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ABSTRACT: In this paper, by defining the generalized
g-derivative operator of first kind and its inverse, we obtain
some identities and formulas on finite and infinite series in
the field of finite difference methods. Suitable numerical
examples verified by MATLAB are provided to illustrate the
main results.
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. INTRODUCTION

The modern theory of differential or integral

calculus began in the 17" century with the works of
Newton and Leibnitz [1]. In 1989, K.S.Miller and Ross
[2] introduced the discrete analogue of the
Riemann-Liouville fractional derivative and proved
some properties of the fractional derivative operator.
Several groups have intensified their research on the
amazing mathematics world featuring g-calculus. The
theory of qg-derivative equations of g-calculus or
quantum calculus is based on the definition of the
g-derivative operator, which was introduced by
Jackson [3],[4]. This g-derivative operator, sometimes
called Jackson g-derivative operator or Euler Jackson
g-derivative operator, is defined by
Dq Y = M’ q=1,
(q-Dk

Where vy is a sequence of real numbers. In [5], the
authors introduced the derivative operator on two
variables which turned out to be suitable for dealing
with the Cauchy polynomials and also derived a
binomial identity which unifies the two identities of
Rota and Goldman, as well as, the g-vandermonde
identity. Using this operator, the g-Leibnitz formula
and the generating function of the homogeneous
Rogers-Szego polynomials are derived in [6].

In 2014, G.Britto Antony Xavier, et al. [7],[8]
proved several interesting results of geometric
progression using g-differencee operator Aq . Hence

in this paper, we define the Generalized g-derivative

operator D and we develop the basic theory for
q(0)x

D ., relations connecting D , the shift operator
a(0)e q(0)e
Eq, g-difference operator Aq and the g-derivative

operator D. Also we obtain formula for finding the
qa(e)

sum of higher powers of geometric progression by

using Generalized inverse g-alpha derivative operator.

1. PRELIMINARIES

Before stating and proving our results, we
present basic definitions and preliminary results which
will be used for the subsequent discussions. Let u(k) be

a real valued function on (—o0,0),/=(,cr is a
non-zero real and M s a positive integer.

Definition 2.1 [7] Let u(k) be a real valued
function on (—o0,0) and 1#(Q be a fixed real
number. Then the g-difference operator, denoted by
A, on u(k) isdefined as

A u(k) = u(gk) —u(k).
1)

Definition 2.2 [7] Let N be a positive integer,
k #0 berealand g < (0,90) . Then the generalized
positive reciprocal polynomial factorial is defined by

DREERICRR R

@)
(-n) 1

and
k, " = ,
k(k+a)(k +2q) {k +(n-1)q)
®3)
where s are stirling numbers of first kind.
Definition 2.3 [9] Let u(k) be a real valued
function on (—o0,%0) , then
g-derivative operator on U(K) is defined as
u(gk) —Lu(k
Du(k) = LK)~ (k)
a(’) (ga-0)k

the generalized

, gq=#/.
4)
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Lemma 2.4 [10] Let ne N(1), q=0, s =1
n-1

and s*=sf =0 if r=0.1f k" =]](k-iqg),
i=0

then we have

n
kén) = Zqun—rkr
r=1

(5)
and
1\ g (L)
@q -3 ()
(6)

Definition 2.5 Let u(k) be a real valued function
on (—o0,00) and ¢ =q be fixed real. Then the

Q—« derivative operator, denoted by D , on
q(f)e

u(k) is defined as
_ u(gk) —arfu(k)
(9-0k

(7
oru(k) = D [Dmlu(k)j

a()e (e \_q(0)e

and g-shift operator is defined as
E,u(k) = u(gk).

(8)

Remark 2.6 From (1), (7), (8) and by taking ¢ =1,
o =1, we can easily arrive

D (cu(k)+c,v(k)) =c, D u(k)+c, D v(k),
q(0)ex q(0)ex q(0)ex
9)
(E. —ar)u(k)
u(k) = ———, #/
DU ==k q
(10)
and
A u(k
pugy = 2t
a() (g-1)k
(11)

Theorem 2.7 If M is any positive integer, q # /¢
and k =0, then

pru(k) =

a(t)e
(12)
Proof: The proof follows from (8) and by operating

e SO me @y u@ o,

g —« derivative operator (m-1) times on equation
(10).
. MAIN RESULTS

We are in a position to state and prove our
main results. The purpose of this section is for
obtaining sum of finite and infinite series of geometric
progression using inverse (— & derivative operator.

Definition 3.1 A function v(k) satisfying m™ order

g-alpha difference equation pmVv(k)=u(k) is

q(f)ex

called solution of that equation and it is denoted as
v(k) = D, (5, U(K) and in particular,
if D v(k)=u(k), then v(k)=ptu(k).

q(0)e q()e
(13)
Theorem 3.2 If N is any positive integer, then we
have

Equ(k) = chr (@)™ " (g-0)"k" B)r u(k).
r=0 q(f)e
Proof: From equation  (10),

Eu() = (@l +(q =)k D )u(k).

we  have

Raising the power N’ on both sides and using
Binomial theorem, we get the proof of the theorem.

Lemma3.3 If M and N are positive integers, then
we can write
m-1 .
H(qn—l _ag)kn—m
Dmkn — _i=0
a()ar (q-0)"
(14)
Proof: From equation (7), we have
ok = @ ek
a(n)er q-—/
Operating D on both sides, we obtain
a()e
ek = (@ - (@ —ahk"™”
q(0)ex q-—/ q—/

Repeat the process (m—2) times to complete the
proof.

Corollary 3.4 For any positive integer N and
g # { we have
n-1 .
[T@ " —an
D k" = 40
a0 (q-0)"

Proof: The proof completes by putting M =N in
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(14).
(20)

K
Replacing k by — in (19) gives
q

Corollary 3.5 If 0" #a/ and N is any positive V[E] =(q- g)ﬁu[h]mzv[L)
q qZ q2 2

integer, then q
o ik = A= OK™ (21)
ane Q" —al . . .
(15) Substituting (21) in (20) gives
Proof: Taking U(K) =k"™" in (7), we get
o Kt = (@7 a0k V(gk) = (q—)ku(K) + erf(q —z)5u£5]
(D) (g-0)k g \q

which completes the proof of the corollary. k k k
+(O!f)2 (q —f) ? u [¥j + (OKK)SV[?]

Theorem 3.6 Let u(k) be a real valued function on

_ (22)
(moo’oo) and €. Then Again replacing k by
Z(q —0)(ax)' [Lrju[irj = Dtu(gk) k/g,k/q*,k/g%...k/gq™" in (21) repeatedly
r=0 q q a(Ha and substituting the resultant expressions in (18), we
arrive
n k k k
. k (Q—0)(el)" —u [—rj =v(gk) —(a)™v [—m]
(@)™ D (—] Z.; q" \g q
a(ne \ g
(16) which yields (16).

is a solution of the (—« difference equation Replacing M by N in (16), where M <N, we get

D Vv(k) =u(k) and hence n
b 3 (G- O)(ext) ﬁru[ﬁr] = D u(ok)
n k k k m r=0 q q q(0)e
ooty (S} ]l
r:Zrml q q ae \ Q' . —(a)"' D Ln :
a0 \ g
(23)
for m<n. Hence (17) follows by subtracting (16) from (23).
(17) The following example illustrates Theorem 3.6:
Proof: Taking pD-tu(k) =v(k) and by using (7),
a(t)e Example 3.7 Consider U(k)=k? in (15). Then
we get (17) becomes
v(gk) = (g —0)ku(k) + actv(k). ) 1Y ALY m
Replacing K b E we get e a\4 4 -alfia t=n
p g y q ; g (24)
K (K K Taking m=3,n=4,0=2,=5,/=6 and
v(k) =(q-¢)—u (—]-FO(EV(—]. k =15 in (24), we get
q q q _124 > 34
(19) LHS = ———=-6.879707136 x10°%
Substituting (19) in (18) gives 5
and
V(qk)—(q—f)ku(k)+a€(q—€)au 5 +(al)v a .
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3
-1) (15Y
12 t+1 ( [_)
12 5*-121 &' 9

The following corollary gives formula for infinite
series.

=-6.879707136x10™,

Corollary 3.8 If ¢<q, u(k) is bounded and

lim(eet)" D tu (Lj =0, then
ae \ q

Zulmwo—ﬂ{k](mW“Dmﬂ%}
r=m+1 q qne \ g
(25)

In particular, we have

D-tu(k) = 4=k O‘j)k D

r=0

k

r+1

r+1
al
— u .
q(0)ex g

(26)
Proof. The proof of (25) follows by taking N — ©
in (17) and the proof of (26) follows by putting m=0 in
(25).

q

The example given below illustrates Corollary 3.8.
Example 3.9 Taking u(k) =k? in (15) and using
(26), we get
+ 2
(q-0k® _ (q—f)kz“): atY [ k
¢ -at  at =\ q) (g)
(27)
Putting q=5,¢=4,k=9,=3 in (27), we
obtain
3
LH.S= w =6.451327434
5% -12
and
r+l1 2
RH.s =8 4)92(—j [ 91j = 6.451327434.
12 4=\ 5 5

Theorem 3.10
and 1-a/q”* #0, then

gg

G
(af)ulq( p-1)(t+1) m
C 1-alg”t

If P is a positive integer, kK >0

CEAl k.
(1—algP kPt

Dfl
q(f)e
(28)
and hence

> (@

r=m+1

(29)

en

1
Proof: Taking u(k) = (Ej in (7), we get

D (ljp T l-algt
a(he\ K (q-0)g° k"’
(30)

which yields (28).
Using (28) in (17) gives

r p-1 t pm
Zmzmz[j—WWb{Q
r=m+1 q(0)ax k in
(31)

The relation (29) follows from (15) and (31).
The following example is a verification of (29).

Example3.11 Putting ¢ =q=2,/=p=3,m=4
and N =5 in (29), we obtain

> () g = (al)°q = 6°x 2 = 7962624
r=m+1
and

(ag)wl q( p-1)(t+1) m
1-arq”t

t=n

glio2t:) 4

—| =7962624.
1-6x4] .

®

Corollary 3.12  Let [ljp be the generalized
kJ,

1

polynomial factorial for — . Then

1 (p)_ p
&) 2

s’ (g 1)
(1—crlq k™

-1

a()e
(32)
and
gPyPr (r l)(t+l) r r\(P)
( g)ulz f q : — (aﬂ) q_ .
r=1 l-« fqr kr remel q k ,
(33)
Proof: Using (2), we can write
1 (p) p [1jr
-1 — SPED r _
q(f)a[kj z Bl k
(34)

which yields (32) and the proof of (33) completes by
applying (32) in (17).

Theorem 3.13 Let 0,k >0,1—a/ =0 and M,N
are positive integers. Then

ISSN: 2231-5373

http://www.ijmttjournal.org

Page 70



http://www.ijmttjournal.org/

International Journal of Mathematics Trends and Technology- Volume24 Numberl — August 2015

logk -1 I (39)
-1 % = ]-q—g{log k— 109 (L} Proof: By (7), we find that
a0 —¢ ¢ D (u(k)w(k)) = ( D u(k))W(qk)
(35) q(f)e
and hence / 1
&g)u(k) [g)w(k)
k m
C K 00(g) ﬁo) h f follows by applyi ion (13) i
~ Mea) loal 2 = (gt nt _Hence the proof follows by applying equation in
r;;l(q Jah) Og(qrj (@) (B)zx (k) (40) and by taking Vv(k)=pw(k) and
t a(l)
T W = p k),
(36) . . a(1)
Proof: By taking u(k) =logk in(7), we get The following corollary gives formula for finding the
log(gk) —a/logk sum of finite series involving polynomial and
D logk = logarithmic function.
a(0)er (a-0)k
— logg +(1-al)logk Corollary 3.16 Let k>0 and P be any integer.
(q-0)k ' Then we have
(37) _ p __q-¢ P+l
Since D! s linear, we have (!:()()i (logkjk™ = 9"t —al (logk)k
a()e
RO Iogq}
— p+l _ !
logk = 1-af Dl(logk}r logq D{lj- q°t —ar
q—/ Jaw«\ K (@—10)a=\k ) (41)
which yields
p+1 p+1
(Odf)”l k
(38) rzm;l(aﬁ) ( ] IOQ(q j —q gy qt
The proof of (35) completes by applying (28) in (38)
and (36) follows from (17) and (35).
An example given below illustrates the Theorem 3.13. k q p+l logq m
_ log (—t] BT E— } (42)
Example 3.14 Putting q q" —al e
a=3,m=4,n=5/=10, g=6and k=18 _ .
in equation (36), we get Proof: Taking u(k) =logk and v(k)=k" in
3 (39), we get
LHS = —4x30°log(=) = 256169020.2 q-/
6 D! (logk)k?P =——— {Iog kp-ik”
and q(Da al(q-1) a@)
Iog( ) -D*( D log knl(qk)")}-
RHS = 30t+1D 1 (e q(f)ex q(1)
q(0)ex (7) (43)
6" s Taking / =a =1 and N= P in (15), we have
_ e = (@D
R { ( ) — 'ogq } = 256169020.2. D k"= o
1-af —al |, i@ q
(44)
Theorem 3.15 If u(k) and v(k) are real valued and D(ak) ™
functions on (—oo, oo) then D (gk)® = w
s e q°" -1
) =~ Jutop k)
(f)a ( -1) q(®) The proof of (41) completes by using (37), (44) and
(45) in (43). And (42) follows by applying (41) in
DD M@ DUk a7
a(Oe a(l) a(a Similarly the Theorem 3.15 can be verified for the
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. . 1 : .
rational function F and the polynomial factorials

(»
kép) and [lj We present an example below to

q
illustrate Corollary 3.16.

Example 3.17 Taking p=a=2,q=m=3,
Nn=4,/=5and k=17 in (42), we obtain

3
L.H.S =10 (17j log [17 j = -62.68224219

3¢ 3¢
and
t+l 3 3
s = G (1)1 1) & 003
3-10\ 3 3 3°-10 s
=—-62.68224219.

V. CONCLUSION

In this paper, we have derived some identities
and formulas for sum of finite and infinite series of
terms of product of geometric function and logarithmic
functions. By using the results obtained in this paper,
one can find the sum of certain generation population
of animal propagation problems in Mathematical
Biology.
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