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Abstract - Let G = (V, E) be a simple undirected graph. A
subset D of V (G) is said to be dominating set if every
vertex of V (G) — D is adjacent to at least one vertex in D.
The minimum cardinality taken over all minimal
dominating sets of G is the domination number of G and is
denoted by 4G). The domination uniform subdivision
number of G is the least positive integer k such that the
subdivision of any k edges from G results in a graph
having domination number greater than that of G and is
denoted by usdy (G). In this paper, we investigate the
domination uniform subdivision number of some standard
graphs. Also we determine the bounds of usd, and
characterize the extremal graphs.
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. INTRODUCTION
Let G = (V, E) be a simple undirected graph of
order n and size m. If v € V (G), then the
neighbourhood of v is the set N(v) conisting of all
vertices u which are adjacent to v. The closed
neighbourhood is N[v] = N(v) U {v}. The degree of v
in G is |N(v)| and is denoted by deg(v). The
maximum degree of G is max {deg(v) : v e V (G)}
and is denoted by (G). A vertex v is said to be full
vertex if deg(v) =n — 1. A vertex v is said to be
pendant vertex if deg(v) = 1. A vertex is called
support if it is adjacent to a pendant. A support is
said to be strong support if it is adjacent to more
than one pendent. A subgraph F of a graph G is
called an induced subgraph of G if whenever u and
v are vertices of F and uv is an edge of G, then uv is
an edge of F as well. If F is induced by a vertex

set V' € V (G), then F can be represented as < V'’ >.

A path, a cycle, and a complete graph on n
vertices are denoted by Py , Cpy and Kp, respectively.
A graph is said to be connected if there exists a path

between any pair of vertices. Otherwise it is said to
be disconnected. Tree is a connected acyclic graph.
A tree T is said to be caterpillar if removel of leaves
from T gives path. A graph G is a k-partite graph if
V (G) can be partitioned into k subsets Vi, V,, . .. ,
Vy such that uv is an edge of G if u and v belong to
different partite sets. If, in addition, every two
vertices in different partite sets are joined by an
edge, then G is a complete k-partite graph. If |Vi| = n;
for 1 < i < k, then we denote such graphs by
Kni nz ,..nk . It is also known as complete
multipartite graph. A bipar-tite graph is denoted by
Krs .

The corona of two graphs G; and G,, is the
graph G =G, oG, formed from one copy of
G, and |V (G, )| copies of G, where the i"" vertex of
G, is adjacent to every vertex in the i" copy of G,.

A set S € V (G) is a dominating set if every
vertex in V — S is adjacent to at least one vertex
in S. The minimum cardinality taken over all
dominating sets of G is called the domination
number of Gand is denoted by y(G).

The domination subdivision number introduced
by Arumugua Velammal in [10]. It’s bound was
obtained in [2] and several authors characterised
trees according to their domination subdivision
number. Also many results have also been obtained
on the parameters sdqq , sd,. and sd,,.

An edge uv € E(G) is subdivided if the edge uv
is deleted, a new vertex x (called a subdivision
vertex) is added, along the new edges: ux and xv. A
derived graph G of G by subdividing all the edges
of E € E(G) is denoted by G || E. A subdivision
graph S(G) of a graph G is obtained from G by
subdividing all the edges exactly once. Subdivision
graph of star graph Ky, is said to be spider. A
graph is said to be wounded spider if it is
obtained by subdividing at most r - 1 edges of
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Kyr . The domination subdivision number is defined
by sd, (G) = min{|[E| : AGIE) > AG)}.
In [7] and [8], two different graph theoretical
concepts were studied on subdivision graphs. In this
paper, generalized definition of domination uniform
subdivision number.

Il. EXACT VALUE FOR SOME STANDARD
GRAPHS

In this section, we define domination uniform
subdivision number and obtained exact value for
some standard graphs.

Definition 2.1. A domination uniform subdivision
number of G is the least positive integer k such that
the sub division of any k edges from G results in a
graph having domination number greater than that
of G and is denoted by usd,(G). If it is not exists,
then usd, (G) = 0.

Definition 2.2. A subset S < E(G) is said to be
stable subdivision set if y(G || S) = y(G). A stable
subdivision set S is said to be maximum stable
subdivision set if there is no stable subdivision set S’

such that |S] > [S].

Remark 2.3. usd, (G) = |S| + 1, where S is a
maximum

stable subdivision set of G.

Theorem 2.4. If A(G) = n— 1, then usd,(G) = 1.
Proof. Since A(G) = n—1, y(G) = 1. Let e € E(G).
Then A(G |{e}) =n -2 and so y (G|{e}) > 2.
Hence ¥(G) < y(G||{e}) for every e
€ E(G). Thus usd,(G) = 1.

Theorem 2.5. For n > 3, usd(P,) = 1 ifn=0
mod 3

3 ifnz=1
mod 3

2 ifn=2
mod 3

Proof. Case (i) : n=z 0 mod 3

Then n = 3k, k € N. Therefore y(P,) = k. Lete €
E(P,). Then P,|{e} = Pn.1 and hence y (P,||{e}) =
k + 1. Therefore v (Pnl{e}) > 7 (P,) for any
edge e € E(Pn).Hence usd (P,) = 1.
Case (ii):n=1mod 3

Thenn =3k + 1, k € N. Therefore y(Pn) = k + 1.
Lete € (Pn). Then P, |{e} = Pn+1and so y(P, || {€})
=k + 1 Let e, e’ € E(Py). Then P, |{e,
e'} = Pn+2 and hence APl{e, e'}) =k + 1.

Let e” € E(P,). Then P,|[{e, €', "} = Pz and so
APl{e, e, e"}) = k + 2. Hence ®P.|{e, €, e"}) >
APn) for any three edges e, €', e”. Thus usd(P,) = 3.

Case (iii): n= 2 mod 3

Then n =3k + 2, k € N. Therefore y(Pn) = k + 1.
Let e € E(P,). Then P,|{e} = Pn+1 and
hence y(P,|{e}) = k + 1. Let e, ¢’ € E(P,). Then
P.|[{e, e’} = P2 and so y(P|l{e, €'}) = k +2. Hence
v(Pn||{e, €'}) > y(Pn) for any two edges e, e’ of P,.
Thus usd (Py) = 2.

Theorem 2.5. usd(C,) = 1 ifn=0mod3

3 ifnzlmod3
2 ifnz2mod3
Proof. Proof is similar to the proof of Theorem 2.5.

Theorem2.7. usd, K, = 1forsomen;=1.

..... n

Proof. Since A K, . =n—1,wheren=n;+n, +
121250+

N

...+n, by Theorem 2.4 usd, K =1

NyNy ..y

Corollary 2.8. usd(Ky,) =1, for all r > 2.

n—1 withn,= 2

Theorem 2.9. '
Ude I<n1,r\2,...,nr = Zl

and n;> 1 for all i.

..,V, be partition of vertex set V(G), |V; | = njand Vy
= {uy, U}. Let E'={ee E(G)/e=uw;ore=
upvjand v; #vj}. Take G' =G| E" Then |E
SN N+ AN F Ny +. ..+ N = ini—z.'”

i=1
G’, uy is adjacent to all the new vertices correspond
to the subdivided edges which are incident with u,
in G and all the vertices in Ng(uy) which are not
adjacent to u, in G'. Similarly u, is adjacent to all
the new vertices correspond to the subdivided edges
which are incident with u, in G and all the vertices
in Ng(up) which are not adjacent to u; in G
Therefore (G") = A(G) = 2. Therefore, E’ is a stable
subdivision set of G. Now, we are going to prove
that E’ is a maximum stable subdivided set of G.
Suppose there exists a stable subdivision set E” of G
such that |E"”| > |E'|. IfFE" D E/, then E” can not
be a stable subdivision set since y(G |{E’ v {e}}) >

v(G) for any e € E(G) — E'. Therefore E” # FE'.

Then E” contains at least two edges which are not in
E'

Case (i) E'NE"=¢.

Since E” is stable subdivision set, E” does not
contain independent set of cardinality more than 2.
Therefore
there exists two vertices x and y such that every
edges

ISSN: 2231-5373

http://www.ijmttjournal.org

Page 2



http://www.ijmttjournal.org/

International Journal of Mathematics Trends and Technology- Volume27 Numberl — November 2015

of E” adjacent to either x or y. By the definition of
E", x

and y do not belong to the same partite set.
Therefore

x and y belong to the two different partite sets V; and
V; respectively. Without loss of generality assume
that

i<j<k Then|E"|=ni+ny+...+ng+Njg+...
+

.
CF Mg F Ny < Zni -2 = |
i1

nj,l + nj+1 + ..
which is contradiction.

Case (ii): E'NE" # ¢.

Since E” contains at least two edges which are not
in E’, E"” has three independent edges. Therefore E”
is not stable subdivision set which is a contradiction.
Hence E' is the maximum stable subdivision et of

G. Thus usd (G) =Y 'n-2+1=>"n-1.
i=1 i=1l

Corollary 2.10. usd(K,,) =r+ 1forr>2.

Theorem 2.11. ygg Ko :fniJrzwhere n;

i=1

..... ne

>Ny > 2 foralli.

Proof. Let G =K, , ,wheren;>n,>...n,>

PRI

2 and Vy, V,, . .. ,V, be partition of V(G) with |V; | =
n . We have v(G) = 2. Let
V, ={u,u,, ...,u. } and
Vi, ={v,,V,, ...,v, }Fixu e Veand v e

V1. Now consider a set E' = {e € E(G) / e = ux;

where x; € Vi, kK #n,, or e = vy where y; € Vi, kK #

nrand X #yj} w {uv}. Then [El=n +np+ ... +

N, + 1. Let us take G’ = G||E". Then u is adjacent to

all the new vertices which correspond to subdivided

edge having u as an end vertex in G and all the y;’s.

Also v is adjacent to all the new vertices which

correspond to subdivided edge having v as an end

vertex in G and all the x;’s. Hence y(G') = 2 = v(G).

LetE"=E' v {e},e € E(G)\E". Then

e is any one of the following form

(i) e = uiv;, where u; Zu and v; #v

(ii) e = uy;, where y; € Ve n N(v) and k # n,

(iii) e = vx;, where x; € Vi N(u) and K # 4

(iv) e is incident with neither u nor v.

In the above four possibilities, there is no two

element dominating set of G||E™ and hence v(G||E”)

> YG). Therefore E’ is the maximal set having the

property that AG|E) = y(G). Thus
r-2

usd, G > Z N, +2. Suppose E” < E(G) such
i=1

that y(G||E") = v(G) and |E"| > |E'|. Since E' is

maximal, E’< E’’. Also E” contains at least two

edges e’ and e” which are not in E'. Let E”" = E’ \

{e} w{e', e"}, where e € E'. Then ¢’ and e" are
combination any two the above mentioned form.
Therefore G|E™ has no dominating set of
cardinality two. If E™ = E", then E” is not possible.
Proceeding like this finally we get a set E” such that
E” ~ E' = ¢ with y(G|[E") > {G) = 2. Hence E' is a
maximal set with maximum cardinality. Thus

r—2
usd, G =E"[=> n+2
i=1
Corollary 2.12. usd (Kn,n) = 2 where m, n > 2.

I11. RESULTS ON TREES

In this section we obtain exact value for
some special trees and determine bound for tree in
terms of maximum degree.

Theorem 3.1. If T is a spider with k leaves, then

usd,(T) = k.
Proof. Let x be vertex of T with deg(x) = A(T), {u,,
Uy, . . ., U} be set of all support vertices and {vy, v,,

..., W} be set of all pendant vertices such that u;v;
€ E(T). Take E'={uvi: 1 <i<k—-1} Then |E'| =k
— 1 and y(T||E") = k = AT). Therefore E’ is a stable
subdivision set. Suppose there exist stable
subdivision set E"” such that |E’| > |E|. Since for

everye ¢ E', E'U {e} is not a stable set, E’ E’".
Then E” contains at least two edges e’ and e” which
are not in E'. Both e’ and e” are of the form u;x,
where 1 <i<koruy. Let E™=E"\{e} u{e’, e"},
where e € E'. Therefore G|[E™ has no
dominating set of cardinality two. If E™ = E”, then
E"” is not possible. Proceeding like this finally we
get a set E” such that E" n E' = ¢ with
Y(T|IE") > AT) = 2. Hence E' is a maximum stable
subdivision set. Thus usd,(T) = k.

Theorem 3.2. For n > 3, usd{T) < 2k — 1, where k
=n—-A(T)andk € N.

Proof. Let v be vertex of T such that deg(v) = A(T).
If V(T) — N[v] = ¢, then T = K; ,-; and hence
usd(T) = 1 = 2k — 1. Next we consider tree T such
that V(T) — N[v] # .

Case (i): <V(T) = N[v] > = K 1.
Since T is tree, no two vertices of N(v) are
adjacent.

Subcase (i): N(v) contains no strong support.

If V(T) — {v}) =z rKyu (k — 1)K,, where r > 1,
then usd(T) = 2(k —1) +1 = 2k —1. Otherwise T is a
spider and so by Theorem 3.1 usd(T) =k — 1.

Subcase (ii): N(v) contains at least one strong
support.
If (V(T) — {v}) has r stars, i"" star contains I;
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leaves (L <i<r)and if it has isolated vertices,
then

usd, (T) = 2[(k-1) - S 1,1 +2=2k-2 31, <.

Otherwise
usd, (T) = (k-1)- DI, +1=k- DI, <2k -1.
i=1 i=1

Case (ii): (V(T) — {v} )% Kx-1.

Then ( V(T) — {v} ) contains at least one
component with two vertices. Since T is tree,
exactly one vertex of each component of V(T) —
{v}) is adjacent to exactly one vertex of N(v).
Therefore we can not find a stable subdivision set
which is constructed by two edges for each vertex of
(V(T) —{v}) Henceusd(T) <2(k—1)+1=k—1.

Theorem 3.3. Let T be a tree. Then usd(T) = 2k—1,
where k =n — A(T) if and only if T is either
wounded spider or star.
Proof. Assume that T is either wounded spider or
star. If T is a wounded spider, then usd (T) = 2k—1.
Otherwise T = Ky, ; and so usd(T) =1 = 2k — 1.
Conversely, assume that usd(T) = 2k — 1.
Suppose T is neither wounded spider nor star. Since
T is not a star, there is no tree such that V(T) — N[v]
= ¢. Now assume that V(T) — N[v] # ¢.

Case (i) : (V(T) —{v}) = K.

If N(v) contains no strong support, then T is a
spider and hence by Theorem 3.1 usd(T) = k.
Otherwise N(v) contains at least one strong support
and hence by the proof of Theorem 3.2,
usd(T) < 2k — 1.

Case (ii) : (M(T) —{v}) & Ky

By case (ii) in the proof of the Theorem 3.2,

usd(T) < 2k — 1.

Theorem 3.4. If T is a caterpillar, then usd(T) <
[3n/4] .

Proof. Let D be a dominating set of T. Without loss
of generality we assume that D contains all the
supports of T.

Case (i): Every internal vertex is a support.

Let us first consider graph T having no strong
support. Let ug, uy, . .., U, be supports and vy, v,, . . .
, Vi be corresponding pendant vertices. Let E’ = {ujy;
e E(T)} u {uiv;: no two u;’s are adjacent}. Then |E/|
<k-1+[k2]=T13k2]- 1. We can easily verify
that y(T|[E) = y(T) and hence E’ is a stable
subdivision set of T.

Claim : E’ is a maximum stable subdivision set of T.

For n < 20, we can verify that E’ is a maximum
stable subdivision set of T. Now we prove this for
general case. Suppose there exists a stable
subdivision set E"” ¢ E(T) such that |E”| > |E/.
subcase (i): E" o E".

Let us take E” 2 E" U {uyvi}, ujv; € E'. Then ujv; €
E’, where u; is adjacent to u;. Since the internal edge
ujuy , upvy and ujvjare subdivided in T||E", v(T||E") =
y(T||[E)+1 > y(T). Therefore E” is not a maximum
stable subdivision set.

Subcase (ii): E” 2 E".

IFE'NE"=¢,thenE"|<(n—-1)—-|E|<2k—-1-
[3k/2] + 1 = [k2] < |E'| which contradicts the
definition of E”. Therefore we assume that E' ~ E”
# ¢. Suppose |E'E"”"| = 1. Lete € E'and e ¢ E".
Therefore e = uju; or uv; . Then E” cotains at least
two leaves uy; and uwv, which are not in E".
Therefore UpVy, UeVie € E', where u; is
adjacent to u; and uy is adjacent to uy. Let E; = {uyy;,
Uy, Uerjr}. Then y(TIE) > v(T) . .. ... .. Q).
Hence y(T|IE") > v(T). Suppose |E'\E"| = r, then E"
contains at least r + 1 leaves which are not in E'.
Since by (1), subdivision of E" increases the
domination number. By both the subcases we get
contradiction. Hence E’ is a maximum stable
subdivision set of T. Now usd (T) = |E'| + 1 <[ 3k/2]
=[3n/4]

If T has strong support, then the number of
independent leaves is less than [n/2. Hence usd (T)
<[3n/4].
case (ii): There exists an internal vertex which is not
support.

Since there exists at least two supports which are
not adjacent, we can not take all the internal edges
in maximum stable subdivision set M and the
number of leaves is less than [n/2, [M| <[3n/41,

Corollary 3.5. If T is a columb graph, then usd(T)
=[3n/41.

IV. LOWER AND UPPER BOUNDS

In this section we obtain the lower and upper
bounds for domination uniform subdivision number
and we characterize the extremal graphs.

Theorem 4.1. Let G be a graph with components
Gl, Gz, ...,Gk. Then

k
usd, G :Zl:usdy G, —k+1.
Proof. Let d; = usd (G;) and E; < E(Gi) such that
v(Gj ||E;) = v(Gy) and |E; | = d;— 1. Therefore E; is a
maximal set with the above condition. Take

k
E’'= U E,. Then
i=1
k

|E'= 2@ -) =3 d,—k.

Now N
y(GIE) :Zy(Gi 1E)= Zy(Gi) =7(G).

To prove E’' is a maximal set having maximum
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cardinality with respect to the above condition.
Consider E* = LkJE- _ o Where e € E(G)\E'. Then

e € E(G) for some i
Kk
yGIE*) =Y (G, IIE) + 7(G |l (E; v e )) >Zy Gy)
j#i
Therefore E' is a maximal set. Suppose E’ c E,
Y(G|IE") = v(G) and |E"| > |E|. If E” o E’, then E”
contains E; u {e;}, e; € E(Gi)\Ei . Then
v(Gi |I(Ei w{ei})) > v(Gj) and hence y(G|[E") > v(G)
which is a contradiction. If E” 2 E’, then there
exists at least one component G; such that E”
contains more number of elements of G; than that E'
contains. Let us take E" 2 E. Then |Ej| > [Ej| =
di and v(GJ|IE"; ) > ¥(G)). Therefore Y(G|E") > AG)
which is a contradiction. Hence
usd, G = E*|:Zk:di -k +1.
i=1
Theorem 4.2. For any graph G, 0 < usdg(G) <m.
Also
the bounds are sharp.
Proof. If {G|IE(G)) = AG), then usd,(G) = 0. For
example usd(P,) = 0. If AG|E(G)) > XG), then
usd,(G) < m. Consider usd, (P,oK;) = 6 =size of

P, o K,.Hence the bounds are sharp.

Theorem 4.3. For any graph G, usd,(G) = 0 if and
only if

G = kP, U k,P,where k;> 0 and k,> 0.

Proof. Assume that G = k;P, U kyP,, k; >0 and k, >
0. Clearly usd(G) = 0. Conversely, assume that
usd(G) = 0. Suppose G % kiP; U kP, Then G
contains a component G; with at least three vertices
and sd (G;) exists. Hence usd,(G) > 0.

Theorem 4.4. For any connected graph G, usd,(G)
=mifandonlyif = Ky, oK, forallr>1.

Proof. Assume that G=K,, oK, for some r > 1.

Then E(G) — {e}, where e is leaf which is
incident with full vertex of Ky, is maximum stable
subdivision set of G and hence usd,(G) =m

Conversely assume that usd{G) = m. Suppose
G®K,, oK forallr>1.

Case (i) : {G) =n/2
Then by theorem G=H oK. Also H® K, , for

some r > 1. Since usd, > 0,H ® K,. Let veV H

such that deg(v) = A(H). Let Ny(v) = {vy, v, . . .,
Vi}, Ug, Uy, . . ., Uy be corresponding pendent vertices
of vy, vy, . . ., Vi respectively and uv be leaf in G.
Then (N(v)) contains at least one edge. Let E' = {vvy,
c oo, W, Vilg, .. ., ViU }. Then E’ is stable
subdivision set. Any edge set consists of E’ and at
least one edge of {NH(Vv)) or uv whose subdivision

increase the domination number. Also any
maximum stable subdivision set S containing vyv;
does not contain either viu; or vju; and S does not
contain uv. Therefore by the above argument
usd(G) <m-—1.

Case (i) : {G)<n/2.

Then any minimum dominating set D contains at
least one vertex which has at least two private
neighbors in V(G) — D. Let v € D. Then v has at
least two neighbors say, v; and v, in V(G) — D. Let
e; = vy and e, = w,. Then E; = E(G) — {e;} and E,
= E(G) — {e,} whose subdivision increase the
domination number and |E;| = |[E] = m — 1.
Therefore, for any minimum dominating set D,
subdivision of any m — 1 edges increases the
domination number. Since D is arbitrary, usd/(G) <
m-—1.

Corollary 4.5. For any graph G, usd(G) = m if and
Ol’lly if Gz kl(Kl,r) o k2P1 o k3P2.
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