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Abstract: This paper highlights many enlightening
results on (o,7)-derivations and unities in the
projective product of Gamma-rings. If (X, I') is the
projective product of two Gamma-rings

( Xy, I7) and (X, I},), a pair of (g,1)-

derivations D; and D, on ( Xy, I}) and ( X, I7,)
respectively can be extended to a (o, )-derivation D
on (X, I'). The converse problems are also studied
fruitfully. The similar results can be investigated in
case of the projective product of n number of
Gamma- rings.
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1. INTRODUCTION:

A new and prominent dimension of research in the
area of Gamma-rings has been started when many
prominent researchers have become able to extend
many powerful technical results known for general
rings to Gamma-rings. The concept of a gamma ring
was first introduced by Nobusawa [6]. Barnes [10]
weakened slightly the conditions in the definition of
gamma ring in the sense of Nobusawa. This field ,
which has evolved as an extension of general ring
theory does not only cover a small area with an
independent life, but also serves as a unifying thread
interlacing many other branches such as Banach
spaces, C*-algebras, Dynamical systems, Quantum
theory etc., and thus it suggests a very wide of scope
of doing research. Many prominent researchers have
done magnificent works on different types of
derivations in the field of gamma-rings
[1,2,3,4,5,7,8].

2. BASIC CONCEPTS:

Definition 2.1: Amapping f: (X, I') » (X, T") is
called a I" - automorphism if f is bijective and a
I" - homomorphism.

Definition 2.2: An additive mapping d: (X, I") —»
(X, I') is called a (a, T) derivation if

d(xay) = o(x)ad(y) + d(x)at(y) V x,y € X,
ael

Definition 2.3: Let (X, I") be a gamma ring with left
and right operator rings L and R respectively. X is
said to have a left (or right) unity if there exist
dy, dy,.....,d, € Xand 6,,6,,.....6, € I' such that
forallx e X, X, d;6;x =x (or X, x6;d; =x).

X is said to have a strong left (or strong right) unity
if there exist d € X,6 € I' such that

déx = x or x6d = x for all x € X.

An ideal 1 of X will be called left modular (left
strongly modular) if the factor gamma ring X/I has
a left unity (strong left unity). Right modular and
right strongly modular ideals are similarly defined.

Definition 2.4: An ideal A of X is called a direct
summand if there exist an ideal B of X such that
every element of X is uniquely expressible in the
form x = a + b wherea € A,b € B, then we write
X=A+B. it can be proved that if a € A,b € B then

ayb=0forally e T".

Definition 2.5: A gamma ring (X, I") is said to be a
prime gamma ring if xI' XI' x = O, with x,y € X
implies either x =0ory = 0.
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Definition 2.6: Let (X;, I",) and (X,, T",) be two
gammarings. Let X = X; x X, and

r = 1“1 x 1“2. Then defining addition and
multiplication on X and T by,

(e, x5) + (71,52) = (6 + Y1, %, +Y,)
(ay,a;) + (B, ;) = (ay + By, ay + ;)
and (x;, %) (ay, @) (V1,¥2) = (1 1Y1,%20,Y7)

for every (1, %), (v, y2) €EX and
(a1, @), (B, B) € T,

(X, I') is a gamma ring. We call this gamma ring as
the Projective product of gamma rings.

3. MAIN RESULTS:

Theorem 3.1: Two automorphisms on (X,, I",) and
(X5, T',) give rise to an automorphim on (X, I') but
the converse is true for homomorphism, where
(X, I') is the projective product of (X,, I",) and

(X2, T',).

Proof: Let f; and £, be two automorphisms on the
gammarings (X,, ') and (X,, T ,) respectively.
Then f; and f, are homomorphisms as well as
bijective.

We define a mapping f: X = X by,

F0) = F((r1,x2)) = (fi(x1), fo(x3)) for all

x = (x;,x,) € X
Obviously f is additive.

Let x=(x,x),y=0(1y) EX and a=
(a;,a,) € T" be any elements. Then

fxay) = f((er, x2)(aq, @2)(v1,¥2))
= f((x101Y1,%,0,¥))
= (f1(x1a’1Y1)vf2(x2‘XZYZ))

= (filxDaifi(y1), f,(xz)a, f,(y,)) [Since f; and

f, are homomorphisms on (X, I',) and
(X5, T ,) respectively]

= (fl(x1)yf2(x2))(a1vaz)(fl(yoyfz(yZ»
= f((x1vx2))(a1va2) f(()ﬁvYZ))
=f(x)af(y)

So, f(xay)=f@af(y)vVx,yeXanda€e I .
Thus f is a homomorphism on (X, ).

Again let,

f) =) => f((x1. %)) = F((31,52)) ==
(fl(x1)vf2(x2)) = (il 2(v2))

=> fi(x;) = fily1) and f,(x;) = fo(y,)

=>x, =y, and x, =y, [since f; and f, are one-
one mappings]

=> (x1,y1) = (x2,y2) =>x=y
So f is an one-one mapping.

Now to show f is onto, let y = (y,,y,) € X be any
element. Then y, € X, and y, € X, . Since f; and f,

be two automorphisms on the gamma rings (X,, I" )
and (X,, I ) respectively so for y, € X, and y, €

X, there exist x; € X; and x, € X, such that
filx;) =y, and f,(x,) =y,. Thus there exist

x=(r,0)  such  that  f() = f(Gey,x,)) =

(fl(x1)yf2(x2)) = (y,,¥,) =y, which shows that f
is onto.

Hence f is an automorphism on X defined by f; and

fa.

Converse part: Let f be a I' - automorphism on X.
We define two mappings f;:X; = X; and f,:X, =
Xz by fi(x1) = Ff((x1,0)) V x; € X; and fo(x;) =
Sf((0,x,)) ¥V x, € X,, where F and S represents the
first and second component of an ordered pair in X.

X,y EX;and ay € T , be any elements. Then we
have the following

fi(earys)

=Ff((x12,y1,0))
=Ff((x,a11,00,0)) ,a, € T,
=Ff((x1,0)(ay, @) (y1,0))

=Ff(xay),where x = (x,,0),y = (y,,0) €
Xand a = (a,a,) € T’

= F[f(x)af(y)] [since f is an automorphism on
X 1]

= Ff(x)FaFf(y)
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= Ff((x1yo))F(a1vaz)Ff((YbO))
= fi(xayfi (v1)

Thus filxayy,) = fi(e))ay fi(y1) YV xg, 51 € Xy
anda; € I" .

Similarly we can show,

f2(xa,y,) = f,(x)af,(v2) V X, ¥, € X, and
a, €l

So f; and f, are two homomorphisms on the gamma
rings (X, T',) and (X, I',) respectively. But
nothing can be said about the bijectiveness of the

mappings f; and f,, though f is bijective. Hence the
result.

Theorem 3.2: Two (o, t) derivation on the gamma
rings (X, ' ;) and (X;, ") give rise to a (0,7)
derivation on the projective product (X, I") of the
gammarings (X,, ') and (X, T ).

Proof: Let d;:X; = X; and d,:X, = X, be two
(0,,7,) and (o,, T,) derivations on the gamma rings
(X4, T') and (X,, T",) respectively.

We define mappings d:X—-X, ¢:X—->X and
7:X = X by

d(x) = d((x1vx2)) = (dy(x1), dy(x;))
o(x) = 0'((x1,x2)) = (0y(x1),0,(x,))

(x) = T((x1vx2)) = (11(x1), 72(x2)) for all
x=(x;,x,) €EX

Then d,o,t are well defined as well as additive
mappings.

Let x=(x1,x),y =(y.) €X and a=
(a;,a,) € T" be any elements. Then

d(xay)

= d( (xq, %) (a1, 22)(V1,¥2))
= d((x1a11,%,a,Y,))

= (d;(x1a1y1), d5 (x22,Y5))
(_0'1(x1)a1d1(Y1) +

di(x1)a; 11 (1), 02 (x3)a,dy (v2) +
d,(x)a,7,(y,)) [Since d; and d, are two (o, 7;)

and (o,,7,) derivations on the gamma rings
(X1, ') and (X,, T",) respectively.

= (01(x1)a,d; (1), 02 (x2)a,d, (7)) +
(dy (x)ay 7, (v1), dz(xz)a’zfz(YZ))

= (01(x1)10'2(x2))(0-’1v a,)(d1(y1),d2(32))
+ (dy (1), dy (x2) (@, ) (71 (¥1), 72 (32))

= o((x1, x2)) (@, @2)d((y1,2))
+d((xq,x3))(ay, az) T((Ylez))

=o(x)ad(y) + d(x)az(y)

Thus  d(xay) =o(x)ad(y) +d(x)at(y)V x,y €
Xanda € I'.

So d is a (o, 1) derivation on (X, I'") defined by d,
and d,.

Conversely if d is a (o, T) derivation on (X, I'), the
defining the mappings d;: X; = X4, g,:X; = X; and
7. X, = X, by

d;(x;) = Fd((x;,0)) V x; € X4
01(x1) = Fo((x1,0)) Vx; € X4

7,(x;) = Ft((x;,0)) V x; € X;, where F represents
the first component.

Then it can be easily shown that d, is a (g;,7;)
derivation on (X, I" ). Similarly we can find d, is a
(0, 7,) derivation on (X,, I",) and hence the result.

Theorem 3.3: Let (X, I') be the projective product
of the gamma rings (X,, I' ) and (X,, T ,). Then if

(X1, T',) and (X,, I',) has left unities then (X, I')
also has left unity and vice versa.

Proof: Suppose (X,,I",) and (X, T",) has left
unities.

Since (X, I",) has left unity so there exist

dy dy, dy, ..., dy €X; and 61,8,,85,...,6, € [,
suchthat X%, d;6;x; =x; V x; € X;.

Again since (X,, I' ) has left unity so there exist
D1,P2:P3: - Pm € Xy @A py,pz,03,....pm € L',
such that X7, p;pix, = x, V x, € X,.

Without the loss of generality, let n > m and let
x = (x;,x,) € X be any element.
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Then x = (x;,x;)
= Q1 di6ixy X1 pipiX2)

= (d161x1 + dy 86,20+ +d 8%, P11 X +
D2P2X2+F. . +Dm PmX2)

= (d161x1 + dy 8% + -+ dp 6 Xy + dip 1 0my1 Xy
+oeet dndnxl )

P1P1Xy T PaP2Xy 0 F PP X
+ 00x, + -+ + 00x,)

= (d181%1,01p1%3) + (dy 8,1, P2 pox,) + -+
+ (dmdmxlvpmpmxz)
+ (dps16m+1%1,00x,) + -
+ (dndnxlvooxz)

= (dy,p1 )(61,p1) (x1,%;) + (d3, )82, p2) (x4, x3)
+oeeet (dmvpm)(dmvpm)(xlvxz)
+ (A1, 0) (a1, 0) (g, X)) + -
+ (dnvo)(dnvo)(xlvxZ)

SV X T aY X o F AV X T Qi Vi X o

+ anynx
n
= Z a;yix
i=1

oY ifi<
Where a; ={(d’“p‘) ifism

d;,0)if i >m

_(@up) ifism
i_{(di,o)ifi>m

and

Theneacha; € X and y; € T'.

Thus we get elements a,,a,,as,...,a, € X and
Y1, V2, V3, ¥n € I' such that

2 a;yix = x for all x € X, which implies that the

projective gamma ring (X, I') also has left unity if its
component gamma rings have left unities.

Conversely suppose that (X, I") has left unity.

Then there exist elements u; = (c;,d;) € X and
w; =(a;,B;) €' ,i=12,..,nsuch that

2 wwix = x forall x = (xg,x,) € X

== Z(Civdi)(aivﬁi)(x1vx2) = (x1,x2)

n
== Z(Ciaixlvdiﬁixz) = (x1, %)
=1

n n
== (Z Ciaixlvz d;fix;) = (x1,%3)
i=1 i=1

=> Y, ciaix; = x; and XL, difix, = X,

Thus we get elements ¢,, ¢,, ¢35, ... ., ¢, € X; and
a;,0y,03,...,0, €T 11 =12,..,nsuch that

Y cax, =x, for all x; € X;. So (X,, ') has
left unity. Similarly (X,, T",) also has left unity.
That is if the projective product has left unity then the

component gamma rings also has left unities and
hence the result.

Theorem 3.3 can also be proved for gamma rings
having right unity as well as strong left and strong
right unities.

Theorem 3.4: Let (X, I') be the projective product
of two prime gamma rings (X;, I",) and (X, I",)
having non zero (o;,7,) and (o,,7,) derivations
respectively. Then for a € X, there exist a (o,7)
derivation d on (X, I') such that if at least one of the
following ())d(X)I"o(a) =0 or (ii)al' d(X) =0
holds, then a = 0. Converse is also true i.e if the
result holds in the projective prime gamma ring then
it will hold in the component gamma rings also.

Proof: Let d,:X; = X; and d,:X, — X, be two non
zero (o,,7,) and (o,,T,) derivations on the gamma
rings (X, T",) and (X,, T",) respectively.

We define the mappings d:X - X, ¢:X— X and
7:X = X by

d(x) = d((x1vx2)) = (dy(x1),dy(x;))
o(x) = 0'((x1,x2)) = (0y(x1),05(x,))

(x) = T((x1vx2)) = (11(x1), 72(x2)) for all
x=(x;,x,) €EX

Then d,o,7 are well defined as well as additive
mappings. Since d; and d, are non zero so d is also

non zero. Also d is a (o, 7) derivation d on (X, I") as
proved in theorem 3.2.

Let a € X be any element such that d(X) I" a(a) =0
holds. Then we have
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d(x)yo(a) =0 for all x=(x;,x,)€EXy=
rur2) €T

== (dl(x1):d2(x2))(y1x]’2)( 0‘1(a1),0'2(a2)) =0

== (dl(x1)l’1 o1(a;), dy(x2)y, Uz(az)) =0
=(0,0)

=>d, (x)y; 0,(a;) = 0,d,(x,)y, 0,(ay) =0 for
allx; €Xy,x, €X,andy, € Iy, €T,

=>a, =0,a, =0 [Since (X;,I",) and (X, T",)
are prime gamma rings, so the result holds]

=>(a,,a,) =(00)=0=>a=0
Similarly the other result can also be proved.

Here (X, T",) and (X,,IT",) are prime gamma
rings, but not necessarily their projective product
(X, I'') is a prime gamma ring. But the result holds in

(X, I'') irrespective of whether it is a prime gamma
ring or not. Thus the result holds if the component
gamma rings are prime, no matter the projective
product itself is a prime gamma ring or not.

Conversely if we let (X, I'), a prime gamma ring
with a non zero (o,t) derivation d, the result is
obvious in the component gamma rings because the
components of a prime gamma ring are always prime.
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