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Abstract — In this paper, the result of Hosseini[2] is
established and extended using generalized altering
distance function of five, six and seven variables with
weaker hypotheses.
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I. INTRODUCTION AND PRELIMINARIES

A number of problems in fixed point theory are
tackled by many researchers using the concept of
‘Altering distance' introduced by M.S.Khan et.al[4].
The existence and uniqueness of common fixed points
of two semi-compatible pair of self-maps on a
complete metric space, using generalized altering
distance function of four real variables under a
contractive condition of integral type is established by
Hosseini[2]. P.S.Singh[5] has done interesting work
on integral type in complete fuzzy metric space.

The main aim of this paper is to establish similar
results by using generalized altering distance function
of four, five, six and seven real variables with weaker
hypotheses.

Further, we point out a loophole in the
argument of the main result of Hosseini[2]. He
claimed that if 0% is a sequence in a metric space
(X.d) and if {an}, where @n = (¥ ¥ +1) is a
decreasing sequence converging to @' then
d{¥n:¥n+2) = @ ggn = = gnd & = 0 Byt this is not
true if ¥a =7 with the wusual metric, then
(¥ ¥nerd =1 g == gnd (¥ Ynsad = 2 45
mn —» 33_

Definition 1.1[3] An ordered pair of self maps (f, g)
on a metric space (X, 7 is said to be semi-compatible
if and only if (if £} for any sequence {x,}in X with
limfx, = limgx, = 2(z € X)

implies

limd(fgxy,. gz) = 0(.e limfgx, = gz).
Definition 1.2 [1] A pair of self maps {f. g} on a
metric space (X, d} is said to be weakly compatible if
and only if (if f} fx = gx for some x € X implies
fgx = gfx.

Observation 1.3 An ordered pair of self maps (f, g)
is semi-compatible implies that the pair is weakly
compatible; but the converse is not true.

Notation 1.4 For any integer k=2, let ¥, denote the
set of all functions : [0, 0)* — [0, o) such that
1. ¢ is continuous (on its domain),
2. 1 is monotonic increasing in all its
variables,
3. forany ty. tg. . £, € [0,29),
Yt by ty) =0t =t ==t =0

(each ¥ is called a generalized altering distance
function)-
Now, define ¢ : BT = R* by @{x) = ¢(x, x, =, x)
forall x € B*,
(Observe that ¢¢{x) = 0 = x = 0).

Il. MAIN RESULTS

The central result of Hosseini[2] is the following:
Theorem 2.1 Let (X, &} be a complete metric
space and 4, B, 5 and T be self maps on X such
that

1 (d{Axse) Ay TR AS T
fnc_\hﬁd[ﬂf}')) o ) J':Il ,\%[d.jftc,’."}%diBj-;rI | )it
. |.-d.;.u,m_d.jay,:ry).diﬂ.'-r}'l \
A R |
_ fn \ (A Ty)+d(By.5] 'In(t]dt

forall x.yv € X, where 1.1, €%, and
®(u) = P, (wuw,u), Vu & [0, 0);

2. A(X) € T(X)and B(X) € 5(X);

3. Oneof 4, E, 5 and T is a continuous;

4. the ordered pairs (4.5} and (E.T7) are semi-
compatible;

5. 7: [0, 02) — [0, =2} is Riemann integrable on
any bounded, closed interval of [0.c2) and
f; nt)dt = 0,ve = 0.

Then A4, E, 5 and T have a unique common fixed
point in X.

Now, we generalize this theorem with weaker
conditions.
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Theorem 2.2 Let f, g, L and M be self mappings of a b TR et
metric space (X, d) such that pltlae< s(tét
1. [PEEED L ndes ; :

. "fri[Er,LI),d[g].‘_M]‘j_d[LI.MJ‘).%[I‘.‘|jE‘f.M_].‘j+d|j§].‘.LIj:.."|

He o . . \ |
\E[r.'|_&_Hj+d|_§].‘_.‘»2‘_}'j+du_L:r_M_rj_ - I niElat
I n(t)dt :
] St 5::5:-.33 Sx)
. S l N .’:’l
(4 Ern i dany i)+ dieria),
. \% [d(Ee Lx) + 42y M) + [ Le My ] DX R,
- [ n(t)dt - ’ it
0 . t
for all =,y € X, where i+.%; €'Fs and a N A
@(u) = ¥y (u u,w,uw ), Yu € [0,0); < _. nijat (since @y, > 0)
2. flXyE M({X)yand g(X) € L{XY); 0
3. One of f{X7y, g{xy, LX) and M (X7 is which is a contradiction, so a,, = a,, ;.
a complete subspace of X;
4. the pairs {£. L} and {g. M} are weakly Similarly, by taking x = x .7 and
compatible; Y= xgn.gin () wegetthate . az;. Hence
5. 7:[0.2=) — [0, is R-integrable on ml=
any bounded, closed interval of a, =4a, ,,Vn. Thus {a,} is a decreasing sequence
£
[0.2) and [ n(t)dt = 0.ve = 0. of non-negative real numbers and so converges to
Then f, g, L and M have a unique common fixed some a=0.
pointin X. Now, from (2.2.1), we have
Proof: . 'lr':21':—1-':Ir:-'::r_'-1.%['2171"'“27:—1:-.-1
Let x; X . By (2) we can construct Bl2an) o \Sla1n1+ Bzt Ean] /
sequences {x,}and {¥,} in X such that I [
n(t)dt= n(t)dt
fxom =Mxg, = yoq (say) 3 3
and
GXgmyy = Ly g = Vanya(say). for n=012,.. ¥z (Gan-12mlan-10500zn—1+Gznt Eznmd]
Let an = d(¥n ¥n 41)- _ f ()dt
Taking x = x5, and ¥ = xg,4 in (1) we get J K '
that L Letting n — ==, we get that
—_ "'-;:h‘ - _ , o : o 0a) Uy (0.8,8,8.8) o (222,003
izl 7 el 8T Pt J"D n(t)de= J’D t n(t)dt — _|’D n(t)dt
| < et
' ' By the property of i, we have
Wwy(oaa0.a)=0& a=0 (by the property
' \'Fd Fm¥m-) AV st F i d(Van -1-.‘»':11“-%['ﬂ ¥ 27:-}'27:)"‘d':}':r:-i-}'h:-i:':-..ll of 'E,L:)
oy, o o |
Sy -0+ et Y ot )+ a1V )] 3 .
-] n(t)dt e, limd (. Y1) = 0 (2.2.2)

) ) .. Now, we show that {3} is a Cauchy
. 'fm-1-“=u-“2n-1-5[d'31'=n-ﬂ:u-i-‘i- | sequence (in X); in view of (2.2.2), it is sufficient to
' show that the subsequence {¥:,} of {3} is Cauchy.

Jleam-1+Eanton-1]

Wy
(@am)
el T aaes [ C

"n(t)dt .
1) Suppose not there exists an &= 0 and
; . \ subsequences  {v..! and  fv,. ..} such that

[ Gan-glanan-g [ (Fanea Y an-11) | o o
N i | nk) = m(k) =k and
\gl@am-1+Ean+Gm-1]

- n(e)at d(¥am iy Yan iy ) 2 & (2.2.3)
(2.2.1) Further, ~ we  can  assume that

If B3y < Gyn then d(yamia it —2) <& (224)

(by choosing n(k]) to be the smallest number
exceeding m{ &} for which (2.2.3) holds).
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Now, which is a contradiction, since = = 0. Thus
< (Vo iy Vam i) {v,n 1 is a Cauchy sequence and hence {¥,}isa
o Cauchy sequence (in X).
< d(}":m[kj*)":r![kj—::] + d(}’:mjkj—:u‘l’:mjk)—ﬂ + d()’:mj;.j—v)":n[i.-)] y'sed ( )
< £+ 4(Vany-2 Yangy-1) T 80m g1 Yo i) Case |: Suppose f{X) or M(X) is a complete

Letting k = == and using (2.2.2), we get that subspace of X.
Since {y;,1 S f{X)(S M{X)), thereis a

Hmd (am iy Yaniiy) = & (2.2.3) z € X suchthat {y;,} = zasn — oo, = [y} = z as
Further, we have n — o2, (further, it follows that {y;n .1} — z as
d()’:mj;cj:}’:m.j;cj—ﬂ Ed(J’:n.j;.jJJ’:m.jk)] + d'f)’:rr..j;cjd’:m.jkj-ﬂ n = ).
and Since f{X) € M(X), there is a + £ X such that
= Mr.

By taking x = x;; and ¥ = v in {1}, we get that
d()’:n.jky}’:m[ic)]Ed(}’:n[icjs}’:mjkj—ﬂ+d{}’:m[kj—r}’:mﬁc)]- .;.-..;Yi.;y:,:.g%f an y=vin (). weg

Letting & — == in the above inequalities, by -
virtue of (2.2.2) and (2.2.5), we get that n(t)at=
o
limd (Van iy Vam 1) = & (2.2.6) . ¥ o) D) Y s DAY 202+ (T 2] |
fm (k) Ly ty - N i |
Similarly, we show that G120 amdan 1)+ A(ERD)+4 Fan-s 2] /
;lii_:n;d':}":r!iii"_'l+1*}":mﬁifl—1:| =& {2'2'?] J‘ ‘q{i‘]di‘
and 2
rltl_?;d @’:n.ji.-j+r}’:rr.[i.-j] =g (2.2.8).
(a0 Y- AR A o1 2 SR ) Y a1 |
S e amer) + B2 8V a1 ] /
Taking x = X gmeiy AN ¥ = 35040 i (1), We get - J‘ 7(t)dt
that ) D
S 2k amiie ) Letting n —= =, we get that . .
rdizen Wy (0.d (E0.2).0-d(gr.2)od (Er.2))
J‘ ??I::t:]dti: @{d(z.ev7) i 2 g
2 I A(t)dt< f n(t)dt
1T, i m g mps e dmar | 0 0
Y2 (0d(gu)0 3 gv2) S v )
n(t)at i
- J‘ n(t)dt
]
Fael* s -0 | @ dizgen) Wy (v (Ena) d(2r.2) 4 (2r.2),d(Er )]
f n(t)dt= [ nit)dt
— o o
nit)at
-: wor0d (Br.=), D,%d[_g L‘_x)_%d[gu_z_‘.)
Letting & — =0 and using (2.2.2),(2.2.6)(2.2.7) J‘
and (2.2.8), we get that - n(t)dt
#(8) Is'f'ﬂif-‘.l‘.i.i.%ij I;':le‘.D.s.s.%s:u o
I n(t)dt= I n(t)dt — J‘ n(t)dt By the properties of i, and 77, it follows
o o o 1 l
. that w, (0,d(gv,z)0,—d(gv,z);- d(gv,z))=0.
Wy (55545) Y2 (B0<25) 2 3

= J‘ n(t)dt — J‘ n(t)dt Now, by the property of ¥/, , we get that

0 0 gr ==z, Thus gv ==z = Mv,
v Since {z.M} is weakly compatible,
< J‘ n(t)dt gMv = Mgv. ie gz = Mz,
D By taking x = x;, and ¥ = z in (1} we get

that
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B (V2 BT Sd(fw 2))
J- nitdt=
o o

! i n
[ 4y and -1 (E2EE) A (Y a1 B G4V 2m BE) 4 (B2 Y 1)) ]
i

\ld[¥andan-1) +(E2ED)+A[Y m-1 B2

J- | n(t)dt

]

! i .
[ 4z an- 1) (BT A (Y an -1 B2 SV 2n BE) +L (B2 Y 2m-1)) ]
21

‘G ¥ m-1)+ 4(BREE)+ 2 T 2n-1.E)]

f nit)de= f

Wy (d(Fw.2).0,0.5d (fw.2) 3w 2)

n(thdt
]

Wa(d (Fv.2),0.03d (Fw.2) gd (fw.2))

-

o

n(t)dt

Wy (dofw.e).d v adfw.)difw 2)d fw.2))

f n(E)dt

o

1M

_ [ n(t)dt wa(d(fw 2).0.05d (fw.2) Sdrw.2))
0 - f nit)dt
Letting n — c=, we get that 0
SE(zEE) (00 [gz_xj_d[gz_z_‘._%d (E2.2)) Sld(fw 2)) wy (d(fw.2).0, n.%df.ﬁv.x:-.%d (fw .21
f n(E)de= I n(t)dt f n(t)dt= f n(£)dt
o il

o o

wa(0.0.4(83.2).4 (82,2 54(82.2)

-

o

n(H)dt

Wy (d(gz.2)4(g2.2).4(g2.2).L (B2 A (E2.2])

= ylE)dt
i}
wa(0n.d(gze) digze) Sdeza)
- J- n(t)dt

o
= d(gz,z) =0=gz =z. Thus gz =Mz =z

Since g(X) E L{X), there is a w X such that
z = Lw,

By taking x = w and ¥ = x4, in (17} we get that
#d(IW . Van21])

['rd[fh'.K_‘l.d[J‘m-1..]-'mfl.d[x..l'm_‘l.%[d tﬂv.yzmdtm-l.x_w;]
1
\SIA0.2)+ 205 1masFam)+ AL F2n]

J- | n(t)dt

0

t r.fw.z.\.dr.ym-l.yna.dr.x..rmnéldr.ﬁv.yna+dr..rm-1,xx.]
2
1 (B0 24 Y met B + 2T )]
D
Letting n — o2, we get that

n(t)dt

w2 (@ (fr.2).0.05d (w2 2d w2y

-

o

n(t)dt

Wy (dofw.e).d v adfw.)difw 2)d fw.2))

fw =2z =1Lw,

< f n(H)dt
]
wa(d(fw 2).0.05d (fw.2) Sdrw.2))
- [ n(t)dt
o
= d{fw.z)=0=2fw=z . So
Since {fL} is weakly compatible,

fLw = Lfw.

i.e, fz =Lz,
By taking x = z and ¥ = x4, in (1} we get

22V an=a0]

J- n(E)dt <
o
[lrd[fx.fﬂd[.}'m-1..1-'21!1‘-'-'[fx..]-'zrﬂ.%[‘i[fﬁ'..}'hﬂ+d[.}'zn-1.m:. ]
"1

() + (Va1 Y )+ SV 2]

J. | n(t)dt

o

(4 (B2 2y a1 ) ALY 20 21 r.fx.;rmj+dr.;rm-:,fz_w:.']
[
[ )+ 2y e sV 2 + (Y 2]

o
Letting n — o2, we get that

A(t)dt
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s(difz.z)) W (00,4 (Fr.2).d(f.a) 2 (e

J‘ nt)de= J‘

o o

n(t)dt

g (O0.A(fz 2. d(fz.m) 2d (F.2)

-

o

n(t)dt

W, [d (fz.2).d(fz 2).d(fz.2).d(fr 2) d(fz.2])

= J‘ nltlde
0
|II .lll
¥ | 0.0 (fz.2).d (fr.2), — d (fz.2)
| 3 |
/
- I nlt)dt
i)
= d{fzz)=0=fz=z Thus
fz=Lz =1z

Case Il: Suppose g(X} or L{X} is a complete
subspace of X.

In this case, we first prove that fz =Lz =z
and then gz = Mz = =z,

Thus = is a common fixed point of f, g, L and M in X.
Uniqueness: If z' is also a common fixed point of f,

g, Land M inX.
By taking x =z and ¥ =z in (1} we get
thatz' ==z,

Hence the other claim also follows.
This completes the proof of the theorem.

The following results are just extension of
Theorem(2.2) and their proofs run on similar lines
Theorem 2.3 Let f, g, L and M be self mappings of a
metric space (.X. d} such that

rdifx.ey
1. [FEEET e dr<

!

o

-‘%[ d(feLx)+d(gyMy ) +d(LeMy]

[ n(t)dt

0

0 L), gy M) A Ly ) S (e ey e ey, |
|

. 8 (fe 2 d gy My d(Lx M) 2 (B My S d gy e, |

Wz
-\% [difxLx)+digy My +d(LxMy)] _-'I

i}
for all x.v € X', where y,.1u, ¥
and () = ¥, (wuwwwuy) |
wu e [0.o0);
2. fFIX) S M({X) and g(X) € L{XY;

yt)dt

3. Oneof f{X7), glX), L{Xyand M(X) is
a complete
subspace of X;
4. the pairs {f. L} and {g. M7} are weakly
compatible;
5. #: [0, 02) — [0, ==} is R-integrable on
any bounded, closed interval of
[0.%9) and [ n(t)dt = 0,¥e = 0.
Then f, g, L and M have a unique common fixed
pointin .
Proof: Similar to Theorem(2.2).

Theorem 2.4 Let f, g, L and M be self mappings of a
metric space (X, €7 such that

B(d(Er.ey)
10 n(£)dt

!

1

\j-s:[dujﬂr,:.x)+d[y,4‘»!}')+d[11,MJ.') +%[duj£r_M_1;)+d[ By L))

J n(t)dt

]

dfe L) digy My ) [LxMy )éd[ &,N}'),%Iﬂ ( g}',uj,%[d[ frdxy+d( gJ_M].'j+d[Lr,M}'jj,"'|
|

(48 80y 30y e ey e &,My),%d.jy,u),%[d (Bt L)+ (zy My)+A LMy |

¥
é[d (ErLx)+digy My +d{LxMy) +%|jd|j&_M}'j+d|ng,Lrjjj ..-l

]
for all x.y e X, where iy, 9, €¥; and
g@{u) = iy (2w, . U, w,u), vu € [0, c0);
2. frX) = M(X)and g(X) = L{XY;
3. Oneof f{X]), g{X), L{X)and M(X) isa
complete subspace
of X;
4. the pairs {f. L} and {g. M} are weakly compatible;
5. n:[0,e2) — [0, 52} is R-integrable on any
bounded, closed
interval of [0,20) and [ n(t)dt = 0,v& = 0.

Then f, g, L and M have a unique common fixed
point in X
Proof: Similar to Theorem(2.2).

np(t)dt

We conclude our paper with the following
example in support of our Theorem (2.2).
Example 2.5 Let X = @* U {01, the set of all non-
negative rational numbers, with the usual metric. f, g,
L and M be the self maps defined on X by

_ 0 ifx= 2,
fe = Il x> 2,
L) {0 if x& 2,

x) =
X2 ifx>2

gr =0and Mx = x forall x € X,

Define Py, Pz [0,00)% = [0,00) by

Wyt ty tau b ts) =(Max Lty £y, t2} + £ + £:)/3 and
1

Y =¥y
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Define ¢:[0,00) —[0,0) by ¢(t) =t and 7 by
n(t)=1vt.
Casel: X<2and YeX .

#(d(fx.9y)) $(0) 0

LHs=  [n(®)dt=[n(t)dt=[1=0

R.H.S=

y1(d(Lx,My).d(Lx, ) d (QVVMY)%(U ( vaMY)+d(LXYQY))%(d(LX,MY)+d (Lx, K)+d (gy,My))

j n(t)dt

Wz(d(LX,MY)yd(LX,fX)yd(gyyMY)%(d(vaMY)er(LXyQY))%(d(LX,MV)H’(LnyX)er(gy,MY))

[n(t)dt

1 1
0.y, 2(y)=2
vy yz(y)3

[dt

0

(y+y))

Vo 0y 2(Y) 2 (y+y)

_[dt
0

1 1 1
= E[y+z(y)+§(2y)}20— L.H.S, since
1
¥, _El//l'
Casell: X>2and YeX .
#(d(fx,qy)) #(1) 1
LHs=  [ndt=[nt)dt=[1=1.
0 0 0

R.H.S=
y(d (LoMy).d (L, W),d(gy,MY)%(d(fX,MY)W (LX,gy))%(d (Le.My)+d (Lx, &)+ (gy,My))

[ty
0
eaz(d(Lx,My),d(Lx,fx),d(gy,Mw%(d(fx,My)+d<Lx,gy))%(d(Lx,My)+d<Lx,fx)+d(gy,My))

j n(t)dt

0

vy -1y %(\HHXZ )%(\ X2y + (¢ -D)+]y))
j dt

0

ey yl o) 2y 0ely)
jdt

0

i mad’ -y -1 yﬁﬁ@l—y+x2)+;(x2-y+(x2—l)+y)}
—; maxﬂ)(?_y,xz-],y[}+;(ﬁ—y+x2)+;(x2—y+(x2—1)+y)}
-2 a1 +1Q1— +x2)+1 X' - y|+ (X -D+
o s s R P R G
Ueene L) Lo
zJ(x 1)+2(x)+3( 1)]

_l[ﬂxz_ﬂ}

6.6 3

1111 4
25[3(4)‘5}
=1

Thus L.H.S < R.H.S.

The other conditions of the Theorem are trivially
satisfied.
Clearly '0" is the unique common fixed point
of f, g, Land M (in X).
(Observe that X is not complete.)
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