 <16 34

— 03— —02+—0——+h?(=06 ——)}PZ + h? {1693 — 4862 +35ﬁ+ (166 — 16)h? +§}]s-
3 3 9 9 3 9 9 37

{ 1203 + 3792 4 S04 L p? (—— 129)}P2 + [t — 802 + 10— 1204 2467 — (80 — 8)h2}
{160 + 2002 - =2 ( 1660 +2°) 2} P? + (—160° + 1200 - 2 - 169.h2) B2 s+ si [ {303 - 207 +
(-2 r2)pr+{80° + = -2y gon2}n? = F|i=1.2.....n1

2.7)
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Where A,(6,h) =

16 . 34 14 16 34 3586 28
[{?93 ~5 0%+ —9 — 5+ ( 0 —?>}P2 + h? {1693 ~ 4867 + =5~ + (160 — 16)h” +?}]

114 101

Ay(0,h) = [PH-280% +22 0% - 22 0 + - +(-280 +20) h? +{-240° +22 0 — 2= + 2462 - (246 - 8)h?}n?]

As(0,h) = [PZ{ 2 -2 92 +2 +h2( 0 -—)} +{893+— -Type equation here. —6 +80h?}h? and

F, = {3693 +360 —2— 2262 + (369 + )hZ}P2 {7293 — 1530 — £ - 21602 + 72(6 — 1)h2}f(al ) -
{366° - 99 496 + (369 —Z)r2} P? +{726% — 630 + Z + 726. hz}h2 flay +[{(520° - 2202 —ng

2) N (ﬂ 224) hZ}pZ { 6463 — 222 + 19202 + 2% + 64(1 —e)hz}hz] fBi-1) — F(BD) [{ e

9 3

0% _ 320 | (<60, St pz) p2 (6493+ﬁ9———649h2)h2]+ﬁ 2 P2 + 202 DY Fy) +

DN F) P[5 Pr2+ 2R

We have to consider particular value of 8, 0 < 8 < 1 those satisfied diagonally dominant properties i.e absolute
value of coefficient dominant over the sum of the absolute values of coefficient matrix of system is diagonally of
(2.7) in the form AM =F where M and F are the trancepose of the single column vector [m; m,...,m,] and
[F1F,...Fn] respectively and the square matrix of system of equation ~ (2.7) is diagonally dominant and hence

invertible.

Now in this section we shall obtain the precise estimate of error bounds
for discrete quartic spline interpolant for s of theorem 2.1 i.e .e = f-s over the discrete interval [0,1].

ERROR BOUNDS

It may be observed that system of equation (2.7) may be written as

A(h). M(h) = F (3.1)

Where A(h) is coefficient matric and M(h) =s;(x, h ) However as already shown in proof of theorem 2.1 A(h) is
invertible. Denoting the inverse of A(h) by
A™(h) we note that row max norm || A™(h) || satisfies the following inequality

Where,

AT () [l <y (h) (3.2)

Where,

Y(h) = max {C; (h)}*
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For convenience we assume in this section that 1=Mh, where M is positive integer. It is also assume that he mesh

point {xi} are such that Xi € [0, 1] for
=1, 2, h where discrete interval [0, 1]1h is the set of points
{0, h, 2h,......... Mh} for a function F and two district points X, X, in it’s domain the divided difference is defined by

f ) = f(x)

(%1 — x2)

f[xl! x2] =

For convineance we write fi* for D, f and w(f, p) is the modules of continouty of f. The discrete norm of a

function f over interval [0, 1] is defined by

max
x€[0,1]

WA=

If ()l (3.3)
Without assuming any smoothness condition on data f, we shall obtain in the following bounds of error function
E(x) = s(x, h) — f(x) over the discrete interval [0, 1]h

Theorem : Suppose s(x, h) is the deficient discrete quartic spline interpolation of theorem 2.1 then

Il e() I < y(h) k (P, hy w (f &, P) _(3.4)
[ e(®) || < k* (P, hy w(f 4, P) _ (35)and
Il €'(x) || < k** (P, h) w(f &, P) _(3.6)

Where k(P, h) k* (P, h) and k** (P, h) are some positive function of p and h

Proof : writing f; {x} = f; we notice that the equation (3.1) may be written as

A(h). e(x) =f; (h) — A(h) f; = bi say (3.7)

Put e(x) = s(x, h) - f;

We need the following result due to lyche [ 11 ] to estimate R.H.S. of (3.7)

Lemma 3.1- Let {a;};%, and {b;}]_, be given of non negative real numbers such that
Za; = Xb;

Then for any real valued function f defined on discrete interval [0, 1]h we have

Xit1 il Xi0, Xi 10 oo Xige] [ = 21 DI [Vior Yias e o Vit f1 <
h[f®,1 — kh|Za;|k| (3.8)

Where X, Yj €[0, 1] for internal values of i, j and k.
Replacing s(x.h) by e(x;,h) in equality (2.6) to get
e(x) =e(xi) Q 4(t) + e(Xis1) Q(Xirz) +Mi () (3.13)

where Mi(t) = fle;) Qg + f(Bi) Qa(t) P F¥ (i) Qa(t) + f(Xi1)Qalt ) + (x;) Qs(t) — (X)
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A little computation shows that M;(f) in (3.13) may be rewritten in the form of divided difference as follows

Mi(6) = |Zio1 a; [xi0, X1 1f — Yia bjlyjo v1lf] (3.14)

It may be observed that R.H.S. of (3.7) is written as

3

5
(L) = Z a; [xi0, X1 1f — Z bj[ij!yjl]f

j=1

Where,
_ {20 3 20 17 4392 (109+43)h2}P2 h2{493+2579 149 1202 + 406 — 1 hz}
h = 3 9 36 12 3 36 18 36 ( )
=p {1693 3462+689 14 h2<169 34)} P2+h2{1693 4892+20+3589+169 1h2}
@2 = 3 3 9 9 3 39 -1
2 19
a3 = rj—q {§PLZ—1 +?h2}
—P[{6463 6492+329+<649 64>h2}P2+{6493 4169+64+649h2}h2]
“=N 118" 18 54 ' \18 54 18 54~ 54 6
-8 10 20 /86 10 16 10 76 16
=p|l—p3__ 2___(___) Z}PZ {__ 3__— 4 g _ 2% 2} 2]
s [{99 TR A CRyY ol L B S - T LA s
b, =P [{66+69 3 13562+(66 45)}12}102+hz{1203+153t9 5 3602 + (120 — 12 hz}]
- 4 12 12 6 12 ( )
8 11 4 80 11
=p|f5or -5 0t 4504 (5 -5) 7]
b, 30 3¢9+30+3 3h
b=r [Sor—a0 s os (Log) w4 (g - 00,20 (1650
3T 3 27 3 3 27 9 3
1
by = P? [——
4 9
11
bs = P? (—)hz
5 9
and
X10 = Pi.1, X11 = Xj = X0 = X21
X0 = Xi-1, X30 = %1-h, Xs1 = ya+h
X40 = &, X41 = Gi Xs0 = & Xs1 = Q1
Y10 = &1 Y1 = fia Y20 = Xi Yo1= G

ISSN: 2231-5373 http://www.ijmttjournal.org Page 37



http://www.ijmttjournal.org/

International Journal of Mathematics Trends and Technology- Volume24 Numberl — August 2015

Y30 = Xi Y31 = 0 Yao =Yi—h Yar = Yith
Ys0 = Xi-h ys1 = Yith

5 5

Z _Zb = [{EQB—ﬂ92+29_1+<@_i>h2}132
,1a"__1f_ 3 12 3 9 3 12

1= Jj=

+ h? {126’3 1536 45 3692 +12(0 -1 hz} + P {86 362 + 140 + (86 3) hZ}P2
6 12 ( ) 3 27 3

+ {1693 1706 +1+ ehz}hz]
3 27 3

=k (P,h) (Say) _(3.10)
Thus apply Lemna 3.1 suitable in (3.10) for m=n=4 and k=1 to see that
[Lil<k(P,hyw(F®1-P]) (3.11)
Now using the equation (3.2) and (3.11) in (3.7) we get
II'eCx:) Il < y(h) k(P, h) w ({1}, | 1-P |) _(3.12)
Thus in equality (3.4) of theorem (3.1) to obtain the bound of e(x) we replace s;(x, h) by e(x;) in equality (2.6) to get
e(x) = e(xi) Qa (1) + e(xi11) Qs (1) + Mi () (3.13)
Where,
M (f) = f(a) Qu (1) + f(5) Qz (1) + P ™ (3) Qs (1) + f(xi.a) Qu(t) + f(x)) Qs (1) - f(X)

A Little conversation show that Mi(f) in (3.13) may be written in the form of divided difference as follows

IM; ()| = X1 a;lxi0, xa1f — T3oa bj[yios vl f (3.14)
Where,
81 3 27 108 189 21
a, = [t(—693 + Eez —50- <69 - E) h% + {TGB - —02 —— <—186 + T)}
+ 3 {—1293 - ?92 — z - 126h2} + t* {—96 + ; +90% + 3h2}]

85 25 44 85
a,=P [{t(893 — 1062 +—9 + (89 ——) hz} {—03 +—02+—— (—e ——) h2}t2
3 6 18
{893 170 0+ 10 + 89h2}t3 + { 2+ 29 0 — 662 ZhZ} + 4]
18 3 3

1 2 1 , 2
=P j-t+-t?——t3 —t4}
% {9 T3t gttt
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b,=P [t{_293+1592 9+<29+5>h2}+{1003 1962+1+<100+19)h2}t2
- 3 12 18 \3 36 3 12 36 3 36

5 190 5 1
_ 3 = 2 3_ (2 _ 2 _ p2 _ 4
{49 o 18+4eh}t <39 392 — b 6>t]

8 11 40 1 8 11
h=p oflor g 401, (8, 1)

3 3 3 9 3 9
And
X10 = & Xu = fi = Xa
Xo0 = Xi-1 X3 = 7- h X31 = Type equation here.y; 41
Yi0 = /i Y11 = X Y20 = Xi1 Vo1 = X
Clearly

i=1 j=1
= [{263 3992 +299 1 + (29 13) hz}t+t2 {2093 19 0% + ! + (109 19) hz}
B 12 18 9 12 6 12 36 3 36

+ (—493 +%6 —3—56—46}12) t3+ <%5+§9 +36% + h2> t‘*]
=K* (P, h)
Therefore applying lemma (3.1) for m=3, n=2 and k=1 we get
I Mi(f) | < K*(P, h) w (f*", P) (3.15)

Finally applying bounds of (3.12) and (3.15) in (3.13) we get inequality (3.5) w how (proceed to obtain an
upper bound for et¥}(x) for this we use first difference operator in (2.6) and get

P D', () = f(a) Q)+ (8) Q0 + PIP() Q0 + 51160 QD) + 560 Qs (¥
Replace 5() by e(x) we get
= P00 = 011 Q) + & Q) + Ui (1)

Where,
U() = () Q0 +108) Q0 + AT (1) Q0+ Q) + 1 Qs - P00

Now rewriting U; (f) in terms of Divided difference we have

3 2
|U; ()] = Z a;[Xi0, Xi1]5 — Z bi[yjo, Y115
i=1 j=1
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Where,
—p {893 1002 + 229 _ p2 ( 86 + 10)} + t{_8803 1855 2 (889 85) hz}
“= 9 3 3 3 9 \3 9
850 10 22
+ (3t? + h?) {893 ——3 + 3 + 89h2} + {—2 + ?9 - 602 — 2h2} (4t)(t% + h?)

=P [293 592+9+h2<29 5)+{_2093+1992 : (209 19>h2}2t
=7 3V T12Y T8 37 36/ T3 6 18 \3 18

5 19 5 1
3 _ 2 2 2 0 2 _ K2 _ 2 2
+{49 + 36 —189+49h}(t +h)+{39 302 —h 6}4t(t +h)]

-1 4 11 8
=P J—4_—t—-—— 2 2 — 2 2}
a; = {9+3t 9(31: +h)+3t(t + h?%)

by=P [663 8162+39+<69 9>h2+t{ 3693+6392 3+( 369+3>h2}
= 12 2 4 2 2 2

21 9 3
+ {1293 - 79 + 1 + 129h2} (Bt?2+h?) + (99 —3~ 962 — 3h2> 4t (2 + hZ)]
b, =P [893 o2 4o 1+<89 11>h2]
2T 3 3 37 9

It can e easily seen that

=P [2663 12562+1719+<2619 125>h2+t{ 3693+6395 3+< 369+21)h2}
- 3 2 6 3 36 2 2 2

3_E 2 2 _E_ 2 _ 2 2 2
+1126 29+4+129h +196 > 902 — 3h%} 4t(t? + h?)

and

Y10 = & yu = G

Y20 = X+h Y2 =X-h X10 = i X1 =X

Xs0 = 7i-h X20 = i Xo1 = Xia X30 =7 iN, Xo12xp,y0 X312, Fh

Using (3.15) and (3.17) in (3.16) we get inequality (3.6)
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