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projective product of Gamma-rings. If  (X,  ) is the 
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derivations D1 and D2 on ( X1, 1 ) and ( X2 , 2 ) 
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on (X,  ). The converse problems are also studied 
fruitfully. The similar results can be investigated in 
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Gamma- rings. 
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1.  INTRODUCTION:  

   A new and prominent dimension of research in the 
area of Gamma-rings has been started when many 
prominent researchers have become able to extend 
many powerful technical results known for general 
rings to Gamma-rings. The concept of a gamma ring 
was first introduced by Nobusawa [6]. Barnes [10]  
weakened slightly the conditions in the definition of 
gamma ring in the sense of Nobusawa. This field , 
which has evolved as an extension of general ring 
theory does not only cover a small area with an 
independent life, but also serves as a unifying thread 
interlacing many other  branches such as Banach 
spaces, C*-algebras, Dynamical systems, Quantum 
theory etc., and thus it suggests a very wide of scope 
of doing research. Many prominent researchers have 
done magnificent works on different types of 
derivations in the field of gamma-rings 
[1,2,3,4,5,7,8]. 

 

 

2. BASIC CONCEPTS: 

Definition 2.1: A mapping ݂: (X,  ) → (X,  ) is 
called a  - automorphism if ݂  is bijective and a 
 - homomorphism. 

Definition 2.2: An additive mapping ݀: (X,  ) →
(X,  ) is called a (࣌,࣎) derivation if  

(ݕߙݔ)݀ = (ݕ)݀ߙ(ݔ)ߪ + ݕ,ݔ ∀ (ݕ)߬ߙ(ݔ)݀ ∈ ܺ,
ߙ ∈   

Definition 2.3: Let (X,  ) be a gamma ring with left 
and right operator rings ܮ and ܴ respectively. X is 
said to have a left (or right) unity if there exist 
݀ଵ,݀ଶ, … . . ,݀௡ ∈ X ܽ݊݀ ߜଵ,ߜଶ, … . ௡ߜ. ∈    such that 
for all ݔ ∈ X, ∑ ݀௜ߜ௜௡

௜ୀଵ ݔ = ∑  or)  ݔ ௜݀௜௡ߜݔ
௜ୀଵ =  .( ݔ

X is said to have a strong left (or strong right) unity 
if there exist ݀ ∈ X, ߜ ∈   such that 

ݔߜ݀  = ݀ߜݔ or ݔ = ݔ for all ݔ ∈ X. 

An ideal I of X will be called left modular (left 
strongly modular) if the factor gamma ring X/I has 
a left unity (strong left unity). Right modular and 
right strongly modular ideals are similarly defined. 

Definition 2.4: An ideal ܣ of X is called a direct 
summand if there exist an ideal ܤ of X such that 
every element of X is uniquely expressible in the 
form ݔ = ܽ + ܽ ݁ݎℎ݁ݓ ܾ ∈ ܾ,ܣ ∈  then we write ,ܤ
X=A+B. it can be proved that if ܽ ∈ ܾ,ܣ ∈  then ܤ
ܾߛܽ = 0 for all ߛ ∈  . 

Definition 2.5: A gamma ring (X,  ) is said to be a 
prime gamma ring if ݔ X ݔ = ,ݔ ℎݐ݅ݓ,0 ݕ ∈ X 
implies either ݔ = ݕ ݎ݋ 0 = 0. 
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Definition 2.6: Let ൫ ଵܺ,  ଵ൯ and ൫ܺଶ,  ଶ൯ be two 
gamma rings. Let ܺ = ଵܺ × ܺଶ and 

  =  ଵ ×  ଶ
. Then defining addition and 

multiplication on ܺ and   by, 

(ଶݔ,ଵݔ) + (ଶݕ,ଵݕ) = ଵݔ) + ଶݔ,ଵݕ +  , (ଶݕ

(ଶߙ,ଵߙ)  + (ଶߚ,ଵߚ) = ଵߙ) + ଶߙ,ଵߚ +  (ଶߚ

and (ݔଵ,ݔଶ)(ߙଵ,ߙଶ)(ݕଵ,ݕଶ) =  (ଶݕଶߙଶݔ,ଵݕଵߙଵݔ)

for every (ݔଵ,ݔଶ), (ଶݕ,ଵݕ) ∈ ܺ and 
,(ଶߙ,ଵߙ) (ଶߚ,ଵߚ) ∈  , 

(ܺ,  ) is a gamma ring. We call this gamma ring as 
the Projective product of gamma rings.  

3.  MAIN RESULTS: 

Theorem 3.1: Two automorphisms on ൫Xଵ,  ଵ൯ and 

൫Xଶ,  ଶ൯ give rise to an automorphim on (X,  ) but 
the converse is true for homomorphism, where 
(X,  ) is the projective product of  ൫Xଵ,  ଵ൯ and 

൫Xଶ,  ଶ൯. 

Proof:  Let ଵ݂  and ଶ݂  be two automorphisms on the 
gamma rings ൫Xଵ,  ଵ൯ and ൫Xଶ,  ଶ൯ respectively. 
Then ଵ݂ and ଶ݂  are homomorphisms as well as 
bijective. 

We define a mapping ݂: X → X by, 

(ݔ)݂ = ݂൫(ݔଵ,ݔଶ)൯ = ( ଵ݂(ݔଵ), ଶ݂(ݔଶ))  for all 
ݔ = (ଶݔ,ଵݔ) ∈ X. 

Obviously ݂ is additive.  

Let ݔ = ݕ,(ଶݔ,ଵݔ) = (ଶݕ,ଵݕ) ∈ X and  ߙ =
(ଶߙ,ଵߙ) ∈   be any elements. Then  

(ݕߙݔ)݂ = ((ଶݕ,ଵݕ)(ଶߙ,ଵߙ)(ଶݔ,ଵݔ) )݂
= ((ଶݕଶߙଶݔ,ଵݕଵߙଵݔ))݂
= ൫ ଵ݂(ݔଵߙଵݕଵ), ଶ݂(ݔଶߙଶݕଶ)൯ 

= ( ଵ݂(ݔଵ)ߙଵ ଵ݂(ݕଵ), ଶ݂(ݔଶ)ߙଶ ଶ݂(ݕଶ))   [Since ଵ݂ and 
ଶ݂  are homomorphisms on ൫Xଵ,  ଵ൯ and 
൫Xଶ,  ଶ൯ respectively] 

= ൫ ଵ݂(ݔଵ), ଶ݂(ݔଶ)൯(ߙଵ,ߙଶ)( ଵ݂(ݕଵ), ଶ݂(ݕଶ))
= ݂൫(ݔଵ,ݔଶ)൯(ߙଵ,ߙଶ) ݂൫(ݕଵ,ݕଶ)൯
=  (ݕ)݂ߙ(ݔ)݂

So, ݂(ݕߙݔ) = ݕ,ݔ ∀ (ݕ)݂ߙ(ݔ)݂ ∈ X ܽ݊݀ ߙ ∈  . 
Thus ݂ is a homomorphism on (X,  ). 

Again let, 

(ݔ)݂   = (ݕ)݂ => ݂൫(ݔଵ,ݔଶ)൯ = ((ଶݕ,ଵݕ))݂ =>
൫ ଵ݂(ݔଵ), ଶ݂(ݔଶ)൯ = ( ଵ݂(ݕଵ), ଶ݂(ݕଶ))     

=>  ଵ݂(ݔଵ) = ଵ݂(ݕଵ)  ܽ݊݀  ଶ݂(ݔଶ) = ଶ݂(ݕଶ)   

=> ଵݔ = ଶݔ  ݀݊ܽ  ଵݕ = -ଶ [since ଵ݂ and ଶ݂ are oneݕ
one mappings] 

=> (ଵݕ,ଵݔ) = (ଶݕ,ଶݔ) => ݔ =  ݕ

So ݂ is an one-one mapping. 

Now to show ݂ is onto, let ݕ = (ଶݕ,ଵݕ) ∈ X be any 
element. Then ݕଵ ∈ Xଵ ܽ݊݀  ݕଶ ∈ Xଶ . Since ଵ݂  and ଶ݂  
be two automorphisms on the gamma rings ൫Xଵ,  ଵ൯ 
and ൫Xଶ,  ଶ൯ respectively so for ݕଵ ∈ Xଵ ܽ݊݀  ݕଶ ∈
Xଶ there exist ݔଵ ∈ Xଵ ܽ݊݀  ݔଶ ∈ Xଶ such that 
ଵ݂(ݔଵ) = (ଶݔ)ଵ and ଶ݂ݕ =  ଶ. Thus there existݕ
ݔ = (ݔ)݂ such that (ଶݔ,ଵݔ) = ݂൫(ݔଵ,ݔଶ)൯ =
൫ ଵ݂(ݔଵ), ଶ݂(ݔଶ)൯ = (ଶݕ,ଵݕ) =  ݂ which shows that ,ݕ
is onto. 

Hence ݂ is an automorphism on X defined by ଵ݂ and 
ଶ݂ . 

Converse part: Let ݂ be a  - automorphism on X. 
We define two mappings ଵ݂: Xଵ → Xଵ and ଶ݂: Xଶ →
Xଶ by ଵ݂(ݔଵ) = ,ଵݔ))݂ܨ ଵݔ ∀ ((0 ∈ Xଵ and ଶ݂(ݔଶ) =
ଶݔ ∀ ((ଶݔ,0))݂ܵ ∈ Xଶ, where ܨ and ܵ represents the 
first and second component of an ordered pair in X. 

ଵݕ,ଵݔ ∈ Xଵ and ߙଵ ∈  ଵ be any elements. Then we 
have the following 

ଵ݂(ݔଵߙଵݕଵ) 

,ଵݕଵߙଵݔ))݂ܨ= 0))    

,ଵݕଵߙଵݔ))݂ܨ= ଶߙ ,  ((ଶ0ߙ0 ∈  ଶ 

,ଵݔ))݂ܨ= ,ଵݕ)(ଶߙ,ଵߙ)(0 0)) 

ݔ ݁ݎℎ݁ݓ,(ݕߙݔ)݂ܨ= = ,ଵݔ) ݕ,(0 = ,ଵݕ) 0) ∈
X ܽ݊݀ ߙ = (ଶߙ,ଵߙ) ∈     

=  since ݂ is an automorphism on]  [(ݕ)݂ߙ(ݔ)݂]ܨ
(X,  )] 

=    (ݕ)݂ܨߙܨ(ݔ)݂ܨ
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= ,ଵݔ)൫݂ܨ  0)൯ܨ(ߙଵ,ߙଶ)ݕ))݂ܨଵ, 0)) 

= ଵ݂(ݔଵ)ߙଵ ଵ݂(ݕଵ) 

Thus  ଵ݂(ݔଵߙଵݕଵ) = ଵ݂(ݔଵ)ߙଵ ଵ݂(ݕଵ) ∀ ݔଵ,ݕଵ ∈ Xଵ 
and ߙଵ ∈  ଵ. 

Similarly we can show, 
ଶ݂(ݔଶߙଶݕଶ) = ଶ݂(ݔଶ)ߙଶ ଶ݂(ݕଶ) ∀ ݔଶ,ݕଶ ∈ Xଶ and 
ଶߙ ∈  ଶ. 

So ଵ݂ and ଶ݂ are two homomorphisms on the gamma 
rings ൫Xଵ,  ଵ൯ and ൫Xଶ,  ଶ൯ respectively. But 
nothing can be said about the bijectiveness of the 
mappings ଵ݂ and ଶ݂ , though ݂ is bijective. Hence the 
result. 

Theorem 3.2: Two (ߪ, ߬) derivation on the gamma 
rings ൫Xଵ,  ଵ൯ and ൫Xଶ,  ଶ൯ give rise to a (ߪ, ߬) 
derivation on the projective product (X,  ) of the 
gamma rings ൫Xଵ,  ଵ൯ and ൫Xଶ,  ଶ൯. 

Proof: Let  ݀ଵ: Xଵ → Xଵ and  ݀ଶ: Xଶ → Xଶ be two 
,ଵߪ) ߬ଵ) and (ߪଶ, ߬ଶ) derivations on the gamma rings 
൫Xଵ,  ଵ൯ and ൫Xଶ,  ଶ൯ respectively. 

We define  mappings  ݀: X → X, ߪ: X → X and 
߬: X → X by  

(ݔ)݀ = ݀൫(ݔଵ,ݔଶ)൯ = ( ݀ଵ(ݔଵ), ݀ଶ(ݔଶ))   

(ݔ)ߪ = ൯(ଶݔ,ଵݔ)൫ߪ =    ((ଶݔ)ଶߪ,(ଵݔ)ଵߪ )

(ݔ)߬ = ߬൫(ݔଵ,ݔଶ)൯ = ( ߬ଵ(ݔଵ), ߬ଶ(ݔଶ))  for all 
ݔ = (ଶݔ,ଵݔ) ∈ X 

Then ݀,ߪ, ߬  are  well defined as well as additive 
mappings. 

Let ݔ = ݕ,(ଶݔ,ଵݔ) = (ଶݕ,ଵݕ) ∈ X and  ߙ =
(ଶߙ,ଵߙ) ∈   be any elements. Then  

 (ݕߙݔ)݀

=  ((ଶݕ,ଵݕ)(ଶߙ,ଵߙ)(ଶݔ,ଵݔ) )݀

=  ((ଶݕଶߙଶݔ,ଵݕଵߙଵݔ))݀

= (݀ଵ(ݔଵߙଵݕଵ),݀ଶ(ݔଶߙଶݕଶ)) 

=
(ଵݕ)ଵ݀ଵߙ(ଵݔ)ଵߪ) +
݀ଵ(ݔଵ)ߙଵ߬ଵ(ݕଵ),ߪଶ(ݔଶ)ߙଶ݀ଶ(ݕଶ) +
݀ଶ(ݔଶ)ߙଶ߬ଶ(ݕଶ))   [Since ݀ଵ and ݀ଶ are two (ߪଵ, ߬ଵ) 

and (ߪଶ,߬ଶ) derivations on the gamma rings 
൫Xଵ,  ଵ൯ and ൫Xଶ,  ଶ൯ respectively. 

= ((ଶݕ)ଶ݀ଶߙ(ଶݔ)ଶߪ,(ଵݕ)ଵ݀ଵߙ(ଵݔ)ଵߪ ) +
(݀ଵ(ݔଵ)ߙଵ߬ଵ(ݕଵ),݀ଶ(ݔଶ)ߙଶ߬ଶ(ݕଶ))  

= ൫ ߪଵ(ݔଵ),ߪଶ(ݔଶ)൯(ߙଵ,ߙଶ)(݀ଵ(ݕଵ),݀ଶ(ݕଶ))
+ (݀ଵ(ݔଵ),݀ଶ(ݔଶ)(ߙଵ,ߙଶ)( ߬ଵ(ݕଵ), ߬ଶ(ݕଶ)) 

= ((ଶݕ,ଵݕ))݀(ଶߙ,ଵߙ)൯(ଶݔ,ଵݔ)൫ߪ
+  ൯(ଶݕ,ଵݕ)൫߬ (ଶߙ,ଵߙ)((ଶݔ,ଵݔ))݀

= (ݕ)݀ߙ(ݔ)ߪ +  (ݕ)߬ߙ(ݔ)݀

Thus ݀(ݕߙݔ) = (ݕ)݀ߙ(ݔ)ߪ + ,ݔ ∀(ݕ)߬ߙ(ݔ)݀ ݕ ∈
X ܽ݊݀ ߙ ∈  . 

So ݀ is a (ߪ, ߬) derivation on (X,  ) defined by ݀ଵ 
and ݀ଶ. 

Conversely if ݀ is a (ߪ, ߬) derivation on (X,  ), the 
defining the mappings ݀ଵ: Xଵ → Xଵ, ߪଵ: Xଵ → Xଵ and 
߬ଵ: Xଵ → Xଵ by  

݀ଵ(ݔଵ) = ,ଵݔ))݀ܨ ଵݔ ∀ ((0 ∈ Xଵ 

(ଵݔ)ଵߪ = ,ଵݔ))ߪܨ ଵݔ ∀ ((0 ∈ Xଵ 

 ߬ଵ(ݔଵ) = ,ଵݔ))߬ܨ ଵݔ ∀ ((0 ∈ Xଵ, where ܨ represents 
the first component. 

Then it can be easily shown that ݀ଵ is a (ߪଵ, ߬ଵ) 
derivation on ൫Xଵ,  ଵ൯. Similarly we can find ݀ଶ is a 
,ଶߪ) ߬ଶ) derivation on ൫Xଶ,  ଶ൯ and hence the result. 

Theorem 3.3: Let (X,  ) be the projective product 
of the gamma rings ൫Xଵ,  ଵ൯ and ൫Xଶ,  ଶ൯. Then if 
൫Xଵ,  ଵ൯ and ൫Xଶ,  ଶ൯ has left unities then (X,  ) 
also has left unity and vice versa. 

Proof: Suppose ൫Xଵ,  ଵ൯ and ൫Xଶ,  ଶ൯ has left 
unities. 

Since ൫Xଵ,  ଵ൯ has left unity so there exist 
݀ଵ,݀ଶ, ݀ଷ, … . ,݀௡ ∈ Xଵ and ߜଵ,ߜଶ,ߜଷ, … . ௡ߜ, ∈  ଵ 
such that  ∑ ݀௜ߜ௜ݔଵ = ଵ௡ݔ

௜ୀଵ ଵݔ  ∀   ∈ Xଵ. 

Again since ൫Xଶ,  ଶ൯ has left unity so there exist 
,ଷ݌,ଶ݌,ଵ݌ … . ௠݌, ∈ Xଵ and  ߩଵ,ߩଶ,ߩଷ, … . , ௠ߩ ∈  ଶ 
such that  ∑ ଶݔ௜ߩ௜݌ = ଶ௠ݔ

௜ୀଵ ଶݔ  ∀   ∈ Xଶ. 

Without the loss of generality, let ݊ ≥ ݉ and let 
ݔ = (ଶݔ,ଵݔ) ∈ X be any element. 
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Then ݔ =  (ଶݔ,ଵݔ)

 = (∑ ݀௜ߜ௜ݔଵ௡
௜ୀଵ ,∑ ଶ௠ݔ௜ߩ௜݌

௜ୀଵ )  

 = (݀ଵߜଵݔଵ + ݀ଶߜଶݔଵ+. . . +݀௡ߜ௡ݔଵ,݌ଵߩଵݔଶ +
.+ଶݔଶߩଶ݌ . .  (ଶݔ௠ߩ௠݌+

= (݀ଵߜଵݔଵ + ݀ଶߜଶݔଵ +⋯+ ݀௠ߜ௠ݔଵ + ݀௠ାଵߜ௠ାଵݔଵ
+⋯+ ݀௡ߜ௡ݔଵ ,
ଶݔଵߩଵ݌ + ଶݔଶߩଶ݌ + ⋯+ ଶݔ௠ߩ௠݌
+ ଶݔ00 + ⋯+  (ଶݔ00

= (݀ଵߜଵݔଵ,݌ଵߩଵݔଶ) + (݀ଶߜଶݔଵ,݌ଶߩଶݔଶ) + ⋯
+ (݀௠ߜ௠ݔଵ,݌௠ߩ௠ݔଶ)
+ (݀௠ାଵߜ௠ାଵݔଵ, (ଶݔ00 + ⋯
+ (݀௡ߜ௡ݔଵ,  (ଶݔ00

= (݀ଵ,݌ଵ )(ߜଵ,ߩଵ)(ݔଵ,ݔଶ) + (݀ଶ,݌ଶ)(ߜଶ,ߩଶ)(ݔଵ,ݔଶ)
+⋯+ (݀௠ (ଶݔ,ଵݔ)(௠ߩ,௠ߜ)(௠݌,
+ (݀௠ାଵ, ,௠ାଵߜ)(0 (ଶݔ,ଵݔ)(0 + ⋯
+ (݀௡ , ,௡ߜ)(0  (ଶݔ,ଵݔ)(0

= ܽଵߛଵݔ + ܽଶߛଶݔ + ⋯+ ܽ௠ߛ௠ݔ + ܽ௠ାଵߛ௠ାଵݔ +⋯
+ ܽ௡ߛ௡ݔ 

= ෍ܽ௜ߛ௜ݔ
௡

௜ୀଵ

 

Where ܽ௜ = ൜(݀௜ , ݅ ݂݅  (௜݌ ≤ ݉
(݀௜ , 0) ݂݅ ݅ > ݉      and    

௜ߛ = ൜(ߜ௜ ݅ ݂݅  (௜ߩ, ≤ ݉
௜ߜ) , 0) ݂݅ ݅ > ݉  

Then each ܽ௜ ∈ X  ܽ݊݀  ߛ௜ ∈  . 

Thus we get elements ܽଵ,ܽଶ,ܽଷ, … . , ܽ௡ ∈ X  and 
,ଵߛ ଶߛ ,ଷߛ, … , ௡ߛ ∈    such that 

∑ ܽ௜ߛ௜ݔ௡
௜ୀଵ = ݔ for all  ݔ ∈ X , which implies that the 

projective gamma ring (X,  ) also has left unity if its 
component gamma rings have left unities. 

Conversely suppose that (X,  ) has left unity. 

Then there exist elements ݑ௜ = (ܿ௜ ,݀௜) ∈ X  and  
߱௜ = ௜ߙ) (௜ߚ, ∈   , ݅ = 1,2, … , ݊ such that  

∑ ௡ݔ௜߱௜ݑ
௜ୀଵ = ݔ for all  ݔ = (ଶݔ,ଵݔ) ∈ X 

=> ෍(ܿ௜ ,݀௜)(ߙ௜ (ଶݔ,ଵݔ)(௜ߚ, = (ଶݔ,ଵݔ)
௡

௜ୀଵ

 

=> ෍(ܿ௜ߙ௜ݔଵ,
௡

௜ୀଵ

݀௜ߚ௜ݔଶ) =  (ଶݔ,ଵݔ)

=> (෍ܿ௜ߙ௜ݔଵ,
௡

௜ୀଵ

෍݀௜ߚ௜ݔଶ

௡

௜ୀଵ

) =  (ଶݔ,ଵݔ)

=> ∑ ܿ௜ߙ௜ݔଵ = ଵ௡ݔ
௜ୀଵ  ܽ݊݀ ∑ ݀௜ߚ௜ݔଶ = ଶ௡ݔ

௜ୀଵ   

Thus we get elements ܿଵ, ܿଶ, ܿଷ, … . , ܿ௡ ∈ Xଵ  and 
,ଷߙ,ଶߙ,ଵߙ … ௡ߙ, ∈  ଵ, ݅ = 1,2, … ,݊ such that 

∑ ܿ௜ߙ௜ݔଵ = ଵ௡ݔ
௜ୀଵ  for all ݔଵ ∈ Xଵ. So ൫Xଵ,  ଵ൯ has 

left unity. Similarly ൫Xଶ,  ଶ൯ also has left unity. 
That is if the projective product has left unity then the 
component gamma rings also has left unities and 
hence the result. 

Theorem 3.3 can also be proved for gamma rings 
having right unity as well as strong left and strong 
right unities. 

Theorem 3.4: Let (X,  ) be the projective product 
of two prime gamma rings ൫Xଵ,  ଵ൯ and ൫Xଶ,  ଶ൯ 
having non zero (ߪଵ, ߬ଵ) and (ߪଶ, ߬ଶ) derivations 
respectively. Then for ܽ ∈ X, there exist a (ߪ, ߬) 
derivation ݀ on (X,  ) such that if at least one of the 
following (i)݀(X) (ܽ)ߪ = 0 or (ii)ܽ ݀(X) = 0 
holds, then ܽ = 0. Converse is also true i.e if the 
result holds in the projective prime gamma ring then 
it will hold in the component gamma rings also. 

Proof: Let  ݀ଵ: Xଵ → Xଵ and  ݀ଶ: Xଶ → ܺଶ be two non 
zero (ߪଵ, ߬ଵ) and (ߪଶ, ߬ଶ) derivations on the gamma 
rings ൫Xଵ,  ଵ൯ and ൫Xଶ,  ଶ൯ respectively. 

We define the mappings ݀: X → X, ߪ: X → X and 
߬: X → X by  

(ݔ)݀ = ݀൫(ݔଵ,ݔଶ)൯ = ( ݀ଵ(ݔଵ), ݀ଶ(ݔଶ))   

(ݔ)ߪ = ൯(ଶݔ,ଵݔ)൫ߪ =    ((ଶݔ)ଶߪ,(ଵݔ)ଵߪ )

(ݔ)߬ = ߬൫(ݔଵ,ݔଶ)൯ = ( ߬ଵ(ݔଵ), ߬ଶ(ݔଶ))  for all 
ݔ = (ଶݔ,ଵݔ) ∈ X 

Then ݀,ߪ, ߬ are well defined as well as additive 
mappings. Since ݀ଵ and ݀ଶ are non zero so ݀ is also 
non zero. Also ݀ is a (ߪ, ߬) derivation ݀ on (X,  ) as 
proved in theorem 3.2. 

Let ܽ ∈ X be any element such that ݀(X) (ܽ)ߪ = 0 
holds. Then we have  
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(ܽ)ߪߛ(ݔ)݀ = 0 for all ݔ = (ଶݔ,ଵݔ) ∈ X,ߛ =
,ଵߛ) (ଶߛ ∈   

=> ൫ ݀ଵ(ݔଵ),݀ଶ(ݔଶ)൯(ߛଵ , ଶ(ܽଶ)൯ߪ,ଵ(ܽଵ)ߪ ଶ)൫ߛ = 0 

=> ൫݀ଵ(ݔଵ)ߛଵ ଶߛ(ଶݔ)ଵ(ܽଵ),݀ଶߪ  ଶ(ܽଶ)൯ߪ  = 0
= (0,0) 

=> ݀ଵ(ݔଵ)ߛଵ ଵ(ܽଵ)ߪ  = 0, ݀ଶ(ݔଶ)ߛଶ ߪଶ(ܽଶ) = 0 for 
all ݔଵ ∈ Xଵ, ݔଶ ∈ Xଶ and ߛଵ ∈  ଵ, ߛଶ ∈  ଶ 

=> ܽଵ = 0, ܽଶ = 0  [Since ൫Xଵ,  ଵ൯ and ൫Xଶ,  ଶ൯ 
are prime gamma rings, so the result holds]  

=> (ܽଵ, ܽଶ) = (0,0) = 0 => ܽ = 0 

Similarly the other result can also be proved. 

Here ൫Xଵ,  ଵ൯ and ൫Xଶ,  ଶ൯ are prime gamma 
rings, but not necessarily their projective product 
(X,  ) is a prime gamma ring. But the result holds in 
(X,  ) irrespective of whether it is a prime gamma 
ring or not. Thus the result holds if the component 
gamma rings are prime, no matter the projective 
product itself is a prime gamma ring or not. 

Conversely if we let (X,  ), a prime gamma ring 
with a non zero (ߪ, ߬) derivation ݀, the result is 
obvious in the component gamma rings because the 
components of a prime gamma ring are always prime. 
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