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In this paper, | have proved some fixed point theorems
for new contraction conditions in dislocated quasi
metric spaces. The presented results in this paper
extend some well-known theorems in literature.
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I. INTRODUCTION

Fixed point theory is the most devolpment of
nonlinear analysis. In 1922 Banach proved a fixed
point theorems for contractive mappings in complete
metric spaces. It is a well-known Banach fixed point
theorem. It has many applications in various branches
of mathematics such as Differential equation, integral
equation etc.

Also many authors studys many contractions
and proved some fixed point theorems. In 1968
Kannan proved a fixed point theorem for new types of
contraction mapping called Kannan mappings in a
complete metric spaces. In 1974 Lj.B.Ciric generalizes
the Banach contraction principle in metric spaces.

Some important generalizations of metric
spaces are Dislocated metric spaces, Quasi metric
spaces, Dislocated Quasi metric spaces.The notation
of dislocated metric space which the self distance for
any point need not be equal to zero and generalized
this Banach Contraction Principle in complete
dislocated metric space. Dislocated metric spaces
plays an essential role in topology but also in logic
programming and electronic engineering. The notation
of dislocated quasi metric space was introduced by
F.M.Zeyada, G.H.Hassan and M.A.Ahmad in 2006. It
is a generalization of the result due to Hitzler and Seda
in dislocated metric spaces. In 2008 Aage and
Salunke[4,5] established some fixed point theorems in
dislocated quasimetric spaces, In 2010 A.lsufati [1]
proved some fixed point results for continuous
contractive condition with rational type expression of
a dislocated quasi metric space. In 2013, Patel and

Mitesh Patel, porru [6,7]derived some new fixed point
resultsin a dislocated quasi metric space. In 2013
panthi and jha [5] established a result in dislocated
quasi metric spaces, In 2014 muhammad sarwar,
mujeeburrahmanand goharali [10,11] gave some fixed
point result in dg metric spaces, In 2014 A.K.dubey,
Reenashukla, and R.P.dubey [2] proved some fixed
point result in dislocated quasi metric spaces.

The purpose of this paper to establish a fixed
point theorem for new contraction conditions in
dislocated quasi metric spaces.

Il. PRELIMINARIES

In this section contains some basic
definitions, and preliminary fixed point theorems in
dislocated quasi metric spaces.

Definition 2.1 A point x in a set X is called a fixed
point of
amapping T : X - X, if Tx=x.

Definition 2.2 Let X be a nonempty set and let
d: X xX — [0, o) be a function, called a distance
function, satisfies the following conditions:

(1) d(x,x)=0,

(2) d(x,y)=d(y,x)=0,thenx =y,

(3) d(x,y) =d(y, x),

(4) d(x,y) <d(x,2) +d(z,y),

(5) d(x,y) < max{d(x, z), d(z, )},
forall x,y, z eX.
If d satisfies conditions (1) to (4) then it is called a
metric
on X.
If it satisfies conditions (1), (2) and (4), then it is
called
a quasi-metric (or simply q - metric) on X.
If it satisfies conditions (2),(3) and (4) then it is called
a dislocated metric (or simply d - metric) on X.
If it satisfies conditions (2) and (4) then it is called a
dislocated quasi-metric (or simply dg - metric) on X.
If a metric d satisfies the strong triangle inequality (5),
then it is called an ultrametric on X.
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Clearly every metric space is a dislocated metric
space but the converse is not true.

Also every metric space is dislocated quasi -
metric space but the converse is not true and every
dislocated metric space is dislocated quasi - metric
space but the converse is not true.

Definition 2.3 A sequence {x, } in dq - metric space
(X,d) is said to bea cauchy sequence if for given
€ > 0, there exists n, € N such that for all m, n > n,,
d( X Xy) <€ or

d( Xy Xm) <€, i.e min{d( Xy Xp),d( X Xm)} <e.

Definition 2.4 A sequence { x,, } in dq - metric space
(X, d)is said to be a bi’cauchy sequence if for given
€ > 0, there exists n, € N such that for all m, n > n,,

max{ d( Xm.Xn),d( XnXm)} <g .

Note that every ‘bi’cauchy sequence is acauchy
sequence.

Definition 2.5 A sequence { x,, } in dg-metricspace
(X,d)
is said to be adg- convergentto x. if
rl)lqrg) d(x,,x) = rllggo d(x,x,) =0.
In this case x is called a dg-limit of {x, }, we
writelimx, = x.

n—.oo
Definition 2.6 A dq - metric space ( X, d) is said to
be complete if every cauchy sequence in X
convergent to a point of X.

Definition 2.7 Let (X, d;)and (Y, d,) be dg-metric
spacesand let T : X — Y be a function. Then T is
continuous if for every sequence ( x,) which is d,g-
convergent to x, in X, the sequence (T(x,)) is d,q -
convergent to T(x,) inY.

Definition 2.8 Let ( X, d ) be a dg-metric space. A
mapping

T : X — X is called contraction, if there exists 0 < i <
1,

d(Tx, Ty) < A d(x,y) forall x,y € X.

where % is called a contracting constant.

Definition 2.9 Let ( X, d ) be a dg-metric space, and
let

T : X — X be a self -mapping ,Then T is called
Kannan mapping. If d(Tx, Ty) < a{d(X, Tx) + d(y,
Ty)} for all x,y € X

and 0<a<1/2.

Definition 2.10 Let ( X, d) be a dq - metric space, a
self mapping T : X — X is called generalized
contraction if and only if for all x,yeX, there exist
non-negative numbers o, B,y and & such that
sup{a+B+y+28}<land d(Tx, Ty) <
ad(x,y) + Bd(x, Tx) + yd(y, Ty)

+8[d(x, Ty) + d(y, Tx)]

Proposition 2.11 Every convergent sequence in a dq -
metric space is ‘bi’cauchy.

Lemma 2.12 Every subsequence of dq - convergent
sequence to a point x, is dg-convergent to x,.

Lemma 2.13 dq - limits in a dq - metric space are
unique.

Lemma 2.14 Let ( X, d) be a dg- metric space. If T: X
— X is a contraction mapping ,then T is continuous on
X.

Proof: Since T is a contraction mapping

d(Tx, Ty) <d(x,y) forall x,y € X.

Let € > 0 be given. Choose d =«.

Then d(x, y) <8, d(Tx, Ty) < «.

Therefore T is continuous on X.

Lemma 2.15 Let ( X, d) be a dg - metric space. If T:
X — X is a contraction function, then (T"(x,)) is a
cauchy sequence for each x, €X.

Theorem 2.16 Let ( X, d ) be a complete dq - metric
space and let T : X — X be a continuous contraction
function. Then T has a unique fixed point.

Theorem 2.17 Let ( X, d )be a complete dg-metric
space and suppose there exist non negative constants
By, 6
witha+ B+vy+2(6+w<1 LetT:X—Xbea
continuous mappings satisfying the following condition
d(Tx,Ty) < ad(x, y)+Bd(x,TX)+ yd(y,Ty)

+8[d(x, Tx) + d(y, Ty)]

+p[d(x Ty) + d(y, Tx)]
forall X,y € X. Then T has a unique fixed point.

Theorem 2.18 Let ( X, d) be a complete dg-metric
space and let T : X — X be a continuous mapping
satisfying the follows condition
dxTx)d(y,Ty)

d(xy)
+y[d(x, Tx) + d(y, Ty)]
+ 8 [d(x, Ty) + d(y, Tx)]

d(Tx, Ty) < ad(x,y) + B
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+nld(x, Tx) + d(x,y)]
+x[d(y, Ty) + d(x,y)]
forallx,yeX,a,B,v,6,n,x>0,

0 < o +B+2y+48 +21 + 2x< 1thenT has unique
fixed point.

Theorem 2.18 Let ( X, d) be a complete dg-metric
space and let T : X — X be a continuous mapping
satisfying the follows condition

46Ty Ty)
d(Tx, Ty) < ad(x,y) + B%y;/y

+y[d(x, Tx) + d(y, Ty)]

+38[d(x, Ty) + d(y, Tx)]

+n[d(x, Tx) + d(x,y)]
forallx,ye X,a,B,y,6,n >0,
0< a+B+2y+28 +2n<1, Then T has unique fixed
point.

Theorem 2.19 Let ( X, d ) be a complete dg-metric
space and let T : X — X be a continuous mapping
satisfying the follows condition

d(Tx, Ty) < ad(x,y) +B%¢¥Ty) + y[d(x, Tx) +
d(y, Ty)]

+ 8[d(x, Ty) + d(y, Tx)] + n[d(x, Tx) +
d(x,y)]

d(x,Ty)d(x,Tx)

+i[d(@, Ty) +dGo Y] +p—

forallx,yeX,a,B,y,8,n,x u>0,
0< o +B+2y+46 +2n+ 2x +2u<1,
then T has unique fixed point.

111 . MAIN FIXED POINT THEOREMS

Theorem 3.1 Let ( X, d) be a complete dg-metric
space and let T : X — X be a continuous mapping
satisfying the follows condition

d(Tx, Ty) < ad(x,y) +Bd(x,Tx) + yd(y,Ty)
+6[d(x, Tx) + d(y, Ty)]
+uld(x, Ty) + d(y, Tx)]
+ld(x, Tx) + d(x,y)]
+xk[d(y, Ty) + d(x,y)]
+E[d(x, Ty) + d(x,y)]
forallx,ye X, a,B,y, 6,u,1m,%x >0,
0< o +B+y+26 +2pn +2n+ 2x +38< 1,
Then T has unique fixed point.

Proof: Let { x,,} be a sequence in X, defined as
follows

Letxy € X, T(Xg) = X1, T(X1) = Xgy «vvvevnnn..
T(Xp) = Xp4q . foralln e N

Replace x = x,,_; and y = x,in the given condition
d(xn Xn+1) = d(Txp—q , Txy)
<ad(Xp-1,Xp)+Bd(Xp_1 , Txp_q)+vd(x,
TXp,)
+8[d(xp-1, TXp-1)+ d(Xy , TXy)]
+u[dxn—1 , Txy) + d(xp , Txp_4)]
n[d(xp-1, Txp-1) + d(Xp-1,%n)]
+r[d(xy, Txy) + d(Xp-1,Xn)]
+ §[d(Xp-1, Txp) + d(Xp—_1,%Xp)]
= ad(xp-1 , Xn)*Bd(xp-1 , Xp) +Yd(x,
Xn+1)
+8[d(xp-1,%n) + d(Xy, Xp+1)]
+u [d(xp-1 Xns1) + d(xn xp)]
nld(xp-1,%n) + d(Xp-1,%n)]
+x[d(Xp , Xp41) + d(Xp—1,Xp)]
+ Eld(xp-1, Xn+1) + dXp-y, Xp)]
d(Xp, Xn4 )< (@+ B+ 8+ p+ 21+ k + 28)d(Xy-1, Xp)
+(y +u+8+x+HAEy, Xn41)

(o + B+8+p+2n+K+28)
[1—(y+p+8+K+5)] d(xXn-1 . Xn)

= xd(xn—l ’ Xn)

(o + B+8+p+2n+x+28)
[1-(y+p+8+x+8)]

Similarly we have d(x,-1, Xp) <A d(Xp_2, Xp—1), and
d(Xnv Xn+1) S }\2 d(Xn—Zv Xn—l)

In this way,we get d(x,, Xp4+1) SAMA(Xg, X1).

d(Xn ' Xn+1) <

Where A =

Since 0 <A <1, as n—wo, A" - 0,we have d(xy,
Xn+1)_> 0.

Similarly we show that, d(x,;1, X,)—0.

Hence {x,} is a Cauchy sequence in the complete
dislocated quasi-metric space X .

So there is a point x € X such that x,,—x .
Since T is continuous we have
T() = Im T(x,) = lim xy =X
Thus T(x) = X. Thus T has a fixed point.
Uniqueness:
Let x be a fixed point of T, then by the given condition
d(x, X) =d(Tx,Tx)
<ad(x, X)+ Bd(x, x) +vd(x, Xx)
+8[d(xX) + d(x,X)]
+p[d(x %) + d(x,¥)]
+nld(x,x) + d(x,x)]
+ic[d(x,x) + d(x,%x)]
+E[d(x,x) + d(x,%)]
< ad(x,X)+ Bd(x, x) +yd(x, X) + 28d(x, x)
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+2ud(x,x)+2nd(x, x) + 2xd(x,x) +
28d(x,x)
d(X, X) < (a+B+y + 28 + 2p + 2n + 2k + 25)d(X,X)
which is true only if d(x, x) =0,
since0<oa+B+vy+2(8+ w<landd(x x)>0.
Thus d(x, X) =0, if x is a fixed point of T.
Now, Let x, y €X be fixed point of T.
Thatis, Tx=x, Ty = .
Then by the given condition,we have
d(x, y) = d(Tx,Ty) < ad(x,y)+ Bd(x, x) +yd(y, y)
+8[d(x,x) + d(y, y)]
+uld(x,y) +d(y,x)]
+nld(x,x) + d(x,y)]
+i[d(y,y) +d(x,y)]
+&[d(x,y) + d(x,y)]
i.e.d(x, y) < (a+2p + 1+« + 285)d(X,y)
Similarly,d(y, x) < (a+2p + 1 + « + 28)d(y,X)
Hence|d(x, y)—d(y, X) |< (a+2u +n + « + 28)
ld(x, y)— d(y, X)I,
Which gives d(x,y) = d(y, X),
Since 0 < (o+2p + 1 + « + 25)<1.
Again from the given condition
d(x, y) < (a+ 2p + 1+ k + 25)d(x,y)
which gives d(x, y) =0,
since d(x,y) > 0,0 < (a+ 2p+ 1+« + 28)<1.
Further d(x,y) =d(y, x) =0,
Hence x=vy.
Hence fixed point of Tis unique.

Corollary 3.2 Let ( X, d) be a complete dg-metric
space and let T : X — X be a continuous mapping
satisfying the follows condition

d(Tx, Ty) < ad(x,y) +Bd(x,Tx) + yd(y,Ty)
forallx,yeX,a,B,y>0, 0< a+B+y<l,
thenT has unique fixed point.

Proof:put 6§ =pu =n =« =& =0 inthe above
theorem 3.1, it can be easily proved.

Corollary 3.3 Let ( X, d ) be a complete dg-metric
space and let T : X — X be a continuous mapping
satisfying the follows condition
d(Tx, Ty) < ad(x,y) +B d(x,Tx) + yd(y,Ty)
+6[d(x, Tx) + d(y, Ty)]
forallx,ye X, a,B,y, 60, 0< a+B+y+28< 1,
then T has unique fixed point.(itis called a
generalized contraction)

Proof : putp =n =« = & = 0 inthe above theorem
3.1, it can be easily proved.

Corollary 3.4 Let (X, d) be a complete dg-metric

space and let T : X — X be a continuous mapping

satisfying the follows condition

d(Tx, Ty) < ad(x,y) +B d(x,TX) + yd(y,Ty)
+8[d(x, Tx) + d(y, Ty)]

+uld(x, Ty) + d(y, Tx)]
forallx,yeX,a,B,y,6,1>0, 0< a+B+y+26
+2u< 1, then T has unique fixed point.
Proof : putn =k = & = 0 in the above theorem 3.1,
it can be easily proved.

Theorem 3.5 Let (X, d) be a complete dg- metric
space and let T: X — X be a continuous mappings
satisfying the condition

d(Tx, Ty) < ad(x, y) +pi ML+ d& ]

[1+d(xy)]
( d(xy)d(x,Ty) ) ( d(xy)d(x,Ty) )
dxy)+d(y,Ty) d(xy)+d(xTx)

+u[d(x, Ty) + d(y, Tx)]
forallx,yeX,o,B,y,6,n >0and
oa+B+y+0+21<1.Then T has a unique fixed point.

Proof: Let { x,} be a sequence in X, defined as
follows
Letxy € X, T(Xg) =Xq, T(X1) =Xpy «vvvvvvnn..
T(x,) = Xp4q, foralln e N
Replace x = x,_; and y = x,, in the given condition
d(Xn, Xn+1) = d(Txp—1 , TXy)

< ad(Xp-1,Xn)

+p

d(xn ,Txp)[1 + d(xn-1,Txn—1)]
[1+ d(xp-1.xn)]

( d(xp—1,%xn)d(xn_1 'TXn))
d(xn-1,Xn)+d(xn ,Txp)

+8( d(xn—1,%xn)d(xn_1 ,Txp) )

d(xn-1,Xn)+d(xn-1 ,Txn—1)

+u[d(xp-1, Txp) + d(xy, Txp-_1)]

d(Xn, Xn+1) = CXd(Xn_l !Xn)

B d(xn Xn+1) [1 +d(xn—1, Xn)]
1+d(Xpn-1,Xn)

+

+ <d(Xn—1an)d(Xn—1 an+1))

d(xn-1, xn)+d(xn Xn+1)

+§ (d(xn—1'Xn)d(Xn—1 'Xn+1))

d(xn-1, Xn)+d(Xn—-1 Xn)
+Ll [d(Xn—l IXn+1) + d(Xn !Xn)]

< O(d(Xn—l :Xn)+ Bd(xn ;Xn+1)
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d(xn-1,Xn)d(Xn-1 Xn+1)
ol )
Y d(xn-1, Xn+1)
d(xn-1,Xn)d(Xn—1 Xn+1)
+5( )
2d(Xp-1 Xn)

+Ll [d(Xn—l an) + d(xn ;Xn+1)]
< O(d(xn—l 'Xn) + B d(Xn ) Xn+1)

1)
+ yd(xn—l,xn) + Ed(xn—l ) Xn+1)
—HJ- d(Xn—l ’ Xn) + [ d(xn ) Xn+1)

S(a+y+§+u)d(xn_1,xn)

1
+(B + E + u)d(Xn 'Xn+1)

8
+y+-+
Therefore,d(xy, , Xpt+1) < Lﬁ“ d(Xp—1 , Xp)
1=(B+5+w)
= kd(xn—l ’ Xn)
8
where A = MV—+§+H <1
1=(B+5+1)

In the same way, d(x,_;, X,) <A d(X,_2, X,—1), and
d(Xps Xp41) < A? d(Xp-2, Xn-1)

Continue this process, in general

d(Xn, Xn+1) <A d(xo, X4)-

Since0<A<lasn— o, A"=0.

Hence {x,}isa dg- Cauchy sequence in X.

Thus {x,} dislocated quasi converges to some X in X.
Since T is continuous we have

T(= Jim T(xy) =lim x, =X .

Thus T(x) = x. Then x is a fixed point T.

Uniqueness:

Let xe X is a fixed point. Then by the given condition,

d(x,x) = d(Tx, Tx) < ad(x, x)+3%
i rdon

+uld(x,x) + d(x,x)]
d(x, X) < (ot +B +X + 2+ 200)d(x, X)
which is true only if d (x, x) =0,
sinceOs((x+B412’+§+2u)<1andd(x, X)=0.
Thus d(x,x)= 0 if x is fixed point of T.
Let x,y be fixed point,(i.e.) Tx=x,Ty=y,
Then by the given condition we have,

d(y,y)[1+d(x,x)
d(x,y) = d(Tx, Ty) < ad(x,y) +B%X,Y)XX]

dxy)d(xy)
dxy)+d(yy)

dxy)dxy)
d(x,y)+d(x,x)

+uld(x,y) + d(y, x)]
dix, y) <(a+vy+ 6+ 2wd(x, y)
Similarly d(y, x) < (a+y + & + 2)d(y, X)
Hence [d(x,y) —d(y,x) |< (a+y+ 8+ 2u)

ld(x, y) = d(y. x) |,

Which implies d(x, y) = d(y, X).
Since 0 < (a+vy+ 8+ 2p) <1.
Again from the given condition we have,
d(x,y) < (a+ v+ &+ 2p) d(x, y) which gives, d(x, y)
=0.
Since 0 < (a+ vy + &+ 2p) <1.
Furtherd(x, y) =d(y,X) =0 = x=Y.
Hence fixed point of T is unique.

Corollary 3.6 Let (X, d) be a complete dg- metric
space and let T: X — X be a continuous mapping
satisfying the condition

d(Tx, Ty) < ad(x, y) +pi ML+ d& ]

[1+d&xy)]
forallx,yeX,a,f>0and o+ < 1.

Then T has a unique fixed point.

Proof: put y =3 = p=0 in the above theorem 3. 5, it
can be easily proved.

Corollary 3.7 Let (X, d) be a complete dg- metric
space and let T: X — X be a continuous mapping
satisfying the condition

d(Tx, Ty) < ad(x,y) +p[d(x, Ty) + d(y, Tx)]
forallx,y eX,o,p >0and o +2p < 1.
Then T has a unique fixed point.

Proof: put B =y =5 =0 in the above theorem 3. 5, it
can be easily proved.

Theorem 3.8 Let ( X, d ) be a complete dg-metric
space and Let T:X— X be a continuous mapping
satisfying the following condition

dx Tx)d(x,
o= o) ()

forallx,yeX,a,f>0,a+ B<1.ThenT hasa
unique fixed point.

Proof :Let { x,} be a sequence in X, defined as
follows

Letxg €X, T(Xg) = X1, T(X4) =X, v vvvnvnnnn.
T(Xp) =Xp4q, foralln e N

Replace x = x,,_; and y = x,, in the given condition
d(xnXn+1) = d(Txp_1, TXp)
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<ad(xp-1, TXp-1)
+p ( d(xn-1, TXn-1)d(Xn—1 Xn) )

d(xp-1, Xp)+d(xpn—1 ,Txn-1)

< O(d(xn—l ) Xn)
+B ( d(xn—1,Xp)d(Xpn—1 .Xn) )

d(xn-1, Xn)+d(Xn-1 Xn)

< ad(xn-1  Xn) * 5 dCtn-1, %)

Therefore , d(xy , Xn41) < (€ +2) dxn_y , X4)

< Md(xXn-1 , Xn)
Where & = (a+£), 0<2.<1

2

Similarly we have d(x,_1, X,) <A d(Xp—2, Xp—1), and
d(Xn- Xn+1) < )\2 d(Xn—Zv Xn—l)
In this way, we get d(xp,, Xn41) SAMd(Xg, Xq).
Since 0 <A <1, as n—oo, A" - 0.
Similarly we show that d(x,,, Xp41)—0.

Hence {x,} is a Cauchy sequence in the complete
dislocated quasi-metric space X .

So there is a point such that x € X such that x,— X.
Since T is continuous we have

T(x) = im T(x,) = lim xyq =X

Thus T(x) = x. Thus T has a fixed point.

Uniqueness:

Let x be a fixed point of T .then by the given condition

d(xx)d(x,
d(x,x) =d(Tx, Tx) < ad(x,x)+ B(%}

d(x, %) < (o0 +£)d(xx)

which is true only if d(x, x) = 0,

since 0 < (o +§) <l and d(x, x)>0.

Thus d(x, x) = 0, if x is a fixed point of T.

Now, let x, y €X be fixed point of T. That is , Tx=X,
Ty=y

Then by the given condition, we have

d(xx)d(xy)
d(x,y) = d(Tx, Ty) < ad(x )+ (Fres)

d(x, y) < ad(x, y)

Similarly d(y, x) < ad(y, x)

Hence [d(x, y) —d(y, ) [ < a|d(x, y) = d(y, X) |,
Which implies d(x, y) = d(y, x) since 0 < a <1.
Again from the given condition we have d(x, y)

< ad(x, y) which gives d(x, y) =0. Since 0 < a <1.

Further d(x, y) =d(y, x) =0 = x=Y.

Hence fixed point of T is unique.

IV . CONCLUSIONS

In this paper, | have proposed a fixed point
theorems for new contraction condition in dislocated
quasi metric spaces the presented results generalizes
some existing results
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