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Abstract:In this paper, we prove the generalized
Hyers-Ulam stability of the isometric Euler-Lagrange
additive functional equation in quasi-Banach spaces.
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I. INTRODUCTION
A basic question in the theory of Functional

Equations is as follows: “When is it true that a
function, which approximately satisfies a functional
equation must be close to an exact solution of the
equation?"

If the problem accepts a solution, we say the
equation is stable. The first stability problem
concerning Group Homomorphisms was raised by
Ulam [20] in 1940 and affirmatively solved by Hyers
[8]. The result of Hyers was generalized by Aoki [1]
for approximate additive mappings and by Rassias [17]
for approxmiate linear mappings by allowing the
difference Cauchy Equation ||f(x+y)— f(x) —
f()|| to be controlled by € (||x]|? + |[¥]|”). Taking
into consideration a lot of influence of Ulam, Hyers
and Rassias on the development of stability problems
of Functional Equations, the stability phenomenon that

was proved by Rassias is called the Hyers-Ulam
Rassias stability. In 1994, a generalization of Rassias
theorem was obtained by Gavruta [7], who replaced
e (Ix]I” + llyll’) by a general control function
¢ (x,y). Since then the stability problems of various
functional equations and mappings, such as the Cauchy
Equation, the Jenson Equation, the Quadratic
Equation, the Cubic Equation, Homomorphisms,
Derivations and their Pexiderized versions with more
general domains and ranges have been investigated by
a number of authors (see [3], [ 9], [10], [18], [19]).

J.M. Rassias [14], [15] introduced and
investigated the stability problem of Ulam for the
Euler-Lagrange Quadratic Mappings

fa+y)+fx—y) =2f(x) +2f(y)

and

flayxy + axxy) + f(ax; — azx;)

= (af + ad)[f (x1) f(x2)]

(1) Grabiec [5] has generalized these results mentioned
above. In addition, J.M. Rassias [16] generalized the
Euler-Lagrange  Quadratic Mapping (1) and
investigated its stability problem. Thus these Euler-
Lagrange type equations (mappings) are called as
Euler-Lagrange-Rassias Functional Equations

(mappings).

Recently, C. Park and J. Park [13] introduced
and investigated the following additive functional
equation of Euler-Lagrange type

L (X (=) +
it ) L& nix) =
Q) Xisa i L(x) @

where I...I, € (0, o) , whose solution is said to be a
generalized additive mapping of Euler-Lagrange type.
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Abbas Najati and Choonkil Park, introduced the
following additive functional equation of Euler-
Lagrange type which is somewhat different from (2) :

Zf > Z 1% = ST |+ Z if (x;)
=1 isiznizj i=1
1
=nf (521:1 rixj)

3) wherery, 7, .7, € R,and investigated
the generalized Hyers-Ulam stability of the functional

equation (3) in Banach modules over a c’- algebra.
These results are applied to investigate c’ - algebra

Homomorphisms in unital Cc’ - algebras. The stability
of isometries in norm spaces and Banach spaces was
investigated in several papers [2], [ 4], [ 6].[11].
However C. G. Park and Th. M. Rassias [12] proved
the Hyers-Ulam stability of isometric Cauchy additive
functional equation in quasi Banach spaces. Zhihua
Wang and Wanxiong Zhang proved the Hyers-Ulam-
Rassias stability of isometries and Homomorphisms
for the following additive functional equations in
quasi-Banach Algebra.

o f(ma + By jar %) + (B %) =
2f (X1 %) (4)
In this paper, we prove the generalized Hyers-Ulam

stability of the isometric Euler-Lagrange additive
functional equation (2) in quasi-Banach spaces.

We now give some basic facts concerning
quasi-Banach spaces and some preliminary results.

Definition 1.1 Quasi-Norm LetX be a real linear
space. A quasi-norm is a real-valued function on X
satisying the following:

1]lx|]] = 0forall x € X and ||x|| = 0 iff x = 0.
2. ||Ax]| = |Alllx]||for all A € R and for all x € X.

3lx +yll <k (x| + llyll) where k > 1 is constant
and forall x,y € X.

The pair (X, . |])is called a quasi- normed
space if ||.|| is a quasi-norm on X. A quasi-Banach
space is a complete quasi-normed space.

Definition 1.2 Generalized quasi-norm Let X be a
linear space. A generalized quasi-norm is a real valued
function on X satisfying the following:

L|lx|] = 0forall x € X and ||x|| = 0 iff x = 0.
2. ||[Ax]] = |Alllx]|| forall A € R and for all x € X.

3. There is a constant k > 1 such that ||X52, x;|| =
Yiz1k ||x]|| forall x;,x,.. € X.

The pair (X,]|.])is called a generalized
quasi- normed space if ||.]| is a quasi-norm on X. The
smallest possible K is called the modulus of concavity
of |l.|l. A generalized quasi-Banach space is a
complete generalized quasi-normed space.

Definition 1.3 Quasi-normed algebra Let(X, ||.|[)be a
quasi-normedspace.The quasi-normed space(X, ||. )
is called a quasi-normed algebra if X is an algebra
and there is a constant € > Osuch that

llxyll < Clixllllyliforall x,y € X.

A quasi-Banach algebra is a complete quasi-normed
algebra.

Definition 1.4 Isometry Let X and Y be metric spaces.
A mapping f:X —-Y is called an isometry if f
satisfies

dy(f(0), f(¥)) = dx(x,¥)

for all x,y € X, where dx(.,.) and dy (.,.) denote the
metrics in the spaces X and Y respectively. For some
fixed number r > 0, suppose that f preserves distance
r; i.e, for all x,y € X with dy(x,y) =7, we have
dy(f(x),f(y)) =r.Then r is called a concervative
(or preserved) distance for the mapping f. Let (X, |. ]
and (Y, |.|I) be normed spaces. A mapping L: X - Y is
called an isometry if

LG — LI = llx — yll forall x,y € X.

2. Stability of Isometric Euler-Lagrange Additive
Mapping in Generalized Quasi-Banach Spaces

Throughout this section, assume that A is a
generalized quasi-normed  vector space  with
generalized quasi-norm ||. || and that B is a generalized
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Banach space with generalized quasi-norm||.||. LetK
be modulus of concavity of||. ||.

For a given mapping f: A — B, we define

Df(xll le "'xd) =
d d d d
Zrif er (Xi - xj) + <Z Ti) f (Z rixi>
i=1 j=1 i=1 i=1
d d
- (2 Ti)ZTi fQx)
i=1 i=1
forall x;,x, ...x; € AWeset M = Y& . ;.

We prove the Generalized Hyers-Ulam
stability of isometry in generalized quasi-Banach
spaces for functional equation D f (x4, x5, ... x4) = 0.

Theorem 2.1Let r <1 and 6 be non-negative real
numbers and f: A — B be a mapping such that

IDf (xq, %2, . x)Il < 6 Z?:1||xj||r

HFCOl = llxlll < dé [lxII"
forall x, x;, x, ...

x4 € A.

Then there exits a unique isometric Euler Lagrange
additive mapping H : A — B such that

IfG) = H@Nl < 2 |lx|l” forall x € A.
()
Proof:

Let us assume that and x;, x, ... x; = x in (5).
Then we get,

IM f(Mx) — M?f(x)|| < dé ||x||” forall x € A.(8)

So,

[Feo = = ramm || < S for all x € A.
©)

Hence,

f(Mlx) f(M™x)
Mm
f(M’x) f(M7*1x)
z Mj+1
l m
[Fers _ ) o g (10)

for all non-negative integers m and [ with m > [ and
for all x € A. From this it follows that the sequence
{f(z )} is a Cauchy sequence for all x € A.Since B is
f(M™x)

n

complete, the sequence { } converges. Thus one

can define the mapping H: A — B by

n
H(x) = limy 2% 2 forall x € A.

By (5).1IDf (x1, %z, ... xa)

i=1 i=1
d d
- () nr o
i=1 i=1
nr
< limn_,ooM 2ya |lx||” = ofor all
X1,X5 ...Xgq € A.

Hence,Y% , 7 H (Z}’zl 7 (x; — xj))
(Zl 1Tl) H(Z:'izl T xi) (ZL 1Tl) ZL 1rlH(xl-)for

all x4, x, ...x4 € A
So the mapping H : A — B is Cauchy additive.

Moreover, letting [ = 0 and passing the limit m — oo
in (10) we get (7).

Now, let H': A —» B be another Cauchy additive
mapping satisfying (7).

Then we have,

1
IHGO = H'COll = 35 IH(M™ x) = H' (M )|
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K
< o IHM™ ) = f(M™ )l
+ ||[H'(M™x) — f(M™ x)||)

2d0 K*M™
S (M2 — MT+O)Mn

Il
which tends to zero as n — oo for all x € A.
So we can conclude that,

H(x) = H'(x) forall x € A.

This proves the uniqueness of H'.

Iffollowsfrom(6)

1
o FOor 0| = x|

1
_ . n _ n
= lim Sl (M 0l — [IM™x]l]

1
=~ oIl Ol

nr

=~ 46 lIxIl

which tends to zeroasn — oo for all x € A. So,

IHGI = lim = 17" ]

= ||x|| forall x € A.

Since H: A — B is additive.
IHC) —HWI = [IHGx = )i
= |lx —yll

forall x,y € A as desired.

Theorem 2.2Let r > 1 and 6 be non-negative real
numbers and f:A — B be a mapping satisfying (5)
and (6). Then there exits a unique isometric Euler
Lagrange additive mapping such that

9 T
If () = HEOll < S llx||” for all x € A,
(11)
Proof:

It follows from (8) that

IM f(Mx) — M?f(x)|l do |Ix||" forall x € A. (12)
|reo-mrs|| < S (13)
I )= 7 G
< s
- M £ G|
Mt r () - M D || < Kogma Xy 4)

for all non-negative integers m and [ with [ <m

and for all x € A. It follows that from (14) that the
sequence {M” f(%)} is a Cauchy sequence for all
Xe A. Since B is complete, the sequence
{M" f(%)} converges. Thus one can define the

mapping H: A - B by
H() = limy o M) forall x € A.

By (5),

ID £(x1, X ... xq)l

A
§
<

3

+
U
NgE
i/
\h
N
NgE
=
E
S
N———
|
U
NgE
N
NgE
=
\"1
~—~
E‘\x
N

=1 =1 =1 =1

d

< lim 20N |

< lim X;

n-o M™ 1 J

j=1

= Oforall x;,x,..x4 € A.

Hence,

i H (Z?ﬂri (x; - xj)) +
(Z?:l Ti) H(Z?:1 T xi) = (Z?=1 ri) YL, 1y H(x)for
allx;, x, ... x4 € A.

So the mapping H : A — B is Cauchy additive.

Moreover letting [ = 0 and passing the limit m —» oo
in (14) we get (11).Now, let H': A — B be another
Cauchy additive mapping satisfying (11).

ISSN: 2231-5373

http://www.ijmttjournal.org

Page 30



http://www.ijmttjournal.org/

International Journal of Mathematics Trends and Technology- Volume25 Numberl — September 2015

Then we have

1HG) - HGoll = M7 || () - H' G|

X

< [[|4 (i) - £ Gl
X X
=7 ) - sl

2M™K*? df .
S |[x||
(Mr+1 — M)Mnr
which tends to zeron — oo for all x € A.
So, we can conclude that,

H(x) = H'(x) forall x € A.

This proves the uniqueness of H'.

|07 £ 5l = et
X X
= Jim w7 5= = 571
X T
< mm [de | ]
Mn

<

o do ||x||” forall x € A.

Which tends to zero asn — oo, for all x € A.

H(x) = lim ”M“f %”

n—-oo

= ||x|| for all x € A.
Since H: A — B is additive.
IH(x) —HW)Il = IH(x = )l
= lIx =l
forall x,y € A as desired.

REFERENCES

[1] T.Aoki, On the stability of the linear transformation in Banach
spaces, J. Math. Soc. Japan 2 (1950) 64-66.

[2] J.Baker, Isometries in normed spaces, Amer. Math. Monthly 78
(1971), 655-658.

[3] S.Czerwik, Functional Equations and Inequalities in Several
Variables, World Scientific, River Edge, NJ, 2002.

[4] G.Dolinar, Generalized stability of isometries, J. Math. Anal.
Appl. 242 (2000), 39-56.

[5] A.Grabiec, The generalized Hyers-Ulam stability of a class of
functional equations, Publ. Math. Debrecen 48 (1996), 217-235.

[6] J.Gevirtz, Stability of isometries on Banach spaces, Proc. Amer.
Math. Soc. (1983), 633-636.

[7]P.Gavruta, A generalization of the Hyers-Ulam-Rassias stability
of approximately additive mappings, J. Math. Anal. Appl. 184
(1994) 431-436.

[8] D.H.Hyers, On the stability of the linear functional equation,
Proc. Natl. Acad. Sci. USA 27 (1941) 222-224.
[9]D.H.Hyers,G.lsac,Th.M.Rassias, Stability Functional Equations
and Inequalities in Several Variables, Birkhauser, Basel, 1998.

[10] S.M.Jung, Hyers-Ulam-Rassias Stability Functional Equations
in Mathematical Analysis, Hadronic Press, Palm Harbor, 2001.

[11] N.Kalton, An elementary example of a Banach space not
isomorphic to its complex conjugate, Canad. Math. Bull. 38 (1995),
218-222.

[12]C.Park, Th.M.Rassias, Isometric additive mappings in quasi-
Banach spaces, Nonlinear Funct. Anal. Appl. 12 (2007), 377-385.
[13]C.Park, J.Park, Generalized Hyers-Ulam stability of an Euler-
Lagrange type additive mapping, J. Difference Equat. Appl. 12
(2006), 1277 - 1288. 1

[14] J.M.Rassias, On the stability of the Euler-Lagrange functional
equation, Chinese J. Math. 20(1992), 185-190.1

[15] J.M.Rassias, On the stability of the non-linear Euler-Lagrange
functional equation in real normed linear spaces, J. Math. Phys. Sci.
28 (1994), 231-235.1

[16] J.M.Rassias, On the stability of the general Euler-Lagrange
functional equation, Demonstratio Math. 29 (1996), 755-766. 1

[17] Th.M.Rassias, On the stability of the linear mapping in Banach
spaces, Proc. Am. Math. Soc. 72 (1978) 297-300.

[18] Th.M.Rassias, On Stability Functional Equations and a problem
of Ulam, Acta Appl. Math. 62 (1) (2000) 23-130.

[19] Th.M.Rassias, Functional Equations Inequalities and
Applications, kluwer Academic Publishers, Dordrecht, Boston,
London, 2003.

[20] S.M.Ulam, Problems in Modern Mathematics (Chapter VI,
Some Question in Analysis: 1, stability), Science Editions, Wiley,
New York, 1964.

ISSN: 2231-5373

http://www.ijmttjournal.org

Page 31



http://www.ijmttjournal.org/

